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ABSTRACT. The evidence of other workers to the effect that the magnetic and structural 
changes which occur in ferromagnetic metals are accompanied by changes in the secondary- 
electron emission is critically discussed, and it is shown that this evidence is in many 
respects unsatisfactory. The authors have measured the secondary-emission coefficients 
for nickel, cobalt and iron at various primary voltages over a temperature range of about 
400° c., and find in all cases either no change or a slight and gradual fall in the coefficient 
with rising temperature, the latter effect probably being due to surface gas. No evidence 
was obtained of any discontinuous changes in secondary emission at the transformation 
points, though a change of less than 5 per cent could readily have been detected. 


§i1. INTRODUCTION 


of secondary-electron emission from a metal surface is, in general, independent 

of the temperature of the emitter. Exceptions to this general rule have been 
reported in the case of ferromagnetic metals and metals which undergo a change of 
crystal structure at a certain temperature; for such metals it appears from certain 
published results that there may be abrupt changes in secondary emission at the 
temperatures corresponding to the magnetic or structural changes. Owing to the 
theoretical significance which may be attached to these findings, and also to the 
fact that the previous works on the subject are open to serious criticisms, it was felt 
that a further experimental investigation of this matter was desirable. 


I: has been shown in a number of experimental investigations* that the coefficient 


* For summary of these investigations see Kollath(). 
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§2. CRITICAL EXAMINATION OF PREVIOUS WORK 


There have been two previous investigations dealing with the subject-matter 
of the present paper, the first due to Tartakowsky and Kudrjawzewa™ and the 
second to Hayakawa”. Tartakowsky and Kudrjawzewa studied the secondary 
emission of nickel as a function of temperature, using primary voltages in the 
neighbourhood of 30. According to their data, an example of which is reproduced 
in the broken curve in figure 1, when the temperature of the metal is raised from 
150 to 350°C. there is a continuous increase in the secondary emission. This is 
followed by an abrupt fall at the Curie point (358°), i.e. the temperature at which 
the metal loses its ferromagnetic properties, and a further and more rapid rise up 
to 445°. Substitution of copper for nickel, in a control experiment, resulted ina 


uniform linear increase of secondary emission with temperature being obtained, the | 


rate of increase being about 12 per cent per 100° rise of temperature. The sudden 
fall in the amount of the secondary emission which occurred in passing through the 


Relative secondary emission 


100 200 300 400 700 800 900 
Temperature (° Cc.) 


Figure 1. Variation of secondary emission with temperature. ——- Hayakawa; 
—-—-— Tartakowsky and Kudrjawzewa. 


Curie point of nickel was held to show that the conduction electrons of the metal, 
which 'Tartakowsky and Kudrjawzewa suppose to give rise to the major portion 
of the secondary emission, are also responsible for its ferromagnetic properties. 

In considering the experimental method by which these results were obtained, 
it is clear that the authors were not able to collect and measure all the secondary 


electrons emitted by their target. They could not, therefore, measure the secondary- * 


emission coefhcient, i.e. the ratio of the number of secondary electrons emitted by 
the target to the number of primary electrons incident upon it. What they actually 
measured was the current due to a comparatively small fraction of the emitted 
secondaries which entered a Faraday cage placed at a distance from the target. 
Now the ratio of this measured current to the total secondary emission must have 
been determined by the orbits of the secondary electrons leaving the target, and 
the orbit of a particular electron will depend on its direction and velocity of emission, 
on the potential-distribution in the space outside the target, and also on the magnetic 
field, if any, in the space. It follows that the data of Tartakowsky and Kudrjawzewa’ 
cannot be directly related to the secondary-emission coefficient, or to any other 
quantity having a precise physical significance, unless the following conditions were 


j 
} 


| 


| 
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satisfied, over the temperature range employed: (1) constancy of angular distri- 
bution of the emitted secondaries; (2) constancy of energy distribution of the 
emitted secondaries; (3) constancy of potential of the glass walls; (4) absence of 
stray magnetic field due to the current in the filament used to heat the target. 

It is not possible to say whether these conditions were satisfied, but the absence 
of any mention of their importance in the paper gives rise to some doubt as to the 
validity of the results obtained. 

A further difficulty is presented by the large variation in the secondary emission 
from nickel over the temperature range on either side of the Curie point, and by 
the variation with temperature observed with copper, both of which effects were 
passed over without comment by the authors, though they would certainly not have 
been anticipated on the basis of earlier results. 

Hayakawa™ studied the variation of secondary emission with temperature for 
nickel, iron, cobalt and certain nickel-iron alloys, using primary voltages from 20 
to 125. He found in all cases a large variation of secondary emission with tem- 
perature. Typical examples of his results are reproduced in figure 1. For nickel 
and iron the slope of the curve relating secondary emission with temperature 
changed abruptly at the Curie point, whilst for iron and cobalt there was a kink 
in the curve at the temperature corresponding to a change in the crystal structure. 
Analogous results were obtained with the nickel-iron alloys. The data were inter- 
preted by Hayakawa in the light of a theory developed by Richardson®, and 
quantitative evidence was adduced in support of the view that the secondary electrons 
were identical with Richardson’s ‘structure electrons’’. 

Whilst Hayakawa’s experimental arrangement is not open to the objections 
_which have been brought against the work previously discussed, his data neverthe- 
less present such curious anomalies that they cannot readily be accepted. His 
results are not expressed in terms of the secondary-emission coefficient, even 
though it is stated that both the primary and secondary currents could be measured. 
Moreover, it is difficult to form a clear idea as to what quantity the term “‘secondary 
electron emission”’ as used by the author is intended to represent. Presumably it 
bears some relation to the secondary-emission coefficient, but it is not a relation of 
proportionality, as an examination of his figures will show. For example, the rates 
of variation of this quantity with temperature shown in his figures 8 and g differ 
by a factor of 2 from those given in his figure 10 for the same material under the 
same conditions. Even greater discrepancies are apparent when his figures 12 and 
13 are compared with figure 14. Finally, it must be observed that the secondary 
emission from nickel at primary voltages of 19:5 and 22 apparently falls to zero 
at a certain temperature. It is also remarkable that Hayakawa found even larger 
variations of secondary emission with temperature, unassociated with any trans- 
formations, than Tartakowsky and Kudrjawzewa did, though like them he does 
not consider that point worthy of discussion. 

For these reasons it was felt that Hayakawa’s data could not be accepted as 
establishing beyond doubt the existence of a relationship between secondary 


emission and metallic structure. 
41-2 
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§3. STUDY OF NICKEL AND COBALT 


In the present investigation of the variation with temperature, if such variation 
occurs, of the secondary-emission coefficient for nickel and cobalt, a very simple 
experimental system shown diagrammatically in figure 2 was employed. A short 
tungsten filament F mounted axially in a cylindrical anode A served as the source 
of electrons, some of which, after passing through the tube G of length 10 mm. and 
internal bore o-5 mm., fell on a target 7 of the material under investigation. This 
target, which was in the form of a tube of rectangular section, could be heated by 
passing a current through an insulated tungsten filament H, and its temperature 
could be measured by means of the thermocouple 7h. The couple, which consisted 
of a pair of o-1 mm. platinum and platinum-iridium alloy wires obtained from 


Messrs Johnson Matthey, was welded on to the target and sealed through the glass 


envelope of the apparatus. The tube G terminated in a circular nickel disc D, 10 mm. 
in diameter. The target, shown in plan in figure 2 (6), was electrically but not 


ee de | ae 
D r 
o Sc 
"e 
A S\\ 
\wn 
—||—., 
(a) (b) 


Figure 2. Electrode system used in the measurements. 


thermally connected with segments SS’ mounted on either side of its centre portion, 
the disc D and the target with its associated segments thus forming in effect a pair 
of parallel plates separated by a distance of 1:5 mm. The field in the neighbourhood 
of the centre of the target, when a potential-difference was applied between target 
and anode, was therefore approximately uniform and normal to the surface of the 
target. By this arrangement the necessity for the provision of a separate collecting- 
chamber was obviated, with the result that the target could be brought quite close 
to the electron gun G, and its dimensions, and therefore the energy required to 
heat it, could be kept small. 

When the positive potential applied to the target was above that of the anode, 
only those secondary electrons emitted from the target with normal components of 
velocity sufficient to overcome the retarding potential difference were able to reach 
the anode, the remainder being returned to the target. In practice, therefore, a 


potential-difference of 150 v. between target and anode was sufficient to prevent 


the escape of all but a negligible fraction (probably less than 2 per cent) of the 


secondary electrons. This is illustrated by curve (b) in figure 3, which shows the- 


variation of target current with target voltage, the anode voltage being fixed at 150 
and the anode current maintained at 0-5 ma. by adjustment of the temperature of 
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the filament F. It will be seen that the target current was constant for retarding 
potentials in excess of 100 v., indicating complete suppression of the secondary 
current. This limiting value of the target current was taken to be equal to the 
primary current over the range of voltages in which the field between anode and 
target was in such a direction that all the secondaries emitted from the target were 
drawn over to the anode, the secondary current in this region being therefore the 
difference between this and the observed current. The ratio of secondary to primary 
current, i.e. the secondary emission coefficient, was thus readily obtained. 

To check that the primary target current was independent of the target voltage 
over the whole of the voltage range employed in the measurements, a separate 
experiment was carried out in which the target was replaced by an elongated 
cylindrical collecting-chamber 3-0 mm. in diameter and 40 mm. long. With an 


Target current (arbitrary units) 


Target voltage 


Figure 3. Variation of target current with target voltage. 


anode voltage of 150, the current to this collector, for various collector voltages, was 
as shown in figure 3, curve (a). This shows that the target current was independent 
of the target voltage to within 14 per cent. 

On account of the imperfect insulation resistance of the heater coating at the 
higher temperatures employed, it was found necessary to supply the heating current 
from an insulated battery, the target being then connected to one end of the 
heater. All the measurements were made with sealed-off tubes containing barium 
getter. 

In the first investigation the target was of nickel. This metal undergoes a 
magnetic transformation at 358° c. but has the same crystal structure at all tem- 
peratures. After a preliminary degassing for 1 hr. at a temperature of 1100°C., 
measurements of the secondary-emission coefficient were made as the temperature 
of the target was reduced from 525 to 110°. The results of these measurements, 
obtained with five different values of primary voltage, are shown in figure 4. ‘There 
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appears to be a slight and gradual change of secondary-emission coefficient with 
temperature, due probably to changes in the amount of gas adsorbed on the 
surface of the metal. No evidence was obtained, however, of any sudden change in 
the secondary-emission coefficient at the Curie point. 

That no disturbing effect was produced by the magnetic field due to the heating 
current was proved by the fact that switching off the current during the cooling of 
the target produced no change in the secondary emission. 


Secondary-emission coefficient 
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Figure 4. Secondary-emission coefficient for nickel as a function of temperature. 
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Figure 5. Secondary-emission coefficient for cobalt as a function of temperature. 


The next metal studied was cobalt. The Curie point for cobalt is in the neigh- 
bourhood of 1150° c., and a change from a hexagonal lattice, which is stable at 
room-temperature, to a face-centred cubic lattice has been reported by a number of 
observers to occur at a temperature between 400 and 500° c. The exact temperature 
at which the transformation takes place is not definitely established; it probably 
depends among other things upon the purity of the sample of cobalt studied and 
upon the rate of cooling. In a recent work Marick™ examined the structure of 
hot cobalt by X-ray diffraction and found the change to occur at about 490° Cc. ° 
during heating and at about 470° during cooling. The present experiments were 
concerned only with the structural change. 
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The cobalt was electrolytically deposited on to a nickel base to a thickness of 
about 0-05 mm. The target had been degassed before the assembly of the tube for 
15 min. at 1000°c., and was subsequently heated to 1100° c. for a few minutes 
during the pumping. After the tube had been sealed off from the pump the latter 
treatment was repeated. Measurements of the secondary-emission coefficient were 
then made as the target-temperature was reduced in stages, 15 min. being allowed 
at each temperature for any possible time-lag in the occurrence of the transformation. 
As is shown in figure 5, there was no evidence of any appreciable change in the 
coefficient at any temperature from 20 to 540° c. 


Secondary-emission coefficient 
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Figure 6. Secondary-emission coefficient for cobalt as a function of primary voltage. 


Since there are few published data on the secondary-emission coefficient for 
cobalt, the curve of figure 6 is included in this paper. This gives the results of 
measurements of the coefficient, at room-temperature, for primary energies from 
25 to 500e.-v. Before taking these measurements the target was subjected to a 
further degassing at 1100° for 1 hr. 
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In the study of iron the method of measuring secondary emission from filaments 
described in a previous paper by one of us‘ was employed. This method was not 
used in the case of nickel and cobalt on account of the difficulty of accurately 
measuring very low filament-temperatures, but it was particularly suitable in the 
case of iron where a higher range of temperatures was required. . 

The target filament was of soft iron and had a length of 50 mm. and a diameter 
of 0-12 mm. The cathode was 12 mm. in length, and as it was run at the temperature 
required to give a total emission of 0-5 ma., its effective emitting portion, on 
account of the end cooling, was probably not more than a 5 mm. length at its 
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centre. The portion of the target filament subjected to electron bombardment was 
therefore also limited to a short length at its centre over which, under the conditions 
of operation, its temperature could be considered constant. 

To avoid the possibility of contamination of the target by the evaporation of 
tungsten from the cathode, care was taken to avoid heating the cathode to a tem- 
perature higher than that necessary to give a space current of o-5 ma. at any stage 
of the experiments. (‘The cathode filament had, however, been cleaned by flashing 
before the assembly of the tube.) Under these conditions a calculation showed 
that there was no possibility of contamination of the target occurring in this way. 

In carrying out the measurements, the iron filament was heated to the required 
temperature by means of a current derived from an insulated battery. There was, 
of course, a potential-fall along the filament due to this current, but on account of 


the short length actually subjected to electron bombardment the potential-fall 


Secondary-emission coefficient 


1000 


Temperature (° C.) 


Figure 7. Secondary-emission coefficient for iron as a function of temperature. 


along the effective length of the filament was never more than 0-2 v. ‘The target 
was shunted by a.high resistance, to the centre point of which the high-potential 
lead was connected; with this arrangement the primary voltage remained unaffected 
by changes in heating current through the target. A separate experiment was carried 
out to determine the temperature of the iron filament in terms of the heating- 
current through it. In this experiment an iron filament of the same length and 
diameter as that used in the secondary-emission measurements was mounted in 
a bulb together with an indirectly-heated iron cylinder in such a way that the centre 
of the filament could be matched for brightness against the cylinder in the back- 
ground. The temperature of the cylinder was measured by an attached thermo- 
couple, and the temperatures of the filament and of the cylinder were taken to be 
equal when the filament disappeared against its background. 


The Curie point of iron is 770° c. and the transformation from a body-centred — 


to a face-centred cubic lattice takes place at about 906° c. Both transformation 


points were included in the range of temperatures covered. In the carrying out of - 


the experiment the target-temperature was first raised to 1000° c. for a few minutes 
tor degassing purposes, and then maintained at 800° for 20 min. to ensure the 
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transformation to the body-centred structure. The temperature was then reduced 


_ to 585° and measurements were made as it was raised in steps to about g50°. The 


results of these measurements are depicted in figure 7. It is clear that there is no 
appreciable change in the secondary-emission coefficient either at the Curie point 
or at the temperature at which the structural change occurs. 


§5. CONCLUSION 


The accuracy of the foregoing measurements was such that a change of 5 per 
cent in the secondary-emission coefficient either at the Curie point (for nickel and 
iron) or at the temperature of the crystalline transformation (for cobalt and iron) 
would have been apparent. From the fact that no such changes were detected it 
must be concluded that such transformations have no significant influence on the 
secondary-emission phenomenon. 

These findings are in contrast with those of Tartakowsky and Kudrjawzewa 


_ and of Hayakawa referred to earlier in the paper. Reasons have, however, been 
_ given for doubting the evidence upon which those authors sought to prove the 


existence of discontinuous effects at the transformation points. 
A further paper, published by Davis, has some bearing on the subject of the 
present investigation. Davis, in a study of the secondary-emission coefficient of 


' cobalt as a function of the primary voltage, was able to obtain a stable and repro- 


ducible curve after prolonged heating at a yellow heat. If, after this condition had 
been achieved, the target was raised for a few minutes to a temperature near the 
melting point of cobalt (during which rapid evaporation of the metal occurred), an 
entirely different curve was obtained. Further heating at the previous temperature 
failed to cause a reversion to the preceding type of curve. The measurements were 
made with the target cold in all cases. 

In attempting to explain this peculiar behaviour, Davis suggested that the 


| appearance of the second form of curve might have been associated with a change 


from the face-centred to the hexagonal structure when the temperature was raised 
above 1150° c., a change for which there was a certain amount of evidence from 
other sources. Now, firstly, if there were such a reversion to the hexagonal structure 
above 1150°, it would be surprising if it were not reversible; that is to say, on the 
lowering of the temperature again into the 4go-1150° region the metal would 
be expected to return to the face-centred cubic structure. Secondly, the evidence 
of Marick™, who worked up to a temperature of 1187° c., suggests strongly that 
the reported change of structure at 1150° does not in fact exist. 

A different explanation must therefore be sought for the phenomenon observed 
by Davis. It seems not unlikely that the diminution of secondary emission which he 
found after the high-temperature treatment may have been the result of etching of 
the surface produced by evaporation of the metal, for it is known that the effect of 
roughening the surface of a metal is to reduce its secondary emission. 
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ABSTRACT. Electron-diffraction methods have been used to examine the surfaces 
of thermionic oxide-coated cathodes. The nickel cathodes were coated with a paste con- 
taining a solid solution of barium and strontium carbonates, and the diffraction camera 
was fitted up with ovens so that getter pellets could be fired off at suitable stages during the 
activation. These cathodes, after activation by heat treatment to give good emission, gave 
patterns of strontium oxide alone when no getter had been fired off, but gave patterns of 
magnesium oxide along with strontium oxide when the getter pellet (barium-magnesium 
alloy) had been fired off during the activation. Cathodes consisting of barium carbonate 
alone before activation gave patterns of barium oxide after activation, whereas cathodes 
consisting of strontium carbonate gave patterns of strontium oxide after activation. 
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are examined by means of X rays the depth of penetration of the rays is so great 

that the photographs do not give information about the active surface layers, but 
give the general composition of the cathode coating. 

An X-ray examination has been carried out by Benjamin and Rooksby™. The 
cathodes were activated in a high vacuum and the X rays were passed on to the 
cathode through thin-walled glass tubes. Thus the X-ray diffraction patterns were 
obtained without exposing the cathodes to air. Benjamin and Rooksby found that 
the activated layers consisted of mixed crystals of strontium oxide and barium oxide 
and that the proportion of barium oxide diminished if the cathodes were over- 
heated, the emission having a maximum value corresponding to a cathode com- 
position of approximately 60 per cent of strontium oxide and 40 per cent of barium 
oxide. They did not hope to find evidence on the presumably monatomic layer of 
alkali-earth metal on the cathode surface, which has often been considered to be 
responsible for the high emission that can be obtained from suitably activated 
cathodes. 

Gaertner then repeated the experiments using electrons instead of X rays, and 
the detection of such a thin surface layer of barium became much more probable. 
Gaertner did not find any evidence for the existence of the barium layer; moreover 
his results differed from those obtained by Benjamin and Rooksby in that he 
obtained good patterns of strontium oxide by reflection from the cathode surface 


I: an earlier paper by Gaertner it was pointed out that if oxide cathode surfaces 


- and little or no definite evidence of barium oxide. 
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It is known that barium oxide leaves the cathode by evaporation more readily 
than strontium oxide, and Gaertner came to the conclusion that the outer surface of 
a normally activated cathode losses its barium oxide component almost immediately, 
and strontium oxide remains predominant. Gaertner also obtained some hexagonal 
and tetragonal patterns. The hexagonal patterns, which appeared when the 
vacuum had not been good, remained unexplained. The tetragonal patterns were 
attributed to hydroxides of barium and strontium, and were found when the 
emission had been lost as a result of presence of water vapour. 

The present work is a repetition of Gaertner’s, under rather better vacuum con- 
ditions. It has been carried out in the hope of detecting the layer of barium on the 
surface and also to see if Gaertner’s evidence for the apparent absence of barium oxide 
could be corroborated. The effect of getter-firing also has been investigated, and the 
contamination of the cathode-emitting surface due to it has been examined. The, 
active surface of homogeneous single emitters, such as strontium oxide and barium 
oxide alone, has also been examined by electron-diffraction methods. 


§2, APPARATUS 


The electron-diffraction camera was of the Finch® type, and for most of the 
work a gas discharge tube, fed from a hydrogen supply through an adjustable leak, 
was used as the source of electrons. A thermionic hot-wire cathode was used also. 
This is more difficult to control and gave the same results as the gas discharge in 
hydrogen. 

At first a good many attempts were made to obtain patterns from standard 
valve cathodes such as those used for the output pentode. This cathode is 3 mm. 
wide and 40 mm. long and was mounted so that the beam passed across the surface 
of the cathode in a direction parallel to the 3-0 mm. edge. However, no patterns of 
any value at all could be obtained in either the fresh or the activated state. ‘These 
cathodes had been coated with the mixed barium and strontium carbonates by 
means of the aerograph spray gun, as used for valve-production. The next step was 
to increase the width of the cathode so that more of the cathode surface would 
present itself to the electron beam. The cathodes were made progressively wider 
until, when they were approximately 1 cm. wide, some type of pattern began to- 
appear. The patterns were still very poor, however, until the spray method of . 
coating was abandoned. It was found that much better photographs could be — 
obtained if the carbonate suspension was allowed to drop on to the cathode from the 
tip of a glass rod. The cathode was then tilted up and down, so that the mixture 
could run all over the surface, and then the cathode was put away with the surface | 
arranged in a perfectly horizontal plane, so that the mixture could dry to a uniform 
depth over its surface. If too much suspension was placed on the cathode, it took 
longer to dry, the surface was fairly rough, and poor photographs were obtained. 
Microscopic examination indicated that spraying, under various conditions, always 
gave a much rougher surface than the flow method. Rather thicker carbonate 
mixtures had to be used when the flow method was adopted. 
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The cathode, in its final form, consisted of a built-up nickel block, the active face 
being sheet nickel o-5 mm. thick. The back face was made up of nickel sheet 
0-150 mm. thick. These sheets both measured 10 mm. by 30 mm., and they were 
welded to the support wires of an ordinary valve stem, one sheet on each side. The 


‘space between the nickel sheets was filled up with ceramic insulators of the kind 


used in certain types of indirectly heated valve cathodes. Tungsten wires were 
threaded through the ceramics and connected up in series. The normal rating for 
such a cathode inside the diffraction camera at a temperature of approximately 
800° c. would be 35 v., 1-5 amp. 

The anode was a sheet of nickel, a little larger in area than the cathode, and was 
mounted on the same stem as the cathode and situated approximately 7 mm. from 
the active surface. The cathode lead and one of the heater leads were joined 
together and earthed to the diffraction camera. The other heater lead and the anode 
leads were brought out of the apparatus through insulated tubes of glass sealed with 
white wax of high melting point. 

Another side flange on the apparatus carried a glass tube through which two 
pairs of thick-gauge wires were taken. These were attached, inside the camera, to 
two tungsten spirals which carried small quartz ovens. ‘The tungsten wire was strong 
enough to hold the small quartz tube without any additional support. wo Kemet 
(bartum-magnesium) getter pellets of standard type were placed in these ovens just 
before the apparatus was evacuated at the beginning of an experiment, and the 
getters could be fired off as desired during the processing and activation of the 
cathode. 

§3. RESULTS 


The carbonate mixture. ‘The photographs of the unactivated cathodes were never 
very good, and different degrees of ball-milling made very little difference. The 
measurements of the principal lines were, however, quite consistent, and these are 
given in table 1 A photograph of the unactivated cathode is reproduced in figure 1. 


Table 1. Unactivated carbonates; values of d/n (A.) 


2°09 
1°85 
1°61 
1°44 
1°29 
1°18 
1°04 
0°95 


S72 SS ee 8 & 


= 


The material used was actually a solid solution of barium and strontium 
carbonates—containing approximately 57 per cent of barium carbonate and 
43 per cent of strontium carbonate, and a calculation of the spacing of these 
carbonates gives so many values of d/n near to those in table 1 that it is useless to 
attempt to accord indices to the reflections observed. A further examination of 
cathodes coated initially with a mechanical mixture of approximately equal parts of 
barium carbonate and strontium carbonate is in progress. 
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The activated cathode. The cathode was then heated at a temperature of 
1000° c. for four minutes. In some cases the activation was carried out by heat 
treatment only; in other cases additional activation was given after the heat treat- 
ment by drawing a current from the cathode at 800° c. for ten minutes. After 
activation the cathode was allowed to cool down to approximately 50° c. and a 
photograph was taken. The ring pattern was usually visible on the fluorescent 
screen, and so the cathode could be set at the best angle for reflection. 

In many cases, when no getter had been fired off in the tube, the patterns were 
due to strontium oxide, but slight traces of other components could sometimes be 
seen. he measurements from such a pattern are given in table 2, along with the 
calculated values for strontium oxide in column 2. Column 3 gives the spacings 
found by Gaertner in the paper already referred to. A photograph of an activated 
layer is reproduced in figure 2. . 


Table 2. Activated cathode with no getter-firing; values of d/n (A.) 


Activated Strontium oxide 
cathode (calculated) Gaertner 
2°935 2°973 2°95 
2°535 2°575 2°545 
1810 1°821 1°82 
1545 1°522 1°545 
1°483 1°487 1°48 
1'272 1:287 1:28 
1169 I°l5 HOTS 
1'054 1'052 1°04 
0990 0-991 — 
o'910 O'9I0 0:904 
0865 0871 0°855 


The patterns of strontium oxide, for which measurements are given in table 2, 
were obtained without firing any getter, and emission was quite good. The spacings 
agree so closely with those of strontium oxide that there is no evidence for a solid 
solution of the mixed oxides of strontium and barium. In some cases a number of 
extra lines appearand the patterns are so complex that a direct interpretation is not 
possible. In the later experiments, where getters were fired before and after activa- 
tion, some excellent and well-defined patterns were obtained. A typical pattern of, 
this type is reproduced in figure 3. Measurements from this pattern are given in ! 
table 3, and the values of d/n for barium, strontium, barium oxide are also given in 
columns 3, 4.and 5 respectively. It is evident that the pattern cannot be attributed 
to any of these substances. This type of pattern was obtained only when the Kemet 
getter (barium-magnesium alloy) had been fired within the tube. This pattern can — 


be easily identified as that of magnesium oxide, and is found when the barium- | 


magnesium getter cleans up the vacuum. A reflection photograph of magnesium | 


oxide is reproduced in figure 4. 

The cathode emission does not appear to drop in the least in consequence of this 
layer of magnesium oxide. A cathode was then sealed up on a standard valve pinch 
and activated on a bench pump. After activation the getter was fired and then the 
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assembly was sealed off; it was later broken open and fixed in the diffraction camera 
for examination. A good pattern of magnesium oxide was again obtained, re- 
sembling in all respects that given by the cathodes which had been activated in the 
diffraction apparatus. It seems that the normal cathodes will also have a surface 
layer of magnesium oxide, as received from valve production, and so it was con- 
sidered desirable to examine the emission from cathodes (Ferranti type D 4) 
specially coated with magnesium oxide in various ways. From a layer of magnesium 
oxide sprayed over the standard emitting surface (1 mg. per cm?), the total emission 
under specified conditions was 60 ma.; with magnesium oxide alone on cathode, it 
Was 0:25 ma.; with magnesium oxide mixed in equal parts with the standard cathode 
spray it was 40ma.; with the standard spray without any contamination by 
magnesium oxide it was 240 ma. These results indicate that any appreciably thick 
layer of magnesium oxide can seriously lower the cathode emission. 


Table 3. Activated cathode with getter firing; value of d/n (A.) 


Activated : : 
cathode after Magnesium Barium Strontium Barium 
getter firing oxide oxide 
2°465 2°430 3°540 37508 3°193 
2090 2°100 2°506 3°038 2°765 
1°485 1°485 2'048 2°148 1°955 

a5 = 1°774 1-832 1°667 
1°200 Te2 Ts 1°586 1°754 1°596 
1-046 I'050 1-449 I°519 1°382 
er a I°341 1°394 1°269 
0°935 0°938 1'254 1-358 1°237 
0845 0'856 1183 1°240 I'129 
— — I°I20 I'169 1°064 
ag = 1-069 1074 0°977 
a — 1'023 1°027 0°935 


There is no doubt that on the normal valve assembly the cathode is not exposed 
to the direct path of the getter particles, and so the deposition of magnesium oxide 
would not be very great. There is every chance, however, that. the cathode may 
receive some slight contamination from magnesium oxide, especially if the valve is 
very gassy before the getter is fired off. It must be remembered that in our experi- 
ment with the bench-pumped cathodes the bulb had to be broken open just before 
use, and if there was a deposit of metallic magnesium it would certainly oxidize to 
give magnesium oxide. The experiments do indicate, however, that the getter gives 
contamination, and our experiments in the diffraction chamber, where the con- 
tamination is certainly magnesium oxide, make it appear that it would also be 
magnesium oxide originally in the bench-pump evacuation. The bench-pump 
vacuum before getter-firing would not be as good as that in the diffraction chamber. 

When this magnesium-oxide layer has appeared it cannot be removed by the 
most elaborate flashing schedules. The magnesium-oxide patterns are merely 
improved by reheating, and if the specimen is exposed to air after cooling down again 
the pattern is still magnesium oxide, even before any reheating. The pattern is 
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definitely weaker and rather more diffuse after an exposure to atmospheric con- 
ditions, but it returns to its original type when reactivation is carried out. 

On one occasion a different pattern was observed after getter-firing. This was 
carried out with the cathode coated with carbonates, but not heated at all. The 
surface remained unaltered after several exposures to air and gave a very sharply 
defined pattern of rings, figure 5. ‘The cathode was of a rather dull metallic grey 
appearance, as opposed to the white surface previously observed. ‘The material 
could not be barium or magnesium because of its stability in air, and was proved not 
to be magnesium oxide or barium oxide by measurement of d/n. So far, these rings 
are not understood. After the cathode had been heated up in vacuo and activated 
the pattern disappeared and became that of magnesium oxide. This took place 
without any additional getter-firing, and the material itself must have contained 
magnesium in some form. . 

Strontium carbonate alone. When the cathodes were coated with strontium 
carbonate alone, the patterns originally were poor, just as in the case of the mixture 
of barium and strontium carbonates. After activation the pattern of strontium oxide 
was plainly visible, provided no getter was fired, figure 6. If the getter was fired the 
pattern was that of the usual magnesium oxide +strontium oxide. If the cathodes 
were shielded from the getter beam the patterns were sometimes of strontium oxide 
and sometimes of strontium oxide+ magnesium oxide. The emission from pure 
strontium-carbonate cathodes was, of course, very low. The following figures were 
taken from actual valve assemblies, to show the relative difference in the emission 
values of strontium oxide and barium oxide. 


Table 4. Relative emission (ma.) under standard conditions 


Barium carbonate a ae 50 
Strontium carbonate ... SC 9 
Suitable mixture ooo ee 170 


Barium carbonate alone. Cathodes were coated with a barium-carbonate 
mixture and the patterns just after coating were very poor. After activation the 
patterns were not nearly as good as those from strentium carbonate, but in some 
cases they were good enough to allow the material to be identified as barium oxide. | 
The emission from these cathodes was much better than that from the strontium= 


carbonate cathodes, in accordance with the figures given in table 4. : 

During experiments with very thin cathode coatings, it was suspected that | 
nickel-oxide lines made their appearance during activation. This was later found | | 
not to occur, but while the matter was being investigated a rather interesting 
experiment was carried out on standard valve-production schedules. The cathodes 
of some output pentode valves of the Ferranti type PT 4D were oxidized to a pale 
blue colour by heating in air prior to their being sprayed with the mixed carbonates. 
These valves were assembled and were then given the normal production schedule 
for their type. After standard ageing, they showed about three times the normal 
softness current. ‘They were re-aged and a little more getter was fired off; then they | 
were within the recognized limits of hardness and the emission was quite up to the | 
normal standard. ‘These experiments with nickel oxide are hardly parallel to those } 
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carried out with magnesium oxide earlier, but they indicate that appreciable 
oxidation of the nickel base is not a serious matter. 

The nickel-oxide rings were normal and did not give the extra reflections some- 
times reported. This was true even if the oxidation was carried out in the highest 
vacuum obtainable consistently with oxidation of the surface. 


§4. SUMMARY AND CONCLUSIONS 


Gaertner reported some special patterns of hexagonal type when the cathode 
was partially poisoned by activation in a poor vacuum. He also reported a tetragonal 
structure when the cathode had been activated in a trace of moisture and com- 
pletely poisoned. In some cases patterns were obtained in the present research 
which could not be explained in terms of known structures, but patterns corre- 
sponding to Gaertner’s hexagonal and tetragonal types were not seen. 

In general, however, Gaertner’s conclusion that the activated oxide cathode 
presents a surface layer of strontium oxide has been verified. Gaertner’s unactivated 
carbonate coating consisted of a mechanical mixture of the barium and strontium 
carbonates, whereas in the present research the carbonate was a solid solution of 
barium and strontium carbonates. In both cases, therefore, it appears that the final 
activated cathode has a surface layer of strontium oxide which presumably rests 
upon a solid solution of barium and strontium oxides, as was found by X-ray 
examination by Benjamin and Rooksby™. 

As regards the monatomic layer of barium postulated by Becker and Sears™, 
we must remember that even if this layer were present it would not give an ordinary 
barium pattern. It would give either a typical two-dimensional grating pattern or a 
diffuse liquid pattern, according as the arrangement of barium atoms was regular 
or random. Now the lattice constant of strontium oxide is 5-150 A. and that of 
barium is 5-015 A., and so it is possible that the barium could be attached to the 
strontium-oxide lattice by linkage to the oxygen atoms of the strontium-oxide 


' structure. If this were the case the adsorbed barium atoms would be virtually part 


of the strontium-oxide lattice and merely modify very slightly the intensity of the 
reflections from the strontium-oxide spacings, and its presence would be very 
difficult to detect even by electron-diffraction methods. If it were adsorbed in this 
way it would presumably be ionized and have a larger interatomic distance than 
would be natural for its ionic state, and the resultant surface field could perhaps give 
rise to the low work function and consequent high thermal emissivity of oxide- 


coated cathodes. 
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ABSTRACT. A simple mathematical method is developed for calculating the frequency 
of the flash, and the distribution of intensity during the flash, when a floodlight is tilted and 
rotated so as to form a flashing beacon. The results of a number of typical calculations are 
given as diagrams and these may be used to estimate the results given by other distributions 
and conditions which would not be so readily calculated. Comparison is drawn between 
the various methods of tilting and the ideal requirements of an airway beacon. 


§r. INTRODUCTION 


light in a beam of narrow vertical divergence and wide horizontal divergence. 
Its purpose is, as its name implies, to illuminate the surface of an aerodrome : 
to facilitate night landings. 

An aerodrome beacon is intended to draw the attention of a distant pilot and to 
inform him of the name and position of the aerodrome which he is approaching. It : 
has a flashing character which may be a distinctive Morse letter or may be only a 
regular flash similar to that of many marine lighthouses. It differs from a lighthouse » 
in that it must give its indications in three dimensions, and it may consist either of / 
a network of discharge tubes or of an optical system rotating about a vertical axis : 
and projecting a beam whose intensity is high in the horizontal direction, with: 
diminishing intensity up to about 20° above the horizontal. In the latter case, the! 
intensity is usually so distributed that a pilot approaching the beacon at some given ! 
height and in some given state of the weather will receive substantially constant {/ 
illumination after he has come within range of the beacon. ) 

For reasons of economy, it is sometimes desired to make one apparatus serve for }) 
both purposes. The optical requirements for a floodlight are much more stringent 7. 
than those for a beacon, and so the problem becomes that of finding the most | | 
efficient way of employing a typical floodlight apparatus as an aerodrome beacon.| 
This paper is not concerned with either the type of floodlight or the mechanical}! 
details of mounting, but deals solely with the optical and geometrical aspects of the} 
problem, | 


\* aerodrome floodlight consists of an optical system so arranged as to emit © 


— 
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The obvious way of converting the floodlight to a beacon is to tilt it so that the 
beam becomes an elevated sheet, and then to rotate it about a vertical axis so that 
the whole azimuth is swept by the beam during one revolution and a flashing 
character is imparted. Three systems of tilting have been used in this country, but 
hitherto no details of the type of flash resulting from each have been computed. The 
three methods are: (I) tilting about an axis normal to the direction of maximum 
intensity—the general practice until 1932; (IJ) tilting about the direction of maxi- 
mum intensity (British patent 426,222); (III) tilting about an axis inclined to the 
direction of maximum intensity (British patent 452,933). 

This paper discusses the effects of these three methods and their compliance 
with the relevant requirements for a beacon, which are (a) that the beam-intensity 
should be a maximum along the horizontal, falling progressively as the elevation of 
the observer increases, with little or no light above 20° from the horizontal and 
(>) that the character of the flash—i.e. its duration and periodicity—should be 
independent of altitude. There are, of course, other requirements for a beacon, but 
these are not fundamental to an investigation of flash characteristics. 


§2. THE GENERAL CASE OF A TILTING BEAM OF WIDE 
HORIZONTAL AND NARROW VERTICAL DIVERGENCE 


Consider a very thin sheet of light emitted by an aerodrome floodlight at an angle 
B above the horizontal. This light lies on the surface of a cone whose semi-angle is 
m/2—B, whose axis is vertical and whose equation is: 


Std 4 (he) ee we ee pp Chases (1). 
Similarly, for light emitted at a divergence of —f, there will be a conical surface 


_ below the horizontal, which is given by the negative values of z in equation (1). 


If the double cone be now tilted so that its axis is at an angle 6 to the vertical 

OZ and lies in the XZ plane, the equation to the surfaces becomes 
(z—x tan $)?— y? tan? B sec? 6=(z tan d—x)* tan? B a... (2). 

Reference should be made to figure 1, which illustrates the angles involved. ‘This 
equation may be used either to define the limits of a beam, where f corresponds to 
the maximum divergence, or may be used to calculate the position of an elementary 
sheet of light at an angle 8 within the beam. 

A pilot poised at an angle y above the horizontal receives the same intersection 
of a rotating beam as he would see by flying in a circle round a vertical axis through 
the beacon while it is stationary. His course would be given by 


x=sin 0 | 
= COS tat Piet ae = es a) & pees: (3), 
& = tan % 


where the radius of his course is unity and @ is his horizontal angular position with 


_ reference to the Y axis. 


Substituting (3) in (2) and solving for 0, we have 


sin @=tan y cotd—secysinBcosecd eae (4). 
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Alternatively, solving fox 8, we have 
sin B=cos y cos S(tany—sin@tan8) weve (4a). 
Equation (4) gives two solutions for @ and (7 — 0) corresponding to the four values 
of the angle in the horizontal plane which are the projections of the pilot’s position 
when he enters and leaves the tilted beam. These solutions apply to the three 
types of floodlight beacon, since no restrictions have as yet been applied to the 
distribution of intensity. 


Figure 1. Isometric drawing of tilted beam. 


§3. THE DISTRIBUTION OF LIGHT IN THE BEAM 

The horizontal polar distribution of intensity (candle power) of certain types of 
floodlight may be represented sufficiently closely by the relation 

T= costo —T/2<P<T2 , . ee eee (5); 

where I’ is the horizontal intensity at an angle ¢ away from the maximum intensity / 

I,. Various floodlights will have other distribution curves, but it has been found | 


that all types which are suitable for tilting as beacons have distribution curves which | 
lie between those represented by equation (5) and the following equation 


I'=I, cos? ¢ =<7/22¢<Tla—"— 22 aa (5a). 
The two equations are shown graphically in figures 2a and 3. It will be seen later 


that the difference between these two limiting curves has only a small effect on the 
distribution in the tilted beam, and no effect on the flashing character of the beam. 


— 
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The polar distribution in the vertical section of the beam at any value of ¢ is 
represented closely by the relations 

I=T' cos? (78/2B) Pa Bec ste deealige = itera (6), 
where f is the intensity at (¢, 8) and B is the vertical semidivergence of the beam at 
¢. This is shown in figure 2b. For purposes of calculation it is permissible to 


100° 80° 60° 40° 20° 0° 20° 40° 60° 80° 100° 


Figure 2 a. Figure 2 6. 
Figure 2 a. Horizontal distribution of intensity. cos ¢, equation (5); -—-—- cos? ¢, equation 
(5 a); ——— ro kw. lens floodlight; -—-- 9 kw. G.E.C. mirror floodlight. 


Figure 26. Vertical distribution of intensity. — 
lens floodlight. 


cos” (7B/2B), equation (6); -—-- 10 kw. 


Figure 3. Horizontal polar distribution of intensity. 
cosine, equation (5); ——— restricted cosine ; —-— cos?, equation (5a). 


assume that B is independent of ¢. The whole polar distribution of intensity from 
this floodlight is then given by the relation 
I=I, cos ¢ cos? (78/2B) —1/2<d<7/2, —B<B<B ...... (Gr 
Using equation (5) instead of equation (5), we may write the polar distribution 
of the cos? type as follows 
I=I, cos? ¢ cos? (78/2B) —m/2<d<n/2, —B<B<B ...... (74). 
The restricted-cosine distribution is given by equation (7) with limits 


—7/4<$<7/4. 
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$4, APPHICA TION OF THE THREE METHODS OF TILTING 


In § 2 the general case of the tilting of a beam occupying 360° in azimuth has 
been considered. Equation (5) shows how the light from an actual floodlight only 
extends over 180° in azimuth and how the intensity in this region varies. ‘The 
tilting represented by equation (2) applies to elevation of the beam about OY as 
axis, so that the beam is raised above OX and depressed into the ground in the OX” 
direction. It only remains to draw the polar curve on the tilted surfaces, with the 
peak intensity in the appropriate direction relative to OY, the axis of tilting, and 
the same equations will represent three methods of tilting described in § 1. 

Let the peak intensity of the beam be at an angle « to OY, measured in the 
median plane of the beam. The value of this angle is determined by the method of 
tilting to be investigated and its values will be respectively 7/2, zero or intermediate ° 
for the methods I, II or III described above. The relation between the polar 
coordinates ¢ and B of the ray seen by an observer at an elevation y may be reduced 
to 

siny=sinBcosd+sindcosPsin(d@+a) saves, (8). 

Assuming 8 to be small, we may write cos 8 as unity and the combination of 

equations (4a) and (8) will lead to 


sin (6+«)=sin y sin 6+ cos y cos 6 sin 6 = WOT) tee (9). 


Less error is introduced in solving this equation from 4-figure tables than in solving 
equation (8). 

Equation (7) describes the polar distribution of intensity and equation (g) gives 
the relation between the position of the observer in space and his position relative 
to the polar coordinates of the beam, so it is now possible to write down the intensity 
which he receives under any conditions. ‘The equations are capable of exact solution 
but this is laborious and, in view of the approximate nature of equation (7), it is 
preferable to use a tabular method of solution. An abbreviated example of the 
calculation for the cosine distribution for a beam tilted by method III is shown in 
the appendix, the family of curves plotted from it being shown as figure 4c. The 
order adopted for the solution of the equations has been first to choose a value for 8 
and to solve equation (4a) for f at integral values of # and y. All values of B greater * 
than a chosen value of B are neglected, and the limiting values of 6 where 8 = B give 
the flash-duration at each value of the elevation y. The second stage has been to 
solve equation (g) for ¢ over the range of § appropriate to each value of y, and with 


| 


i] 


the chosen value of « to represent the method of tilting. Finally, the above values | 


of 6 and ¢ are inserted in equation (7) to give the intensity seen by a pilot under the 
conditions corresponding to the chosen values of 0, y, 5 and «. By plotting this 
intensity against 6 at each value of y, a family of curves is obtained for each case of 
6 and «, representing both the distribution of intensity throughout the duration 
of each flash and also the flashing character of the beacon at the various angles of 
elevation. The case worked out in the appendix and figure 4 c is for method II 
where «=7/6, the beam is elevated to 8=20°, and the value of the semi- 
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Veale: 


10° 20° 30° 60° 70° 80° 90° 100° 110° 120° 130° 
Angular position of observer (6) 


Figure 4a. Distribution of intensity during flash received by observer. Method I. 
Elevation of observer y; angle of tilt 8=20°; direction of peak «=7/2. 


] 


Relative intensity 


0 / 
350° 360° 10° 20° 30° 40° 50° 60° 70° 80° 90° 
Angular position of observer (@) 


Figure 4. Distribution of intensity during flash received by observer. Method II. 
Elevation of observer y; angle of tilt =20°; direction of peak «=o. 
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Figure 4c. Distribution of intensity during flash received by observer. Method III. 
Elevation of observer y; angle of tilt §=20°; direction of peak a=7/6. 
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divergence B in equation (7) is 2°. Figures 4a and 46 show the cosine distribution 
for a beam tilted to 8=20° by methods J and II respectively. 

Even these families of curves are somewhat complex for ready visualization of 
the merits of the different methods of tilting, and a further stage has been to sum- 
marize them by plotting the peak intensity in flash J’ against the observer’s elevation 


Angular elevation of observer 


0 "A 
0 0°5 10 0 0°5 1:0 0 0+5 1-0 


Peak intensity of flash 


Figure 5. Peak intensity of flash and angular elevation of observer. The broken line gives 
the distribution for a 9-kw. mirror floodlight. 


y for each case determined by 8 and «. This has been done in figure 5, in which the 
top line gives the summaries for figures 4a, 4b and 4c. These curves can be com- 
pared with the theoretical intensity-distribution described in paragraph (a) at the 
end of the introduction and shown as no. g on figure 5. The comparison of each 
case with the requirement (b) can be made by plotting flash-duration A@ against 
elevation y for each method of tilting as in figure 6. 
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It will be obvious that the effectiveness of a flash received by the observer will 
be determined by more factors than just the peak intensity and the gross duration. 
For a short flash the intensity is integrated by the eye over the duration of the flash, 
but knowledge of the mechanism of this integration is insufficient to enable us to 
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Angular elevation of observer 


0 20 4 6 80 0 20 40 60 80° 0 20 40 60 60° 
Duration of flash 


Figure 6. Duration of flash and angular elevation of observer. 


carry the analysis to that stage. The effect of flashes which commence and end 
abruptly is known“ for a range of illuminations from the threshold up to com- 
paratively high levels, and van Vloten®) has derived a method of integrating flashes 
which have a trapezoidal distribution of intensity. It is, however, customary to 
describe a flash in terms of its peak intensity and of its gross duration, and this 
_ description is therefore retained in the present paper. 


a 
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§5. RESULTS OF ANALYSIS 


Calculations have been made of the distribution of intensity in a number of 
typical cases with the numerical values shown in table 1. 


Table 1 
5 (deg.) 20, 30 
« (rad.) 0, 7/6, 7/4, 7/2 
y (deg.) O,15, LO;s15 52 Oy LON ZO, 2, 22 
B (deg.) ge x 
6 Integral values from —5° to 185° 


In addition to the various possible combinations of numerical values given in 
table 1, the distribution of intensity has been calculated for floodlights having four 
different polar distributions. Two of these are represented by equations (7) and (7 aye 
and are called ‘‘the cosine distribution” and “the cos? distribution” respectively. 
The ‘‘restricted cosine” distribution is given by equation (7) between narrower 
limits, and is a representation of a combined mirror and lens floodlight widely 
used in America. The fourth distribution is shown as a dotted line in figure 2a and 
represents the g kw. mirror floodlight made by the General Electric Company. 

It would he wasteful to give the whole of the calculations and results, and typical. 
results are therefore given in the appendix and figures 4a, 4b and 4c. The sum- 


marized results for twelve sets of calculations are given diagrammatically in figures 5 


and 6, and the conditions for which these figures are drawn are set out in table 2. 


Table 2 
—~_ Method | 
oem oe I II III | 
Distributio ae | 
Cosine (1) See figure 4a (2) See figure 45 (3) See figure 4¢ 
“=n/2 =O “2=7/6 
0208 §=20- 8==20° 
Restricted cosine (4) (s) (6) 
“%=7/2 “=o “= 77/4 
3=20- j= On 20m 
Cosine squared (7) (8) (10) iJ 
a= 17/2 “=0 a=7/4 | 
= 208 5=20° o—20m | 
G2) 
“=7/6 
= 20m 
(12) 
a= 1/4 
o—30" 
(9) Air Ministry beacon specification 


The presence of a second flash in each rotation is indicated in figure 6 by the 
dotted line. 
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§6. DISCUSSION OF RESULTS 


The case of method III calculated in the appendix and shown in figure 4c may 
be considered first. An observer at ground level or at any elevation up to rather 
more than 15° will receive a single flash for each rotation of the beacon, the flash- 
intensity being within 85 per cent of the maximum and the flash-duration in- 
creasing from 12° to 16° of arc. Above 17° elevation, this comparative uniformity 
of character ceases. From 17° to 18° two consecutive flashes are seen in each 
rotation, the intensities at 18° elevation being 81 and 13 per cent of the maximum, 


_and the durations 39° and 33°: Above 18° elevation, one long flash (72°) is seen, the 


intensity and duration both decreasing up to the limit of 22° elevation, above which 
there is no light. 

Figures 4a and 46 have been plotted from a similar calculation of the intensity- 
distribution given by tilting the same beam of light by methods I and II respec- 
tively. By method I, an observer at ground level will receive two flashes equally 
spaced during each rotation, but an observer elevated between 0° and 18° will 
receive two flashes at unequal intervals in each rotation, the difference between the 
intervals increasing as the elevation increases. The duration of the flashes varies in 
the same way as for method III described above. At 18° the short interval has 
become zero and one long flash (72°) is seen, the duration of this flash decreasing to 
zero at 22° elevation. As regards the peak intensity of the flash, the horizontal 
intensity is extremely small but the intensity increases proportionately with the 
observer’s elevation up to a maximum intensity at 20°. Above 20° the intensity 
decreases to zero at 22°. 

Method II gives a single flash in each rotation at all elevations, the duration 
varying from 12° in the horizontal direction to 36° at 18° elevation. ‘The maximum 
intensity is directed horizontally, and the peak intensity in each flash decreases’ 
smoothly to zero as the observer’s elevation increases to 22°. The longer durations 
are associated with lower peak intensities. 

The details of the performance described above may be read off the top three 
diagrams in figures 5 and 6. The diagrams 1, 4 and 7 in these figures all refer to 
method I and it may be seen that this will always give two flashes irregularly spaced 
in each rotation of the beacon, with very long single flashes between 18° and 22° 
elevation. Further, the highest intensities are given at the higher elevations, the 
horizontal intensity being negligibly small. Both these characteristics are the 
reverse of the requirements stated in § 1. 

Method II is illustrated in diagrams 2, 5 and 8 and will always give a single 
flash of not greatly varying duration. The highest intensity is directed along the 
horizontal and the intensity falls progressively to zero at the higher angles. ‘These 
characteristics are both in accordance with the original requirements, but the 
method has the disadvantage that as the beam from a floodlight is usually sym- 
metrical, one-half of the light is directed on to the ground when the beam is tilted. 

Method III endeavours to overcome this disadvantage by tilting the floodlight 
about some intermediate axis, so that the peak intensity is directed above the 
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horizontal and less light is therefore lost. It is illustrated in diagrams 3, 6, 10, 11 
and 12, and in general there are two flashes in each rotation at the higher elevations, 
one flash being of low intensity as in figure 4c. The intensity of the main flash in- 
creases as the elevation of the observer increases to some small angle, above which 
the intensity diminishes to zero at the limit of 22° elevation, with the exception of 
the case in diagram 12 of figures 5 and 6, which shows the state of affairs for a 30° 
tilt. Thus the result of saving light is to introduce some degree of irregularity into 
both the character and the intensity of the flash. 

Figures 5 and 6 show that the difference between the cosine distribution and 
the cos? distribution is a matter of intensity only. The flashing character is exactly 
the same and both show similar double flashes when the beam is tilted by methods I 


and III. The difference in intensity-distribution is most apparent when the beam 
is tilted by method I, but is not sufficient to be of practical importance. Other , 


distributions which lie between these two, such as the G.E.C. 9 kw. mirror flood- 
light represented by the broken line in figure 5, will give similar results. 

It appears then that method II is the one which gives closest adherence to the 
original requirements. The distribution which is essential for the operation of a 
projector as a floodlight necessitates the use of a wider beam than that required if 
the projector is operated as a beacon, and no method of tilting can redistribute the 
whole of the light in the beam to its best advantage. The essential difference 


between methods II and III is that the former puts the excess light into the ground _ 


while the latter puts it into the higher angles, where it is not necessarily of practical 
value. It should be noted that method III would be suitable to a system having a 
narrow beam-spread, and the analysis outlined above enables one to calculate the 
characteristics of any given beam when tilted. 
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DISCUSSION 


Dr W. S. Stites enquired whether the methods to which figure 6 relates have 


been tested in practice, with results in accordance with the theory. 


AuTHoR’s reply. The three methods described have all been used in full-scale’ 


apparatus and observation has verified the calculations of flash-duration. The only 
way of obtaining the effective flash-intensity is to integrate the distribution of light 
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| in the flash by an empirical point-by-point method, which leads to a factor of the 
| type ¢/(a@+t), where ¢ is a measure of the duration and a is a constant depending on 
_ the intensity of illumination. The values of a are known for abrupt and for trapezoidal 
_ distributions, and the peak intensity is multiplied by this factor to give the effective 
| intensity from which the range of the beacon can be calculated. For gradual dis- 
| tributions, such as are found in practice, the values of a are in general larger than 
_ for trapezoidal distributions of the same total duration, and the effective intensity is 
accordingly less. If the flash-duration is deliberately increased by defocusing the 
lamp, or by some similar method, the peak intensity is decreased proportionately 
_ and the effective intensity will be decreased slightly. It is therefore desirable in 
practice to have a flash as short and as intense as possible, with the intensity rising 
and falling sharply at each end. 
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THE MUTUAL SHUNT METHOD OF MEASURING 
SELF INDUCTANCE AT RADIO FREQUENCIES 


By ALBERT CAMPBELL, M.A. 


Received 25 March 1938. Read 10 June 1938 


_ ABSTRACT. A simple method of measuring self inductance is described, in which the 
_ value is read directly on a mutual inductometer. Its secondary circuit, with an a.-c. 
ammeter in series, is put in parallel with the coil to be tested, the combination being 
connected, thro’ the primary coil, to an a.-c. source of radio frequency giving constant 
current. ‘The mutual inductance is now varied until the ammeter reads a minimum current, 
and then the self inductance is equal to the mutual inductance. This result does not 
involve resistance or frequency. Methods for eliminating the errors due to self and mutual 
capacitances in the inductometer are indicated. 


§1. INTRODUCTION 


methods are those in which resonance with a standard capacitor is used. 

These resonance methods are not always convenient, however, particularly 
when small inductances are to be measured over wide ranges of frequency. The 
null bridge methods, so useful at the lower frequencies, are not easy at radio 
frequencies, for the simpler current-measuring instruments (such as galvanometers 
with thermal converters or rectifiers) are mostly of square-law type and are very 
insensitive near zero reading. Thus for null methods more elaborate detectors have 
to be used. 


a 


F« the measurement of self inductance at radio frequencies the most accurate 


Se eS eee 


§2. DESCRIPTION OF METHOD 


I have recently devised a direct-reading system which quite avoids this diffi- 
culty. It is shown in the figure, where B, the coil to be tested, has resistance R 
and self inductance L. 

In parallel with B there is an a.-c. ammeter A in series with the secondary coil 
of a mutual inductometer in which the mutual inductance M can be varied over a 
long range. The radio-frequency source is connected thro’ the primary circuit of 
M as shown, with the point E earthed. 

Let r and J be the total resistance and self inductance of the secondary branch, 
and 7 and i, the instantaneous values of the alternating currents as in figure 1, with 
effective values J and J,. Then the current in B will be (¢—2), and if the a.c. is 
purely sinoidal and of pulsatance w, we have 


(R+Ljw) (iin) =(r-+ Yo) ig + Mjot 
ae [R+r+(L4+) jo] g=[R+(L+ M) jo] 7. 
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Taking the minus sign for M, we have 
Lo RS a (1). 
PO (R+r)?+(L4+l)? w? 
Now if J is kept constant and M alone is varied, when the current J, shown by 
the ammeter is a minimum, 


LM ees eee (2). 
Thus L is measured directly, and the result does not involve the frequency or 
the resistance R of the coil. 


; 


i E 


12 


Figure 1. 


It is best to obtain M by taking the mean of two values, above and below M, 
which give equal values of J,. There is no need to know the calibration of the 
ammeter, and its scale may follow any law. As the result is independent of frequency, 
the wave form may contain harmonics. ‘To ensure that J shall remain constant 
while M is varied, the outer circuit must contain impedance (as at H) much greater 
than that of the working part. The system may conveniently be named the “‘ mutual 
shunt method”’. 

It will be noticed that by reversing the connexions of one of the inductometer 


coils (i.e. changing the sign of MV) negative self inductances can be measured over 
the same range. 


§3. CORRECTION OF ERRORS DUE TO CAPACITANCES OF COILS 


The simple theory just given becomes more complicated when the mutual 


inductance is not perfect, and the result obtained is affected by errors due to the” 


self capacitances C, and C, and the mutual capacitance K of the primary and 


secondary coils of the varinductor used. As Butterworth has shown, part of the - 


total error increases with frequency, being proportional to w?. Moreover, when 
L=o there is a zero error which increases with frequency. The errors become 
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_ worse as the maximum range of is increased. In the present application K usually 
causes more error than C, and C,. 

To get over these troubles I have constructed inductometers with relatively 
) small self and mutual capacitances (by using single-layer coils and the like), and 
containing compensating systems to reduce the errors. The zero error can be 
largely reduced by putting in series with the L coil a resistance shunted by a capaci- 
tance and resistance in series. The remaining error, which varies as the reading of M 
is altered, is reduced by adding a closed tertiary circuit coupled to the primary and 
' secondary circuits. Compensation can be obtained by proper choice of p, the 
resistance, and A, the self inductance, of this auxiliary circuit. For small errors the 
compensation will hold over a good range of radio frequency, but in the more 
_ extreme cases it may be necessary to reset p for each frequency used. In the latter 
case it is necessary to know the frequency approximately. 


§4. ACTUAL APPARATUS 


| I have constructed a number of inductometers of various ranges from o up to 
300 wH., all meant to work up to frequencies of 800 ke. /sec. and even higher. These 
instruments had their scales marked at 50 c./sec., and were adjusted to give mini- 

mum errors when testing L coils checked by the National Physical Laboratory or 
| coils of calculable self inductance. For the complete set-up the a.-c. source is an 
oscillator with a single small valve (with filament current 0-075 amp., and anode 
! voltage 120 V.), giving a variety of frequencies from 10 kc./sec. up to 800 ke./sec. The 
output coil can be turned so as to vary the coupling from o to the maximum; this 
_ is useful to prevent overloading the ammeter. For the ammeter a thermal converter 
' (heater and thermojunction) was used at first, but for better sensitivity this was 
i replaced by a small transformer connected to a full-wave copper-oxide rectifier and 
a moving-coil galvanometer. By the use of a Spot galvanometer (made by the 
| Cambridge Instrument Company) the whole apparatus is made completely port- 
| able; it occupies very little space and can be run by dry cells. 


§5. RESULTS 


The following three examples illustrate the kind of results obtained: 


Model Range (yH.) 
No. 1 —OntetOmatal' 25 
No. 2 —o'4 to +13 
| No. 3 — 12 to 300 


. In each case the small residual zero errors were allowed for. 

No. 1 could be read to 0-002 H. even at the higher values. Without compen- 
) sation it appeared to have very little error and no variation with frequency up to 
\ 800 kc./sec. 

. In No. 2, which was the one chiefly studied, the added compensations were 
quite automatic and reduced the error to less than 0-05 wH. at all points of the 
! scale (e.g. less than 0-4 per cent at the top reading). 
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No. 3 without compensation showed a maximum error of about 30 per cent at 
800 kc./sec. In its tertiary circuit a rheostat was arranged to be set at the proper 
resistance for each particular frequency. In this way the error was reduced to 
less than 2H. at all points of the scale. 

When R is very large in comparison with Lw or Jw, large errors may arise. 
Such extreme cases, which are not common in practice, cannot be dealt with by 
this method. 
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DISCUSSION 


Mr R. AppLeyarp. It is pleasant to realize that the problem of determining 
mutual inductance continues to engage the attention of electricians in this country, 
where it may be said to have had its origin. It is cheering, too, for us to remember 
that it has been intimately associated with the Physical Society. The account given 
to the Physical Society on November 27, 1886, by Professor G. Carey Foster, of @ 
method of determining what was then a very elusive quantity gave the impetus te 
the investigation. At that time, it was thought likely that it would be of service in 
the design of dynamo-electric machinery. Between the years 1900 and 1907, wher 
the work of Oliver Heaviside began to be appreciated and to yield tangible results, 
mutual inductance had to be measured in the factories—a laborious yet fascinating 
task. It remained fascinating, but it became far less laborious when, after the 
achievements of Heaviside and of Lord Rayleigh, the author placed in our hands 
his masterpiece, the inductometer. It was with this instrument that electricians 
were able to solve many of the practical difficulties in the design of loaded telegraph 
and telephone cables. He now presents them with means to measure small in- 
ductances at radio frequencies, and he deserves their gratitude. It is likely also that 
the instrument may prove of benefit when measurements have to be made in some 
of the subtle cases that arise in interference problems in telephony, where tii 
quantities to be detected and gauged are next to nothing. 

Telephone engineers are to-day concerned with mutual inductances of the order 
ImpH. (10~* henry). They may require to know whether the inductance betweer 
two circuits is say I, 2, 3, ..., 10, ..., 100 such units, to an accuracy within say 
3 or 1 unit. The range of frequency in these cases may be from 5000 c./sec. té 
60,000 c./sec. The currents, where these mutual actions have to be determined] 


may be too small to be detected by a telephone. An amplifying system has there} 
fore to be adopted. | 
| 


Dr L. HartsHorN. Mutual inductometers were first devised by the autho 
nearly thirty years ago, and they have been standard laboratory instruments eve| 


| 
| 
| 
| 
| 
| 


+ 
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since. It is remarkable that Mr Campbell should at this stage be able to describe 
an application of the instruments which is novel and yet so beautifully simple. The 
single adjustment, and the lack of dependence of the readings on resistance or, to a 
first order of approximation, on frequency, are valuable features of the method for 
general testing purposes. 

In connexion with the greater sensitivity obtained by the author with this 
method than with null bridge methods, it is interesting to note that for a coil of 
negligible resistance it becomes a null method. The curve connecting instrument 
reading and galvanometer deflection is rather like a resonance curve, which becomes 
flatter the higher the value of R. Thus although an increase of R tends to increase the 
sensitivity inasmuch as it causes the detector to operate at a more sensitive point on 
its characteristic curve, it also tends to diminish the sensitivity by flattening the 
response curve of the instrument. There is presumably an optimum condition for 
sensitivity, and it seems likely that it might be near the conditions obtained in the 
ordinary use of this instrument on typical coils. 

At first sight it appears as if the self capacitance of the coil under test being 
added to that of the secondary coil of the inductometer must modify its calibration 
at the higher frequencies. In practice the compensating system would presumably 
be adjusted with a coil of known self capacitance in circuit. If the compensating 
circuit were set so that the values obtained by measurements on the standard coil 


included the effect of its self capacitance, then the instrument would subsequently 


give correctly the effective series inductance L, of any coil. If, however, the com- 
pensating circuit were set so that the values obtained for the standard coil excluded 
the effect of its self capacitance C, then the instrument would subsequently give 
the equivalent shunt inductance L, of a coil provided its self capacitance were equal 
to that of the standard. It is well known that L,=L,/(1 —L,Cw*). The instrument 
would probably be used for measurements in which such differences are not 
important, but it is interesting to note that for routine tests on similar coils the 
compensating circuit could be adjusted so that the reading of the instrument would 
give either L, or L,. o 

The use of a transformer and copper-oxide rectifier as a sensitive ammeter at 


such high frequencies is interesting. A thermal instrument would probably be 


much less satisfactory owing to its inability to stand the overloading which would 
be likely to occur in routine testing. Is the transformer of special design? 


Dr D. Owen. The author’s name is closely associated with the mutual in- 
ductometer, both in its development as an instrument of precision and in the 
devising of various new methods of measurement involving its aid. He now extends 
its application to very high frequencies, and the present communication embodies a 
simple method for the measurement of self inductance. . 

One or two questions suggest themselves. It would be of interest to know to 
what sources the zero error is to be assigned. The absence of any reference to the 
self capacity of the coil under test is noticeable; it is difficult to see how this useful 


datum is to be obtained by measurements at a single frequency. Again, the models 
43-2 
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no. 1 and no. 2 are designed to deal with self inductances of the small values which 
would be required normally for use at frequencies far above 800 kc./sec. On the 
face of it, this would appear to discount the value of the method as applied to 
short-wave coils. 


Aurnor’s REPLY. Mr Appleyard rightly points out the importance of Prof. 
Carey Foster’s work. The Carey Foster bridge is still the simplest and best method 
of determining capacitance in terms of mutual inductance. 

Dr Hartshorn notices that, for a given value of L, there should be an optimum 
value of R to give the best sensitivity. For this reason there is permanently mounted 
in the inductometer a resistance, for connection in series with the unknown coil, of 
such a value as to give satisfactory sensitivity for the whole range of M from o to 
the maximum, and over the whole working range of frequency. 

The mutual shunt system can be worked as a null method, if desired, by making 
the closed tertiary circuit p, A completely adjustable. If it is coupled to the primary ; 
and secondary circuits by mutual inductances m and p respectively, then by adjust- 


ment of p, A, mand for p the current in the detector can be brought to zero, in which 
case 


2 
=e and LM +e. 
If p can be made very small compared with Aw, these equations become much simpler, 
and it is possible that this null method might be useful in certain cases. 

The inductometer is usually compensated so as to give the series L, of the coil 
under test. If Z, is appreciably constant for the frequency range, it can be deduced 
by observing £, at two frequencies. 

With regard to the sensitive detector used, I have to thank Mr W. L. Beck for 
kindly suggesting the use of a transformer in front of the rectifier. The transformer 
is of his design, with a closed magnetic circuit of mumetal. 


R 


In reply to Dr Owen: Butterworth’s formula* does not perhaps quite meet 
the case, but it indicates that the zero error is due to the mutual capacitance between 
the primary and secondary coils. The method cannot determine the self capacitance 
of an unknown coil by a single reading at one frequency. By testing short-wave 
coils standardized by other methods, the models no. 1 and no. 2 might be com- 
pensated to read L, correctly at frequencies much higher than 800 kc./sec. Model 
no. I (to 1-24H.) would probably be satisfactory up to 8000 kc./sec., but it is hard | 
to predict without sufficient experimental foundation. 


* Proc. Phys. Soc. 33, 312 (1921). 
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ANOMALOUS TRICHROMATISM AND ITS RELATION 
TO NORMAL TRICHROMATISM 


Byte te NE LOON, A.R.C.S...B.Sc; 
Imperial College of Science and Technology 


Communicated by Dr W. D. Wright, 5 October 1937. Read 2 Fune 1938 


ABSTRACT. The characteristics of six deuteranomalous observers and one protano- 
malous observer have been examined. In the case of the former it has been shown that, 
in contrast with what occurs in normal trichromatism and dichromatism, it is not possible 
to take mean values as representative of the deuteranomalous observer. This fact, com- 
bined with the results of the statistical survey with the Nagel anomaloscope, suggests that 
anomalous trichromatism is an intermediate state between dichromatism and normal 
trichromatism. In the case of the protanomalous this transition would seem to be of a 


- continuous nature, but for the deuteranomalous there is a subsidiary maximum in the 


distribution curve. 


§x1. INTRODUCTION 


for the normal person by a mixture of red, green, and blue; and further, it has 
been shown that any colour quality can be uniquely expressed by an equation of 


the type 


I: has been found by experiment that the majority of colours can be matched 


Cagrht 0G CBs es A OP wert aes (1), 


where C is the colour quality, R, G and B the primary colours to be mixed, and 
a, b and c the proportions of the three primary colours, such that 


eS OAs te ne a ae mee ned eee ne (2). 


While the equation (1) will hold in all cases, it is found that some observers need 
have only two primary colours in order to match all other colours, and for others 
that only one primary is needed. 

It can therefore be said that the colour-vision of all types of observers can be 
divided into three main groups, according as it is a function of one, two, or three 
variables. These three main groups are known as monochromats, dichromats and 
trichromats respectively. But although this classification is fundamental, there may 
be border-line cases. 

In the investigation of the properties of the various types of colour-vision it has 
been found necessary to subdivide the main groups further. The first type, namely 
the monochromats, have not been further subdivided ; while in their case there may 
be no more than one type of luminosity curve, no subdivision is possible from 
considerations of colour. The dichromats can be divided into three distinct classes ; 
various names have been applied to them, but the most common are those intro- 
duced by von Kries, and since he introduced them so as to be independent of any 


662 +. H. Nelson 


theory, they will be used throughout this paper and assumed to have no theoretical 
significance. The classes of dichromats are protanopes, deuteranopes and tritanopes. 
Both the protanopes and deuteranopes are unable to distinguish colour-differences 
in the red-green region of the spectrum, and the tritanopes in the blue-green region 
of the spectrum; these last are rare. The former two types are defined by com- 
parison of their luminosity curves with the normal. The protanopes are defined as 
having the maxima of their luminosity curves displaced towards the blue, while 
those of the deuteranopes are displaced towards the red, relative to the normal”, 

In the case of the trichromats there are two main classes, known as normal 
trichromats, to which class the majority of observers belong, and anomalous 
trichromats, who were first distinguished from the normal by Lord Rayleigh, 
who showed that in matching a yellow with a mixture of red and green the anomalous 
observer required more of either red or green than the normal to make a match. 
This latter class may again be subdivided and, as with the dichromats, the names to 
be given to the subdivisions are a subject for controversy. For the sake of uni- 
formity of language, and since the names are already in use, the names protano- 
malous, deuteranomalous and tritanomalous will be used to distinguish the classes 
of anomalous trichromat. The definitions of these types are made from the region 
of the spectrum in which they are anomalous and from their luminosity curves in 
the same way as for the dichromats. But beyond this similarity of name and 
definition no further connexion with the dichromats is necessarily implied by the 
use of the names. ; 

It is with anomalous trichromatism that this paper as a sequel to F. H. G. Pitt’s 
work on dichromatism™ is concerned. As yet the colour characteristics of 
anomalous trichromatic vision have not been fully investigated, and in consequence 
any physiological analysis must necessarily have been of a very speculative nature. 
The detailed characteristics of several anomalous observers are here given and an 
attempt has been made to relate the different types of colour-vision to one another. 
A statistical survey of a number of observers chosen at random has also been carried 
out, to discover where the observers whose characteristics have been determined 
came in relation to other observers, and to ensure that all the observers chosen were 
not of the same type. 


§2. APPARATUS AND METHOD | 


The apparatus used was the Wright colorimeter™, which is described elsewhere. . 

The procedure adopted in using the apparatus is as follows. One half of the : 
field is filled with light from the test colour, and the other half with a mixture of | 
light from the three primaries. A match is obtained for both colour and intensity | 
by the observer’s suitably adjusting the amount of red, green, and blue by means of | 
the photometer wedges. In order that the observer may give an accurate match, | 
he should keep looking away and looking back to rest his eyes. All measurements } 
were taken in a darkened room, and after the observer had been dark-adapted for at 
least ten minutes. This period of dark-adaptation is to allow the observer to settle | 


down and to give his eyes a preliminary rest; it is not an attempt to obtain a match 
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in the dark-adapted state. Actually the final match is the same whether the observer 
has been dark-adapted for the full period of half an hour, or has been light-adapted, 
provided that the intensity of light-adaptation is not too high. 

With the above arrangement the following characteristics for any observer may 
be determined: (1) the spectral coefficients, (2) luminosity and mixture curves, and 


(3) hue-discrimination data. 


To determine the saturation-discrimination by adding small quantities of 
spectral colour to white, it is necessary to make some additions to the above 
apparatus. A diagram of the essential parts is shown in figure 1; a brass sector S, 
coated with magnesium oxide, is illuminated by light from a lamp as specified for 
the C.I.E. 1931 Standard Illuminant B®. The sector is so arranged that both halves 
of the photometric field in the prism P are filled during one half of the revolution; 
and during the other half of the revolution monochromatic radiation of known 
wave-length is admitted to the top half of the field. This monochromatic radiation 
is obtained from the spectrum W,, and the intensity is controlled by means of a 
calibrated photometer wedge. The intensity of the white Sz in the top half of the 


Light from 
colorimeter 


Figure 1. Diagram of optical system for saturation-discrimination. 


field may be controlled by neutral filters F, but it is advisable to use only the 
lightest filters, as the darker ones deviate considerably from neutrality. In the 
lower half of the field the intensity of the white is controlled by a very shallow 
photometer wedge. It is necessary to have the white of one half of the field so 
arranged that it can be varied continuously in intensity, and the use of a shallow 
wedge is probably the most satisfactory, as the deviation from neutrality would be 
negligible. The sector can be run at two speeds, fast to remove flicker between the 
white of the top half of the field and the monochromatic radiation, so that a 
discrimination step can be made between the mixture and the pure white in the 
lower half of the field; and slow, so that the intensities of the white and the mono- 
chromatic radiation may be compared by flicker. 

For the statistical survey the Ishihara cards were used as a purely qualitative test, 
to determine whether the observer was deficient in colour sensitivity. 

To divide the observers into their distinctive classes the Nagel anomaloscope 
was used. In this instrument one half of a photometric field is filled with mono- 
chromatic yellow, and the other with a mixture of monochromatic red and green. 
The intensity of the yellow is variable and also the ratio of red to green in the 
mixture, and thus it is possible to match the two halves of the field in colour and 
intensity. The instrument is calibrated so that for any observer the ratio of red to 
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green required for the match can be found. Since it is possible to vary the red-to- 
green ratio from zero to infinity, it is possible, in the case of dichromats, to find the 
relative luminosity of the red and the green by matching each in turn with the 
yellow, and since it can be seen from their luminosity curves that Lp/L¢ for 
protanopes will be much less than Lz/Lg for deuteranopes, it is possible to dis- 
tinguish between them. 

The wave-lengths used for the red, yellow, and green were 0-650, o- 578 and 
0°535u. respectively. In the case of the yellow it is usual to use 0°589 p., and it is 
convenient to examine the relative advantages of setting the yellow of the anomalo- 
scope at 0:578u. and 0-589. respectively. In connexion with hue-discrimination 
the latter would have an advantage, but this would not be very large. On the other 
hand, in any one instrument the values of the wave-lengths for the red, yellow and 
green are all interdependent, and changing the yellow from 0-578 to 0-589 would 
cause a corresponding change in the red and green wave-lengths, but from the hue-* 
discrimination curves it can be seen that this change would decrease the number of 
steps, and thus the difference in colour, between the red and the green. This would 
tend to make the settings less accurate. Thus it is probable that there is very little 
difference in the accuracy obtained by using one wave-length and the other. In 
order to test this conclusion, about 15 observers, both normal and deuteranomalous, 
were asked to make matches on the colorimeter, using the instrument primaries and 
a test-colour at 0-589. The results obtained showed a very close agreement with 
those obtained from the anomaloscope. ; 


The white used throughout was the Standard Illuminant B set up by the C.1.E. 


in 1931. 


§3. UNITS AND METHODS OF EXPRESSING RESULTS 


The trichromatic units have been based on two monochromatic matches, as in 
the W.D.W. system of units®, but the same unit colours have not been used. In 
the W.D.W. system the units were based on matches at 0:5825 and o-4940., at 
which the red and green and the blue and green coefficients respectively are made 
equal. ‘The advantage of this system for the purpose of research is that the resulting 
spectral coefficients will be independent of the macular pigmentation of the observer’s 
eye, which makes it possible to eliminate one of the variables in an analysis of the 


curves. Moreover in the case of a normal observer the position of the white point 


will indicate the extent of the pigmentation. It was found that if the W.D.W. 


system were used to express the coefficients of a deuteranomalous observer, the — 


negative red coefficients in the blue-green region of the spectrum would be very 


large and uncertain, and, while there is no objection to their being large, the un- _ 
certainty would directly influence the blue and green coefficients. It was therefore | 


decided to reduce the values of the negative red in such a way as to reduce this 
uncertainty, but at the same time to keep the values large cnough for comparison to 
be made between the results obtained by different observers. For this purpose 2 
new unit colour was chosen at which to make the red and green coefficients equal, 
the other unit colour being the same as in the W.D.W. system. This new colour 
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was at 0-6100 w. for the deuteranomalous observers, and for convenience the system 
will be known as the J.H.N. (1) system of units. 

In the case of protanomalous observers the negative red coefficients become in- 
conveniently small when the W.D.W. system is used. In this case it is not con- 
venient to move the unit colour to the region of 0:57 ,u., since in this region the 
hue-discrimination is very poor, but precisely the same effect can be obtained by 
using 0-6100 u. and making the ratio of the red-to-the green coefficient be as 10 is to r. 
The other unit colour is again the same as in the W.D.W. system. This system will 
be known as the J. H.N. (2) system of units. 

. It is convenient to summarize these systems of units in tabular form, since the 
} two types of anomalous trichromats have their final results expressed in two 
different ways, rendering direct comparison of their spectral coefficients impossible. 
They may, however, be compared with the normal observer’s results expressed in 
their respective systems. 

Table 1. Unit colours 


] Wop ke” Pet NG LIN 
(u.) (u-) (1) 
RG 075825 0'6100 — 
1OG—R — — 06100 
. B=G 0°4940 0°4940 0°4940 
Sy Primaries R 0°6500 0°6500 0°6500 
G 0°5300 0°5300 0°5300 
B 0:4600 0°4600 0:4600 


The luminosity curves are expressed in relation to the point of maximum 
luminosity, which in each case is made equal to unity. The results for all observers 
are thus comparable. The luminosity curves, which are for an equal-energy spec- 
trum, are also split up into their three components, showing the relative luminosities 
of the red, green, and blue primaries needed to match each point of the spectrum. 
These and the subsequent curves are directly comparable with the corresponding 
normal curves. 

The hue-discrimination is expressed as the least noticeable difference in wave- 
length at each point in the spectrum, when the intensities of the test and comparison 
fields are kept equal throughout the observation. 

The saturation-discrimination is determined by finding the just noticeable 
difference in saturation from the white point Sp. If Lg is the intensity of any wave- 
length that has to be mixed with Ly,, the intensity of S, to produce a just noticeable 
difference, then the saturation-discrimination is expressed as the logarithm of the 
ratio (Ly +Ls)/Lg. A large value of this expression indicates a highly saturated 
spectral colour. 


; 
i 


§4. STATISTICAL SURVEY AND RESULTS 


’ In the statistical survey the observer was first asked to read the Ishihara cards, 
and any mistakes or hesitation were noted. In this way it was almost always possible 
to detect any deficiency, but only in a general way, dividing the observers into normal 
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and abnormal. After they had read the cards all observers were asked to make a 
match on the Nagel anomaloscope. As only one match was taken, the observer was 
asked to look away at a dark card, and look back at the match once or twice, in order 
to make sure that the match was as accurate as possible. In the case of normal 
observers, some of whom repeated their readings after long intervals, it was found 
that this method gave results accurate to within about one scale division, while if a 
number of matches were taken by one observer the variation was between a half 
and one scale division. These figures may be compared with the variation of eight 
scale divisions between different normal observers. In the case of the anomalous 
trichromats the settings were not so exact, but as will be seen later from the hue- 
discrimination curves it would not be reasonable to expect the same accuracy. 
The readings for the dichromats, which were used only for purposes of classifica- 
tion, were obtained by asking the observer to make two intensity matches, one 
between yellow and red and the other between yellow and green), ; 
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Figure 2. Distribution of R/G ratio for Nagel match. 


The results of the survey are shown in table 2 as percentages of colour-defectives, 
and also in the form of a curve, figure 2, the ordinates of which represent the 
logarithm of the ratio of red to green in the match obtained, while the abscissae | 
represent the percentage of observers giving that ratio. The ratio of red to green, | 
by which the results are expressed, is comparable but not identical with the | 
Anomalquotient introduced by Trendelenburg®. In a general way the results 
obtained by the author agree with those obtained by Schmidt™, as to the nature 
of the distribution of the anomalous trichromats. However, the latter finds a gap _ 
between the red-to-green ratio for the normal and for the deuteranomalous — 
observers, while the author’s results show only a dip in the distribution curve. 

The results obtained for the percentages of various forms of colour-deficients 
are, as can be seen in table 2, somewhat higher than those obtained by other, 
workers. Schmidt criticizes her own results as being too low since, as the readings 
were taken at a public exhibition, those who knew of their defect did not wish to 


: 
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show it. Some of the author’s results were taken at the Physical Society’s exhibition, 
where it was found that those who knew of their defect made a special point of 
presenting themselves. 


Table 2. Results of statistical survey (males) 


Author | Schmidt 7)| Waaler |v. Planta(!2) 
Total number 1338 6863 9049 2000 
Protanopes (per cent) OA 1°09 0:88 1'60 
Deuteranopes (per cent) 1°20 1°97 1°03 1°50 
Protanomalous (per cent) 1277, 0°68 1°04 0:60 
Deuteranomalous (per cent) 5°08 4:01 5°06 4°25 
Total deficients (per cent) 8-82 AS 8-o1 7°95 

es 


§5. MEASUREMENT OF INDIVIDUAL CHARACTERISTICS 


As a preliminary to recording the characteristics of each observer, several 
colour-matches were taken to accustom the observer to the apparatus; these results 
were recorded, and when the observer could give consistent results the measurement 
of the characteristics was started. The agreement to be considered as consistent was 
_ by no means the same for each observer, owing both to the variation in their defects 
and also to their inability to make scientific observations. For this latter reason it 
was found necessary to discontinue observations in some cases. 

The following characteristics were measured for various observers; the exact 
experimental procedure in each case will be explained: (1) spectral coefficients ; 
(2) equal-energy luminosity and spectral-mixture curves; (3) hue-discrimination ; 
(4) saturation-discrimination ; (5) coefficients of C.I.E. 1931 Standard Illuminant B. 

(1) The method of basing the trichromatic units has been explained in § 3, the 
coefficients being based on two monochromatic matches. In practice the observer 
is asked to match the two unit colours before each set of readings. From these two 
matches, correction factors are obtained which must be applied to the readings from 
the photometer wedges controlling the intensities of the primaries in the mixture. 

Throughout the readings for the coefficients three observations were taken on 
each match. In general the observer was asked to upset and reset each primary 
separately, but in some cases, especially in the yellow region, it was found necessary 
to ask the observer to upset both red and green primaries together, and to take a 
mean of more than three settings. In the case of each observer the final curves are a 
mean of several sets of results. 

(2) The same observations were used to calculate both the trichromatic co- 
efficients and the luminosity curves, and for this it was necessary to know the 
relative luminosities of the instrument primaries. These would, however, depend 
for their constancy on the condition of the instrument always remaining the same, 
and so the relative luminosities of the primaries needed to match the unit colours 
were found in each case, and were a constant for each observer. 

This comparison was made by flicker, the apparatus being specially arranged®, 
When the three primaries had been compared in this way, matches were 
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made on the two unit colours and so the relative luminosities of the primaries 
needed for the matches could be calculated. These readings supplied a second 
correction factor to be applied to the wedge readings, after the application of the 
trichromatic unit-correction factor ; but this factor, being a constant for the observer, 
could be used throughout the whole series of readings for any observer, any change 
in the apparatus being allowed for by the trichromatic unit-correction factor. 

The luminosity curve given by the above method would refer to a spectrum 
having a particular energy-distribution depending on the source of light and the 
apparatus. In practice it is necessary to refer the curve to an equal-energy spectrum, 
and to do this it is necessary to correct for (1) the variation in the dispersion of the 
spectrum; (2) the energy-distribution of the source of light; and (3) selective 
absorption in the apparatus. 

These measurements give constants of the apparatus and were originally taken 
by Pitt’. As a check these constants were obtained by a slightly different method. * 
To find the dispersion at various points in the spectrum, Pitt’s method was to fit 
a narrow slit in front of the test colour prism, and then, by examining the exit pupil 
with an eye-piece, to determine the dispersion at various parts of the spectrum. 
From these readings a curve could be drawn showing the variation of the dispersion 
with the wave-length. As a check on these measurements the pointolite lamp was 
replaced by a mercury vapour lamp. The lines emitted could be viewed directly in 
the exit pupil with an eye-piece without the use of an additional slit in the spectrum, 
and so the dispersion was measured at the various wave-lengths emitted by the » 
lamp. In the same way a curve was drawn showing the variation of the dispersion 
with wave-length. 

In the case of the second and third corrections, the method adopted by Pitt was 
to take measurements for several normal observers, and then assuming that the 
mean point of maximum luminosity for these would be the same as for the C.I.E. 
1931 Standard observer, to find the colour temperature of the lamp, assuming the 
energy-distribution to be Planckian; this made the maximum come to 0°555 p., the 
maximum for the standard normal observer. 

Owing to the smallness of the quantity of energy actually emitted, any direct 
measurement of the energy-distribution would be very tedious, if possible with any 
degree of accuracy. However, if it is assumed that the energy distribution is 
approximately Plarickian when it emerges from the exit pupil, then the effective 
colour temperature of the source can be measured by measuring the colour obtained 
by reflecting back the whole of the spectrum W, with a white diffusing surface, and — 
matching it with the instrument primaries. For this measurement the units were 
obtained by a match on the C.I.E. 1931 Standard Illuminant A“. From the results 
of measurements of various colour temperatures, Judd® has drawn a locus in a | 
colour triangle so that, given the colour of a source, its effective temperature can be 
found. It was found that the colour given by the source lay a little way off the curve 
for sources of Planckian distribution. The difference from the Planckian distribu-, 
tion, which was small, was assumed to be due to excess absorption of the blue, and 
so the colour temperature was found by joining the point given by the source to the 


! 
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blue origin, and the point where this line cuts the locus was taken as the effective 
colour temperature of the source as seen through the exit pupil. The results 
obtained by the two methods agreed very closely, the apparent colour temperature 
being 2600° kK. in each case. 

By measuring the energy-distribution in this way, both the energy-distribution 
of the source and the selective absorption in the apparatus can be corrected for at 
the same time, and with the curve for the variation in dispersion throughout the 
spectrum the equal-energy luminosity curves can be calculated. Further, the 
mixture curves can be calculated from the equal-energy luminosity curve, the 
spectral coefficients, and the relative luminosities of the primaries. 

(3) In the measurements of the hue-discrimination it was necessary to fill both 
halves of the photometric field with light of approximately the same wave-length. 
To do this, two of the instrument primaries were removed and the third was set to 
the required wave-length to provide the colour comparison field. The test colour 
was arranged so that the wave-length could be controlled by the observer. The 
observer was asked to set the test colour so that there was the smallest distinguishable 
difference in colour between the two halves of the field, when the intensities were 
exactly the same. The intensity of the primary was controlled by means of the 
photometer wedge. In this way it was possible to find the difference limen due to 
colour alone at various points throughout the spectrum, and thus a curve could be 
drawn showing the difference limen at any point in the spectrum. 

(4) The arrangement of the apparatus for the determination of the saturation- 
discrimination has been described in § 2. The test colour was removed and one of 
the primaries was set to the required wave-length, the other two being removed. 
In the first part of the experiment the observer was asked to match the intensity of 
the white field with that of the primary test field by flicker. During this measure- 
ment only the half of the field filled by both the primary and the white was visible. 
The speed of the sector was controlled by the observer so as to give the most 
accurate setting; five settings were usually taken. In the second part of the experi- 
ment both halves of the field were exposed, and the sector was run fast to remove 
flicker. The intensity of the primary was then set so that there was the smallest 
detectable difference in colour between the two fields, the intensities being kept 
equal throughout by means of the auxiliary wedge. In this way the intensities of the 
white and of the monochromatic radiation in the colour one step from the white 
could be found. This procedure was repeated at various points in the spectrum, 
and a curve showing the variation of the saturation-discrimination limen throughout 
the spectrum was drawn. ; 

(5) For the measurement of the C.I.E. 1931 Standard Iluminant B a plane 
brass sheet covered with magnesium oxide was placed between the prisms D and P, 
with its plane normal to the direction of the light and so as to cut off the test colour 
beam. This surface was illuminated by the light from an N.P.L. standard lamp, the 
standard liquid filter being placed between the lamp and the surface. 
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§6. DISCUSSION OF RESULTS. 


The results for all the observers are shown in figures 3 to 42. The characteristics 
of these curves will now be discussed, and the results for each observer compared, 

The position of the observers on the Nagel distribution curve is shown in 
table 3, and compared with the normal mean and variation. It is immediately 
obvious that the position on the Nagel distribution curve cannot be taken as a 
measure of the defect of an observer as can his hue-discrimination curve, figures 4, 
6, etc. 

Table 3 


, Observer log (R/G) 


Normal, mean 0:000 
extreme on the deuteranomalous side —o'l70 
extreme on the protanomalous side o°170 


Deuteranomalous, A —0'695 
—o'560 
—o'580 
—0°425 
—0°430 
—o0'860 

o°615 

0295 


Protanomalous, 


2U Qumdaw 


I 


To some extent, however, it must be borne in mind that the readings given by 
the anomalous observers on the Nagel anomaloscope, except possibly those for 
observers A and D, cannot be compared in accuracy with those given on the 
colorimeter, where several readings could be taken and the observer was more at 
ease. 

From the first glance it can be seen that the curves are different in type for each 
observer, and no attempt to take a mean as representative of the deuteranomaious 
observer could possibly be made. While this may also be true for the protanomalous 
observers, it is impossible to make the assertion frum the complete results of only 
one observer (observer L). 

While, in relating the characteristics of any observer, the hue-discrimination and 
spectral-mixture curves would have a definite connexion, this connexion is not of* 
a simple character, as has been shown by the work of von Helmholtz® and — 
Schrédinger“® and in the search for an empirical relation by Judd®. It is therefore 
more convenient to discuss the curves for the hue-discrimination and the spectral 
coefficients together. The curves for observers A to F are shown together, as these 
are all deuteranomalous. These fall naturally into two groups, of which A, D, and F ) 
form one, and B, C, and E the other. In the case of the observer F only the spectral — 
coefficients are shown. Both the spectral coefficients and the hue-discrimination | 
curves of observers A and D are very similar in general shape to the normal. The | 
points of minimum discrimination are in both cases moved towards the red, and 
the power of discrimination in the yellow is smaller than in the case of the normal. 
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Figure 5. Spectral coefficients. J. H. N. (1) units. 
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Figure 6. Hue-discrimination curve. Observer D. 
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Figure 7. Spectral coefficients. J. H. N. (1) units. Observer F. 
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Observer A has a definite dip in the violet region, but this dip is absent in the case 
of observer D. The general shape of the spectral coefficients for observer F is also 
similar to that of the normal, although the coefficients change somewhat more 


sharply at about 0°54). 
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In the case of all three of these observers, the negative blue coefficient in the - 
yellow region and the negative red in the blue region were both necessary and | 
readily measurable. Similarly in the violet and the extreme red regions the co- | 
efficients were readily obtainable. 

It will be noticed that in the region of wave-length about 0-54 p., the coefficients | 
in the curves for observers D and F change somewhat more sharply than those for 
the normal and for observer A, the effect being to move the rather flat portion of the 
coefhicient curves towards the red. It is the accentuation of this effect which 
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differentiates the curves of observers B, C and E from those of observers A, D and. F; 
It will be seen that with the presence of this flattening effect there is also a sharp rise 
in the value of the hue-discrimination limen. As far as the yellow region is con- 
cerned, observers C and E are somewhat similar, the difference limen has become 
large, and the point of minimum discrimination rather sharp. Observer B has even 
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Figure 14. Spectral coefficients. J. H. N. (1) units. 
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ure 13. Hue-discrimination curve. Observer E. 


poorer discrimination, and the flattening of the coefficient curves and the point of 
minimum discrimination are moved farther towards the red. At the same time in 
the blue-green region observer B has a very small difference limen, comparable 
with those of observers A and D. It shows a semblance of a dip in the violet, while 
the limen for observers C and E is considerably larger. ie 

The existence of the negative blue coefficient in the yellow region 1s somewhat 
doubtful in all three cases, but the measurements tended to confirm its presence. 
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Although somewhat uncertain in value, it was, with the negative red in the blue- 
green region, definitely necessary in order to obtain a match in the case of observers 
B and C, but a match was obtained in the blue-green region by observer E with only 
the blue and green primaries. In all three cases it was found possible to obtain a 
perfect match between 0-70. and the red primary, and so no coefficients were 
measured in the extreme red. This would be expected also from the values of the 
hue-discrimination limen. In the violet in the case of observers B and C some 
difficulty was found in matching 0-43 jz. with the blue primary, and it was not possible 
to match 0-41. In both these cases the red and green primaries were necessary for 
a satisfactory match, but the results were by no means certain or consistent. With 
observer E a perfect colour-match was obtained at 0-41. with the blue primary 
alone. 


> O15 T —— 
= 

S 0-10 

a 

ss 

2 

0-05 

i) 

5 

a 

Q 0-40 0-50 0-60 


Wawve-length (w.) 
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In the case of the above observers the coefficients can be compared with those of | 
the normal observer expressed on the same system of units, J.H.N. (1), and thé, 
increased value of the red coefficient in the blue-green regions should be noticed. | 
This increase was not present in the case of observer B but, while the negative red ° 
was necessary, an accurate setting could not be obtained in the region. 

As the results for only one protanomalous observer are given, it is impossible to: 
talk of any stages of protanomaly except by comparison with the results for the* 
deuteranomalous observers. The spectral coefficients for observer L are expressed | 
in a different set of units, J. H.N. (2), from those for the deuteranomalous observers, } 
and they may be compared with the coefficients of the normal observer expressed 
in the same units. In the yellow region both curves are of the same type, while at 
the same time the hue-discrimination is nowhere very poor, being comparable with 
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that of observer D of the deuteranomalous observers. The angle of the red and 
green curves in the region of 0-54 1. is not as sharp as in the case of the normal, but 
this is to be expected in view of the difference in the values of the negative red 
coefficient in the blue-green region, and there cannot be said to be any flattening of 
the curves like that which was present in the case of the deuteranomalous observers. 
However, it must be noticed that the rate of change of slope in the case of the 
normal curve is continuous from about 0-52. to the extreme red, while this does 
not obtain in the case of observer L, his curve being convex between the extreme red 
and 0-56. and concave between 0:56 and 0-52. In the blue-green and violet 
regions the value of the red coefficient is less than the normal. In the former the 
negative red was necessary for the match and was readily measurable. 

The hue-discrimination curve shows no secondary minimum in the violet 
region, and the discrimination extends farther into the extreme red than the 
normal, the value at 0:65 «. being little poorer than the normal and the slope of the 
curve somewhat less. 

When the equal-energy luminosity curves of the deuteranomalous observers 
are compared with that of the normal observer, the differences are not so striking as 
in the case of other characteristics. Even the position of the maximum, by which the 
observer is conventionally defined, does not show a displacement towards the red 
greater than those which occur in the variation among normal observers. In the 
_case of the one protanomalous observer the maximum of the luminosity curve is 
definitely moved to the blue, and lies between the normal maximum and the 
position of the maximum found by Pitt for protanopes, the red luminosity being 
_ depressed. 

With regard to the definition of the protanomalous and deuteranomalous 
observers by means of their luminosity curves, it would be more satisfactory to 
define the protanomalous as having a relatively low red luminosity, compared with 
the normal, while the deuteranomalous should be said to differ but slightly from 
the normal, giving relatively more importance to the red than the green. ; 

_In the case of the spectral-mixture curves, the differences between the normal 
and the anomalous become even more marked than in the coefficient curves. Again 
we find the curves of observers A, D and F very similar. A similarity of shape would 
of course be expected, since the mixture curves are derived from the coefficient 
curves and the luminosity curve with a knowledge of the relative luminosity of 
the primaries. The similarity of the mixture curves therefore implies that both the 
coefficients and the relative luminosities of the primaries are similar. ‘The red curve 
is depressed nearly uniformly in comparison with the normal, while the green curve 
fills out in proportion. In the blue and violet regions the blue curve is depressed, 
and the red and green curves are nearer the axis, while the total luminosity is of the 
same order as the normal. The luminosity curve for observer D is broader than the 
normal, and there is a small irregularity in the red curve. 

The curves for observers C and E are again very similar, but the differences 
between them and those for observer B have become more marked. The irregularity 
in the red curve is quite marked, but the total luminosity curve for observer E has a 
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rather broader maximum than the normal and in consequence the green curves 
differ. In the case of observer B the red and green curves tend to run almost 
parallel over a long range, hence the red luminosity is increased relative to the green, 
and the curve falls very sharply just before 0:53 u. The blue curves are still further 
| er : 
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depressed in all three cases, reaching a little more than one-fifth of the normal]. 
value for observer B. At the same time the red and green luminosities have become 
negligible in this region. 

In consequence of the reduction of the total luminosity of the red region of the 
curve for observer L, the red mixture curve becomes very small, being comparabie|| 


with the blue curve. Throughout the central region the green curve dominates the}! 
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mixture, but in the violet region the negative green is small and the red is negligible, 
the mixture being dominated by the blue. In this region the blue luminosity is of 
the same order as the normal; thus since the red and green are less important, the 
blue is relatively more important for the protanomalous than for the normal ob- 
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ture 24. Luminosity and mixture curves for equal- 
energy spectrum. Observer E. 
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Figure 23. Luminosity and mixture curves for equal- 
energy spectrum. Observer C. 
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Figure 25. Luminosity and mixture curves for equal- 
energy spectrum. Observer L. 
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| server. It is interesting to note that in spite of this blue dominance and consequent 

smallness of the change in relative composition with wave-length, the hue- 
discrimination is not made very much poorer than the normal. 

Saturation-discrimination curves have only been taken for observers B, D and E. 

We have seen that in the red-yellow-green region the hue-discrimination is low and 

in consequence the colours are all much more similar than in the case of the normal 
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observer. Since the colours are very similar it is natural that the differences 
between them and white should be more nearly the same; thus it is to be expected 
that the saturation-discrimination will not change much with wave-length in this 
region. This is found in practice with all three observers, the value of the saturation- 
discrimination corresponding approximately to the lowest value for the normal ; 
thus the colours appear very desaturated. In the blue-green region the curve rises 
sharply, in the case of observer B to the same order of value as the normal, though in 
the case of observers D and E the rise is not so sharp. Again both the sharp rise in 
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Figure 28. Curve for saturation-discrimination. Observer E. 


the curve for observer B and the slower rises for observers D and E compare 
favourably with what would be expected from the respective hue-discrimination | 
curves, that of observer B being of the same order as the normal in the blue-green | 
region. 

The trichromatic coefficients have also been shown in the form of a colour-triangle. 
While the shape of the triangle will depend mainly on the choice of unit colours, 
the differences between the observers are readily shown by the differences in the 
grouping of the points for different wave-lengths and by the position of the white 
(Sz) point. The position of this white point may be compared with that of the 
normal observer shown in the same system. The difference between the normal. 
and the anomalous position of the white point falls, for the observers shown, into 
roughly two classes. In the case of observers A, B, C and E it is displaced towards 
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the yellow and the yellow-green, but in the case of observers D and F it is displaced 
_ predominantly towards the red. 


The colour-triangles have been used to find the complementary wave-lengths 
for each observer. With the exception of the curve for observer C these are of the 
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same smooth type as for the normal, the curve for observer C being re-entrant at 
about 0-61. At the red end of the spectrum all the curves are of the same order as 
the normal, but there are considerable differences in the violet end, observers A, C, 
D and F requiring a wave-length’ between 0°58 and 0-60. to mix with 0°40 fle, 
_ while observers B and E require between 0-54 and 0-56 fe the normal value being 
about 0-57... In the case of observer L there is a change in the red, the wave-length 
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to be mixed with the extreme red being changed from about 0:50. for the normal 
to about 0-49. The change in the violet is of the same order, being from about 
0°57 to 0°58 p. 

In the above discussion of results, it has been possible in the discussion of each 
particular characteristic to divide the observers into classes which are more or less 
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N, white point for normal observer; 
S, white point for observer E. 


Figure 34. Spectral locus plotted in colour- 
triangle. J. H. N. (1) units. Observer F. 
N, white point for normal observer; 
SS, white point for observer F. 
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Figure 35. Spectral locus plotted in colour-triangle. J. H.N. (2) units. Observer L. 
N, white point for normal observer; S, white point for observer L. 


similar. It is of interest to express these classes in a table; this has been arranged 
so that the members of group I are in general more similar to the normal than those 
of group II (table 4). 

In addition to the results obtained for observers A to F and L, observations were 
made by several other observers. Observer G (figure 43) is a deuteranomalous 
observer with approximately the same amount of defect as observer C, according to 
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the hue-discrimination curve shown. This curve is especially interesting, however, 
as it is probably by far the most accurate of the curves showing very poor discrimina- 
tion, since the observer was very careful in making his observations. At this point 
it is convenient to point out that curves showing very poor discrimination and very 
rapid changes in the value of the difference limen cannot be obtained with any high 
degree of accuracy. Suppose, for example, that the observer G is taking a step 
towards the red, which in reality ends at 0°56 .; now at 0-56. the limen Is rising 
rapidly, and thus the change in colour is small and becoming smaller, and therefore 
jt is very easy to pass to a place beyond the maximum, say at o-60,., where the 


Table 4 
Group | 

Characteristic Group I Group II Ill 
Trichromatic coefficients A, D, F Bee Ee 3 
Hue-discrimination A, D By Cre 
Mixture curves AS DE CoE B 
Saturation disc B DoE 
Colour-triangle Age 18} 1D), 18, 1 
Complementary wave-lengths ADE Bag Cc 


limen is decreasing and thus the step is more easily determined. As can be seen this 
would add 0-04 4. to the value of the step. It is possible to ensure against this type 
of error to a certain extent by repetition of the results, when those which are not 
consistent must not be included; the safest method is, however, for the observer to’ 
take extreme care in making the step, and to make the step in such a way that he 
never sees more than the minimum difference; for instance, in the above example, 
the whole of the step must be made in the direction from the green to 0-56. ‘This 
method was used as far as possible in making observations in such parts of the curve, 
but it is very tedious and requires the observer to have great patience. 

The curve shown for observer H is incomplete, as the readings in the violet have 
only been taken roughly. Although that part of the curve is not shown, there is a 
secondary minimum, as seems usual with the normal trichromat. The observer was - 
to all intents normal, the rise in the yellow region being only from the normal value 
of 00010 to 00015 u.; his position on the Nagel distribution curve was, however, - 
on the extreme of the normal towards the deuteranomalous. F 

Observations were taken by two further protanomalous observers. A large 
number of results were taken by the first, who found colour-matching rather 
difficult in that he could not give constant readings for the proportion of the red- 
green and blue constituents, and could do so still less for the luminosity values, 
Before the observations were discontinued, attempts were made to obtain hue- 
discrimination readings; these also were very inconsistent. In the case of the 
second observer, M, it was found possible to obtain a hue-discrimination curve. 
The curve shows a high discrimination in the violet, but no secondary minimum. 
In the case of the coefficients the values of the proportions of the constituents were 
quite constant, but the luminosity values varied widely, two consecutive readings 
differing by as much as roo per cent. Several attempts were made to obtain 
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accurate settings before the readings were discontinued. It seems worth recording 
that such an effect was not found in the case of any of the deuteranomalous 
observers, or in the case of observer L. Any difficulties found in the case of the 
deuteranomalous luminosity curves were generally definite errors, which appeared 
/ also in the values of the coefficients. 

One observer was found and classed as deuteranomalous from his Nagel reading; 
| this classification was borne out by his luminosity readings, but his hue-discrimina- 
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Figure 43. Hue-discrimination curves. Observers G,H, M. 


‘tion showed only about two colour steps between 0-54 and 0-65y., and it was 
{impossible to obtain any coefficients in the yellow region. Measurements were 
| then taken with the blue and green primaries alone, as if the observer had been a 
| deuteranope, and in the region between 0-46 and o-5gu. satisfactory matches 
/were obtainable, but it was found impossible to obtain a match at 0-65. No 
itesults are given for this observer; the coefficients between 0-46 and 0-53. are 
/ similar to those given by Pitt for a deuteranope. Clearly in the case of the coefficients 
|in the yellow region some special convention would have to be adopted, owing to 
the large tolerances by which a match must be defined for this type of observer. 


§7. PREVIOUS INVESTIGATIONS 


As regards the statistical survey, there have already been several very full sets 
of results for the percentage of colour anomalies occurring. Those of Schmidt, 
Waaler“” and von Planta” have been referred to and comparison has been made. 
In his paper von Planta gives a survey of a large number of sets of statistics, and 
discusses the possibility of racial differences. However, while these workers used 
the anomaloscope, they do not publish a curve or table showing the variation of 
the red-to-green ratio needed in the match for different observers, although such a 
curve is given by Houston“. For the author’s purpose a repetition of the results 
-was in any case necessary, for it was desirable to know the position on the distribu- 
tion curve of the anomalous observers examined, and if possible to select a wide 
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range of observers. In practice it was necessary to select the observers for their 
reliability rather than for their position on the distribution curve, although, as can 
be seen from table 3, the range also is satisfactory. 

The results obtained by Schmidt, Waaler and von Planta show that a large 
number of women were examined; in the author’s examination men were chosen in 
preference to women owing to the relatively greater chance of finding observers 
with defective colour-vision. 

After the discovery of anomalous trichromatism by Lord Rayleigh, many 
cases were investigated, notably by Hering“, von Kries“”, and Abney and 
Watson»), The measurements taken by these workers were mainly concentrated 
on the luminosity values, which, as can be seen, do not vary as much as the other 
characteristics. The possibility of anomalous trichromatism being caused by a 
colour pigment is discussed by von Kries, and he shows that this explanation is un- 
satisfactory by comparing the ratio of red to green needed to match various colours 
in the yellow region for both normal and anomalous observers. Much of Abney’s 
research on anomalous trichromatism seems to have been based on the assumption 
that the difference between normal and anomalous trichromatism was caused by a 
reduction or shift of one of the sensation curves. 

In the main, in assessing the value of the results obtained by earlier investigators, 
it must be borne in mind that the intensity of light available was very low, and the 
question of stray light was not dealt with sufficiently; these points are if anything: 
of more importance in the investigation of anomalous than of normal observers: 
since the tolerances for a match in the yellow region are often very large, and ease ce!) 
observation will tend to reduce these tolerances to a minimum. 

In the measurement of the hue-discrimination limen the necessity of equating; 
the intensities of the two halves of the field throughout the observation was not 
realized until quite recently. In general the two halves were made equal in intensity: 
when the wave-lengths were the same, and then one wave-length was changed untill 
the smallest detectable difference between the two halves was found. Clearly, ini 
view of the variation of luminosity with wave-length, the limen found by thisi 
method will be due to differences partly of colour and partly of intensity. 

Steindler® gives the hue-discrimination curves for normal trichromats and fon 
dichromats, but the precaution of keeping the two halves of the field at the sam 
intensity was not taken, and so the results are not comparable with other measuré- 
ments. It is, however, worth noting that the curve given as for a protanope shows 
discrimination in the yellow region of the spectrum, and may therefore have beer’ 
for a protanomalous observer. As, however, the limen in which the results are 
expressed is a complex mixture of intensity and colour, this is by no means certain! 

The importance of eliminating stray light in hue-discrimination measurement! 
cannot be over-estimated. For example, during a series of observations in thé 
violet region for observer A the apparatus was found to be out of adjustment it 
such a way as to allow a small quantity of stray light to enter, and the results bor 
no relation to those obtained immediately after the apparatus had been readjusted | 

The results obtained by Pitt were taken with the apparatus used by the author) 
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so that the necessary precautions as to stray light and the convenience of observation 


were those fully detailed by Wright in his paper describing the apparatus. Reference 


| to Pitt’s paper will show that luminosity, spectral-mixture, and hue-discrimination 


curves for three deuteranomalous observers W. F. T., E. H. B. M., D. H. K.L. are 


given. These observers can be seen to belong to the same type as the author’s 


observers A and D; it is in this respect that the results obtained by the author differ 
from those obtained by Pitt, for although there are not many more observers they vary 
considerably in.type. In the case of observers W. F.'T. and D.H.K. L. the point of 
maximum luminosity has been moved to the red more than in the case of observers A 
and D, being at about 0-574. The curves for W. F. T. are somewhat different from the 
rest both of Pitt’s and of the author’s observers, the blue-mixture curve being more 
comparable with the normal in size, but having its maximum moved to the violet, 
while the red-mixture curve has its maximum moved to the red. This displacement 
is accompanied by an extension of the hue-discrimination curve into both the red 
and the violet regions far beyond the normal. A further point of interest is a com- 
parison between the green-mixture curves of observers D. H. K. L., E and B, there 
being a general similarity of shape in the neighbourhood of 0-56 w. in all three cases, 
notwithstanding the fact that the characteristics as a whole are different. 


§8. THEORETICAL CONSIDERATIONS 


Since the anomalous trichromat has a trichromatic system of colour-vision, 
each match is unique, although in practice it may be difficult to determine the 


exact constituents of the match. Owing to the poor hue-discrimination in the yellow 


region it will be possible to select two colour mixtures, both of which match the 


same spectral colour for the anomalous trichromat. These same two mixtures would 
| of course be different for the normal trichromat and may perhaps both fail to match 
_ the spectral colour. Such a state of affairs must not be considered to mean that the 


match for the anomalous trichromat is not unique, since it is merely caused by 


/ unusually large tolerances that this type of observer gives to a colour match. In 


“ce 


applying the term “‘unique” to the anomalous match, or for that matter to the 
normal match, a range of mixtures, the size of which is determined by the hue- 


discrimination, must be considered as satisfying the match, but outside this range 


there is no other range that would do so. Further, it is necessary to consider that 
the hue-discrimination has a definite finite value in the region; for instance if a 
dichromat is asked to make a match in the yellow region using red, green, and blue 
primaries, then the settings for the red and green readings cannot be unique if the 
primaries are such that he can obtain a perfect colour-match between the red and 
green primaries. , 

The match given by the anomalous trichromat is not.the same as that given by 
the normal trichromat, and conversely the normal match is not valid for the 
anomalous observer, as it is in the case of the dichromat. From the statement that 
the normal match is not valid for the anomalous observer, the limiting type of 
observer mentioned at the end of § 5 must be excepted, since for him the normal 
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match is satisfactory as a result of the large tolerances allowed for a match by this 
type of observer. The importance of the fact that the normal and anomalous 
matches are different and that the normal match is not satisfactory for the anomalous 
observer cannot be stressed too highly, and in any attempt to correlate normal and 
anomalous trichromatism it makes any uniform reduction of one of the hypothetical 
fundamental sensation curves invalid as an explanation™. 

An examination of the Nagel distribution curve is the most natural beginning in 
a discussion of the nature of the relation between normal and anomalous trichro- 
matism, To the question whether the anomalous trichromats are an intermediate 
stage between normal trichromats and dichromats, the continuous form of the 
Nagel curve would suggest an affirmative answer. But if this question is modified 
and we wish to know whether there is a continuous gradation between normal and 
dichromatic vision, the curve gives a modified answer. On the protanomalous side _ 
of the curve we find a continuous gradation from the normal to the dichromat; 
owing to the fact that the number of observers examined was not very large, any 
small irregularities which might be present would not be evident, but if they exist | 
they must be smaller than the maximum found for the deuteranomalous. On the | 
other hand, on the side of the deuteranomalous observers we find a secondary 
maximum in the curve, showing that while there may be observers at any point 
between the normal and the deuteranope there is one place at which the formation 
of anomalous trichromatism is more likely than elsewhere. 

Suppose we consider the evolutionary development suggested by McDougall“? 
on the basis of the trichromatic theory. According to this theory, from the mono- . 
chromatic state the blue and yellow sensations are supposed to have developed. 
first, and later the yellow is supposed to have split up into red and green. The type | 
of curve to be expected from this theory would be a central maximum with the sides : 
sloping away to the protanopes and the deuteranopes, and the rates of falling off ' 
would be in some way proportional to the numbers of protanopes and deuteranopes 
respectively. Alternatively, purely on the grounds of probability, the type of curve: 
to be expected would have a sharp central maximum and fall away equally on each’ 
side. In practice, on the protanomalous side there is a uniform rate of falling away, ' 
but the number of observers found at a distance from the central maximum is: 
perhaps greater than would be expected purely on the grounds of probability. On: 
the side of the deuteranomalous observers, on the other hand, there is a secondary; 
maximum reaching a height of about 1/25 of the main maximum, and being magi 
flatter it spreads over about the same range on a logarithmic scale as the main/ 
maximum. ‘The existence of this maximum shows that in some way the deuter-: 
anomalous state is peculiar and is to be distinguished from other forms of colour} 
deficiency. From the point of view of evolutionary development, the existence of| 
so many deuteranomalous observers and their particular distribution would indicate) 
that the state was evolutionarily stable as compared with the protanomalous state.| 
This might be taken to mean that in the splitting of the yellow sensation, as 
visualized by McDougall, two stages are necessary for the complete process in the 
transition between the deuteranope and the normal. Alternatively in view of the 
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observers in the Nagel distribution curve, it may be that there are two alterna- 
| tive ways in which the deuteranopic state may develop, the most usual being 
| a development to the normal, and the secondary being a development to the 
| deuteranomalous state. While the latter arrangement should be considered as 
| possible, it would seem to be unlikely since it would imply that there were two 
i distinct forms of deuteranope and that, further, in the most usual change (between 
' the deuteranope and the normal) there were no intermediate stages as there are in 
) the case of the protanomalous observers, although the existence of observers 
' throughout the whole range in the case of the author’s results would supply this 
| deficiency. Further, the symmetrical shape of the deuteranomalous maximum 
) would seem to support the idea of a continuous transition between the deuteranope 
| and the normal, with a preferential state corresponding to the deuteranomalous 
» Maximum. 
| Before considering the mechanism by which these changes may be produced, it 
| is convenient to discuss the characteristics of the anomalous trichromats in a 
i general way and to compare them with those of the normal trichromat. ‘The general 
| form of the curves for the anomalous trichromat is similar to that for the normal 
| trichromat, but in the hue-discrimination curves we find a definite shift of the 
' salient points towards the red end of the spectrum for both protanomalous and 
| deuteranomalous observers. Moreover this shift is not limited to the yellow 
’ region, but in the case of observers A and B, where there is a point of maximum 
\ discrimination in the violet region, this is also moved towards the red. In the case 
i of two of Pitt’s observers this shift towards the red only holds in the yellow region, 
{ the blue-green point of maximum discrimination being moved towards the violet. 
' In an appendix to Pitt’s report on dichromatism™, W. D. Wright gives a 
| theoretical discussion, and points out that if an observer is asked to point to the 
4 
i 
' 


| 
| fact that Schmidt™ finds a definite gap between the normal and deuteranomalous 
| 


_ colour in the spectrum between red and green, which has the properties of neither 
| red nor green, then most observers will point to very nearly the same place. 
During the investigations each of the anomalous observers was asked to point 
to this ‘‘ pure yellow,”’ and when a ground glass screen was placed in the spectrum 
it was found that the observers were very definite about the position of the yellow, 
which was slightly to the green side of the normal in the case of the protanomalous 
+ and to the red in the case of the deuteranomalous. When the observers were asked 
to set the test colour of the colorimeter, however, it was not generally possible to get 
_ concordant results. The results for observer C were sufhiciently good to enable a 
mean to be taken, and a value of 0-595 uw. was found, as compared with approximately 
05801. for the normal. In the movement of the colour which the observer calls 
| “pure yellow”, we find a movement one way for the protanomalous and the other 
way for the deuteranomalous, while in the characteristic points of the hue- 
discrimination curve both protanomalous and deuteranomalous are moved in the 
same direction. 
If the differences between the normal and anomalous hue-discrimination curves 
are taken as a measure of the degree of deficiency of the observer, then it can be seen 
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that the other characteristics cannot always be treated as an obvious guide to the 
extent of the defect. The mixture curves should to some extent be excepted from 
this, as in a general way they show the sensitivity of the observer to changes in hue. 
In the case of the protanomalous observer the evidence of his relatively high hue- 
discrimination in the red would not seem to be present; however it is at the ends of 
the spectrum that the difference between theory and practice becomes most evident 
in the theoretical curves given by von Helmholtz () and Schrédinger. If a relation is 


) 
(2) = 


0°53 0°65 0°53 0-65 
Wave-length (.) Wave-length (.) 
(a) 1) 


0:53 0-65 
Wave-length (.) ‘ | 
(c) 


Figure 44. Showing the possible changes in the red luminosity curve between the 
normal and the dichromat. : 


found between the difference limen and the differential coefficients of the pro; 
portions of the fundamental sensations with respect to the wave-length, or, more 
generally, between the difference limen and some function of the fundamental. 
sensations, it must apply equally to all forms of colour-vision. In fact the true 
relation would only require that the appropriate fundamental sensations should be; 
used, when it would be equally applicable to the normal, the anomalous trichromat,, 
and the dichromat. In fact the most thorough test of such a relation, when it has} 
been worked out for a normal trichromat, would be its application to the character-/ 
istics of an anomalous trichromat. This apparent discrepancy between the various} 
characteristics is particularly noticeable as regards the position on the Nagel: 
distribution curve. For example in the case of observers A and D (see tables 3 and 4)} 

| 


! 


ha 
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A is farther from the normal than D on the Nagel curve, but his hue-discrimina- 


tion is the more nearly normal. To some extent this can be accounted for by the 


differences in relative luminosity, as can be seen by a comparison Of the luminosity 
curves in the regions of 0:535 and 0-65 4. Thus the individual characteristics 
cannot be regarded as a continuous series of states between normal trichromatism 
and dichromatism. 

The changes between normal and anomalous observers shown in the mixture 
curves appear to be of a complex nature. The problem is complicated by the form 
of the red curve in the cases of observers C and E. From the point of view of the 
mixture curves, there seem to be three possible ways through which a series of 
changes between normal and dichromat could be made. These can be best shown by 
means of figures ; in figures (44 a) and (44) we have the changes shown as two entirely 
separate mechanisms, which must both exist together. In (a) the change is obtained 
by a transformation from the normal through the types represented by observers C 
and E and the final disappearance of the red curve into insignificance. In the case 
of method (6) the changes are given an alternative path passing from the normal to 
the type represented by observer B, the red curve finally merging into the green 


curve. The third possibility is in reality a combination of the former two, and is 


shown in figure (44c). In this case the changes are supposed to take place, from the 
normal, through the types represented by observers A and C and finally instead of 
the red curve disappearing, the point of inflection is moved higher up the curve, 
giving the type represented by observer B, and the red curve joins up with the 
green curve as in case (bd). 

The idea of there being two evolutionary modes in the case of the deuterano- 
malous was introduced previously (page 687) and in this case the possibility of the 
deuteranomalous as an alternative final state was suggested. This might be modified 
to include two types of change, the first, similar to the protanomalous, being con- 
tinuous between normal and deuteranope, and the second series having a preferential 
state through which it must pass or at which it must remain, corresponding to the 
maximum in the deuteranomalous region. 

The actual mechanism by which such changes may be produced are clearly 
complex, and will probably not rest entirely in the photochemical changes or in the 
subsequent analysis. While the possibility of some differences between the photo- 
chemical substance in the retina of the normal and anomalous observers might be 
considered, further evidence from adaptation phenomena and the physiology of 
the anomalous eye is necessary. 
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DISCUSSION 


Dr W. D. Wricut. This paper provides the most exhaustive analysis of ano- 
malous trichromatism that has yet been reported. Moreover, the Physical Society 
has been well advised in waiving its usual practice so far as to publish both diagrams 
and tables for the characteristics of each observer. For any quantitative examination 
of the results the tables are essential, but the diagrams are equally valuable tor a 
more general discussion of the various types of observer that are found. 

The results on saturation-discrimination are of special interest, for I believe that 
they are the first measurements on anomalous trichromats to have been published. 
The value of the data as a whole is twofold. In the first place the results are of 
theoretical interest and importance as showing precisely the variations from normal 
vision that do occur, and this knowledge should lead to a further elucidation of the 
visual processes. In particular, theoretical attempts to relate one characteristic to 
another, for instance the hue-discrimination curve and the mixture curves, can now 
be applied to a number of different visual mechanisms, and any theory can now be 
put to a correspondingly more stringent test. In this connexion it should be realized 
that the theoretical manipulation of the data is not likely to yield results of any ' 
importance unless they are expressed in terms of some fundamental primaries or ° 
responses. At present the values have been tabulated in terms of the instrument | 
primaries that were used. I should like to ask the author whether he would expect : 
some of the rather irregular bumps that occur on the mixture curves to disappear if.’ 
the results were transformed to a new set of primaries, or whether they are an | 
inherent part of the curves. 

The second general use to which the results can be put is the practical evaluation | 
of the degree of deficiency to which an observer is subject and the consequent ! 
extent to which his activities should be limited. The anomalous-trichromat group } 
is especially important because it includes the borderline cases between the normal | 
and the abnormal, and they are the persons who might be liable to be rejected from 
certain occupations when in practice their inclusion would be quite safe or, alter- - 
natively, they might be included when they should have been excluded. ‘The : 
recognition and elimination of dichromats is comparatively easy, but the decision ' 
whether a person is merely an extreme variation from the normal, or actually slightly 
anomalous, may be very difficult. | 

To understand what is involved, it would be of very material aid if some picture ‘ 
could be obtained of the sensations which the colour-blind person perceived in» 
terms of those of which the normal person is conscious. Suppose, for instance, we‘ 
were prepared to assume that the blue and yellow radiations produced the same; 
sensation for both types of observer, then it should be possible to relate all the colour! 
sensations of the anomalous observer with those of the normal observer, by stepping| 
off the discrimination steps from the blue and the yellow. It should, in fact, be 
possible to plot the spectrum locus for the anomalous observer in the normal colour 
triangle, and in the limit this locus would reduce to the straight line that is found 
for the dichromat. This would provide a very convenient way of demonstrating the| 
gradation from one form of colour-vision to another, and would be of value int 
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estimating the degree of abnormality exhibited by an observer. If, in addition, it 
_ were found that the spectrum locus as derived from discrimination data also repre- 
i sented the colour-mixture results to a reasonable degree of accuracy, it would be a 
| fact of very considerable theoretical importance. It would be interesting to know 
} whether the author has attempted any calculations on these lines, and if so, the 
extent to which he has been successful. 


| é cot St 
AuTHor’s reply. As regards the irregularities in the mixture curves, I think 


that those just by a primary would be affected by a change of primaries, but not 

those removed from a primary. The mixture curves for observer C have been referred 
to the fundamental responses given by Dr Wright,* and the irregularity at 0-69 x. still 
persists. However, without some experimental evidence it does not seem justifiable 
_ to assume that these fundamental responses are applicable to an anomalous observer. 
The existence of the irregularities in the relation between the complementary 
_wave-lengths in the case of observer C would lead one to suspect that they are of a 
fundamental nature. 

With regard to Dr Wright’s suggestion as to finding some relation between the 
normal and anomalous sensations, some tentative work was done on these lines. 
: From the saturation-discrimination data obtained for observers B, C, and D, it was 

seen that the spectrum colours in the red-yellow-green region appeared very 
desaturated in comparison with the normal, and that the saturation corresponded 
| approximately to the minimum for the normal in the region. This is clearly in 
| agreement with the hue-discrimination data, and may be taken to confirm the 
| suggestion put forward by Wright in Pitt’s report”, that the anomalous observer 
' sees red and green as desaturated orange and yellow-green respectively. Working 
| from this fact an attempt has been made to obtain a picture of the appearance of the 
spectrum to the anomalous observer in terms of normal sensations. The area of 
i the colour-triangle for the normal observer represents a definite number of dis- 
tinguishable colours, while the straight line to which the colour triangle for the 
dichromat reduces also represents a certain smaller number of distinguishable 


i 
colours. Now the anomalous trichromat can see more colours than the dichromat, 
"but fewer than the normal. Hence, to give a subjective representation of the number 
of colours, the anomalous trichromat should have a colour triangle smaller than the 
, normal and yet larger than the dichromat. If, however, the anomalous colour 
triangles are plotted relative to the same physical stimuli as the normal, it is clear 
that the triangles must always be of the same order of size. It is therefore necessary 
to devise some method by which the triangles may be expressed in terms of the 
same subjective stimuli as the normal. We have seen above that it is reasonable to 
suppose that the anomalous trichromat sees red and green as desaturated orange 
and yellow-green. Now if we extend this by saying that the sensation of yellow is 
the same for both normal and anomalous trichromat, then there is one point at 
which we may fix the anomalous subjective colour triangle relative to the normal. 
, If at the same time we assume, as in McDougall’s evolutionary theory, that the 
blue sensations are the same in each case, then we can say that the straight line of 


* Wright, W. D. Proc. Roy. Soc. B, 115, 49-87 (1934)- 
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the dichromat should be drawn between the blue and the yellow of the normal 
triangle, and that the anomalous triangles should be drawn about this line and 
between it and the normal triangle. 

If now, starting from the yellow and working towards either the red or the green, 
we suppose that one hue-discrimination step will produce the same change in colour, 
whether it is for the normal or for the anomalous trichromat, then by finding the 
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number of steps for the anomalous trichromat between the yellow and 0°65 p., We 
may say that this corresponds in colour sensation to a colour distant from the yellow, | 
in the normal case, by the same number of hue-discrimination steps. In this way| 
it is possible to obtain two wave-lengths in the normal spectrum to which 0°65 p. 
and 0°53. in the anomalous spectrum correspond in colour. In the yellow region | 
the assumptions involved in the above procedure would seem to be justified, at least 
as a first approximation. It is, however, necessary to make the further assumption 
that the changes which have been made are also applicable in the blue-green region. 
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For convenience the yellow chosen was at 0-582 5m. and the colour triangles of 
all the anomalous observers were referred to the W.D.W. system. In each case the 
numbers of colour steps between 05825 1. and 0°53 4. and 0:65 w. were determined 
from the hue-discrimination curve for the observer. From this latter, and from the 
characteristics of the normal observer, the coefficients of the colours in the normal 
triangle corresponding to 0:53. and 0-65 ju. in the anomalous triangle, were found. 
This gave the new coefficients for the red and the green primaries, and the modified 
coefficients for the remaining wave-lengths were determined by the appropriate 
transformations. 

The transformation is in reality equivalent to referring the anomalous triangles 
to a set of primaries R,, G, and B,. If the normal primaries are Ry, Gy and By, 
then from the hue-discrimination we have 


C4 0-65, = Cy =aRy + bGy | 
C4 053. = Cy=@’Ry+ eae 
where C’, is the colour for the anomalous and Cy for the normal. 
Then the new primaries R, and G, are chosen so that 


Cy 0°65pL. — aR ,+bG4=Ry, 
Cy 0-53. = aR, ae WG, — Gy . 


Further we say C4 0-825. = Cy o-se25p. 
and o5R,+0°5G4=0'5Ry+0°5Gy; 
also By=By. 


For example, in the case of observer A, the number of steps between 0:5825 pu. 
and 0°65 p. is 15°52, and that between 0°5825 uw. and 0°53 p. is 8-92, as compared with 


| the normal values of 48-64 and 30°67. 


From the curves we find 
C4 0-65. = Cy 05963, = 0°662Ry + 0°338Gy (the blue being neglected), 
C4 0°53. = Cy 0°5716. — 0:366Ry + 0°634Gy. 
From this we choose the primaries so that 
Cy o-e5p, = 0°662R4 +0°338G4=Ry, 
Cy o-ssy. = 0°366R, +0°634G4=Gy, 
and solving for R, and G4 we find that the anomalous primaries are 
R,=2'142Ry—1-142Gy, 
G,= —1:237Ry+2°237Gy, 
Bl= By: 

As such, the triangles are a perfectly legitimate means of expressing the co- 
efficients of the anomalous observers. If, however, the triangles are to be considered 
as a subjective representation of the colour sensations of the anomalous trichromat 
in comparison with the normal, then it is necessary to consider the assumptions 


made in deriving them. These assumptions are: (1) that the sensation of yellow is 
the same for both normal and anomalous trichromats; (2) that the yellow occurs in 
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the same place in the spectrum for all observers, and is at 0°58251.; (3) that one 
hue-discrimination step will correspond to the same change in sensation, whether 
it is for the normal or for the anomalous trichromat; and (4) that the sole differences 
between normal and anomalous trichromats are due to change in the red and green 
sensations, and that the blue is the same for both. 

Examining these assumptions, we note that the first necessitates that the sensa- 
tions experienced by the normal and anomalous trichromats shall be comparable. 
This type of assumption cannot be proved or disproved, and it is only possible to 
consider the probability of its being true. The second assumption is definitely only 
a first approximation, since it was seen that the positions of the pure yellow differed 
slightly for normal and anomalous trichromats. The use of 0°5825. is again an 
approximation, the value being chosen merely for convenience. The assumption, 
that a hue-discrimination step means the same change in sensation for both normal 
and anomalous trichromats is of the same type as the first, but if the first may be: 
made this assumption should not introduce any large error, at least in the yellow: 
region. The last assumption is probably the largest source of error in deriving the: 
triangles. The characteristics have shown that the differences between normal and. 
anomalous trichromats are not confined to the yellow region nor yet to the red and. 
green sensations entirely. For example, if they were so confined, the hue-discrimina- 
tion in the blue-green region for observer B should be poor, while in fact it is 
comparable with the normal. 

The reduced triangles must therefore be considered only as representing the: 
anomalous sensations in terms of the normal within the limitations imposed by the: 
assumptions. 

A rigorous test of the validity of the triangles, assuming the sensations to be: 
comparable, would necessitate a large amount of saturation-discrimination data./ 
If, however, we compare the saturation-discrimination of the normal and observer 
D in the blue-green region with the distance between the white point and the 
spectral locus, we can see that an approximately proportionate reduction has taken: 
place. On the other hand, in the case of observer B, where the saturation-discrimina-: 
tion is nearly normal, the reduced triangle is very narrow and in consequence thes 
agreement is poor. ‘The suggestion that the reduced triangles represent the anomalous: 
sensations in terms of the normal, or that it is possible to draw such triangles by any 
similar method, implies that the anomalous trichromats have different fundamental 
sensations and yet the same physiological mechanism as the normal. Thus, in the: 
case of observer D, where the saturation-discrimination supplies a favourable test,! 
it can be said that the assumptions are to some extent justified; on the other hand, |! 
in the case of observer B, where the agreement is poor, it can definitely be said that 
the assumptions are not justified, and similar considerations would apply to observer} 
E. The possibility of there being two mechanisms, either coexistent or alternative | 
has been present throughout, and while, as has been stressed, the reduced triangles: 
must not be used as theoretical proof, they do in this case offer at least a feasible 
theory as to the nature of the two mechanisms, namely, a change in fundamental 
sensations, and a change in the physiological perception mechanism. 
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HEAT-CONDUCTION IN A MEDIUM HAVING 
THERMAL PROPERTIES DEPENDING ON THE 
TEMPERATURE 
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| ABSTRACT. Typical standard calculations in the theory of heat-conduction are modified 
| to allow for the variation of the thermal properties of the medium with temperature. 


| E consider a region V of the medium, either extending to infinity or 
. confined by given boundaries. Let h (x, y, 2) be the initial temperature of 


the medium, H (x, y, z, t) the temperature of the boundaries, if any, and 
QO (x, y, z, t) the rate of generation of heat per unit volume. If we write k for the 


' conductivity and c for the product of the specific heat and density, the equation is 


cO—div{kerad M$=Q aes (1), 


| where 0 is the temperature and 6 means 06/01. 


Let © (x, y, 2, t) be the solution of the problem obtained by assuming that c and 
k have constant values cy and ky, the equation thus reducing to 


iGO =e od Wie Soo a feces (2), 
where T=, is —k, div grad. 


© is, of course, the standard solution, worked out for a variety of cases in the 


| textbooks on heat-conduction. 


Provided c/k is independent of temperature the solution of (1) can be obtained 
at once by the methods used to determine ©; for if c/cg=k/ky=p (8), say, where cq 
and k, are the values at any arbitrary temperature, and if we write 


where 0, is any arbitrary temperature, then the initial and boundary values of ¢, 
say h’ (x, y, 2) and H' (x, y, 2, t), are obtained by setting h and H as the upper limit 
of the integral; moreover one can easily show that the equation satisfied by ¢ is 
obtained from (2) on replacing @ by ¢. Thus from the expression for © in terms of 


_h, H, and Q, we obtain ¢ on replacing 4 and H by h’ and H’. 


Though we shall find this result useful, we must, for practical purposes, assume 


no such relationship between c and k. Let us write 


c= cy {t+ uf (&)} and k=hy {r+ uF (6)}. 
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Then the equation is 
L [0|=O+ pv [A div {F (8) grad 0} —cy f (8) Gj ee (3). 


If we think of the whole expression in the bracket as G (x, y, 2, t), we may note 
that the same equation would arise if heat were generated at the rate O+ mG per 
unit volume in a medium in which c and k had the values cy and ky. In the latter 
medium let g (x, y, 2, *’, y’, 2, ¢-7) be the Green’s function for zero boundary 
temperature, that is, the temperature at co-ordinates x, y, x and time ¢ due to the 
generation of unit quantity of heat at x’, y’, x’ and, the boundaries being kept at 
temperature zero. Then the required solution is evidently 


; 
O+p It | 6 (x' ye apa dy dztdr’ ~ \ © conan (4). | 


Regarding the term in p as a correction effect, we evaluate it approximately by writing 
the known function © instead of in G. It is to be noted that g is a known function, 
which, even if Q is zero, will have arisen in the calculation of 0. If, owing to 
symmetry, only an integral of g with respect to the dashed co-ordinates (perhaps 
over a plane or a spherical shell) has arisen in the calculation of ©, the same integral 
will suffice for calculating the correction term. 

If we think of the solution as a power series in 1, the coefficients of the higher 
powers can be evaluated similarly by the aid of the Green’s function. At every stage 
of the approximation the initial and boundary values will be those of the principa! 
term ©, and these are the values prescribed. In a few very simple cases the equations 
determining the coefficients of the powers of can be solved directly, without the 
aid of a Green’s function. 

In many cases it will be sufficiently accurate to regard c and & as linear in the 
temperature, so that we can write uf (8)=,0 and uF (6) = p,8. The solution as far 
as the first power of the p’swill then be of the form © + j,%, + poy. It will sometimes 
be quicker to evaluate only one of the two functions ¢, and ¢, by the above method: 
the other can then be deduced, since the sum of the two is readily obtained by 
setting /4;= #42, thus obtaining a medium in which c/k is independent of tempera- 
ture, for which the exact solution, and hence #, + %, is given by the theorem statec 
earlier in the paper. 

We turn now to some typical applications. The results only will be given, sinee 
the calculations are straightforward and of little interest. 

(1) A sheet of infinite area, bounded by the planes x =0 and x=d, is at tempera- 
ture 6, at time zero, and its surfaces are kept always at temperature zero. We take 
the linear form mentioned above for c and k, and we assume that ju, 9) and 0, are 
not large fractions. We then apply equation (4), and for the calculation we require; 
not, of course, the Green’s function itself, but only the solution for an instantaneous 


plane source with boundary temperature zero. Putting «=k /c), we find for the 
temperature at x and t 


oO —n,2K2t ¢ a > ee 
sy 40, sin ny x ‘ 1 160), lita (m,? + p,?) — [aN"| le (my?+D 1?) K2t__¢ njtKa] 


} 
n,m, p=0 nd d® [(m, Daa [(77, = pi)? — Dy] [m,? + py? — 1,7] ) 


: 
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| Here n,=(2n+1) 7/d, and m, and p, are similarly defined in terms of m and p. 
When ¢ is very great the temperature is practically the same as if c and k had the 
- values ¢y and , and either the initial conditions were established at a time differing 
somewhat from zero or the initial temperature differed somewhat from 4). 
(2) As an example, using non-linear expressions for c and k we will take the case 
| of a semi-infinite medium initially at uniform temperature 6, and having the 
boundary kept at zero temperature. This case is the subject of a paper by J. H. 
| Awbery™, who shows that the solution will contain x and ft only in the form 
| x//t, the partial differential equation of heat-conduction thus reducing in this case 
) to an ordinary differential equation. Except in the case when c/k is constant his 
solution of this equation is, however, open to a criticism as regards its utility, for it 
contains, not the initial temperature, but a parameter the value of which in terms of 
) the initial temperature and the thermal coefficients remains unspecified, owing to 
| the solution, which contains a power series in x/¥/t, failing at large values of the 
} variable and hence at the initial state. Our method, which here reduces to a direct 
| integration without the aid of a Green’s function, gives 


0=1-+ u6? [$8 (I-P)+y (1-E°—1-yED)] 

+ w7Oo° [38° 2-1?) + ByF+y°G+ 38, I-P)+y. A], 
P where y=x4/r/2xv/t; c=cy (1+ poO+ 20,02); k=ky (1+ PO + 128,62); 
y=(B—a)/7; yi=(Pi-a)/7; E=e“l"; 
Fa1—F?— (24 yE—4FE*) [+(14+ 3yE) 2-3/3 (4-2/2; 
Ga —2 (1B) —y (E+ 4B) + (2 + 2yh—(w+y?) BY} T=} (a+ 29%) yEP 


+837 (h-D; 
H= —2F*1-yEP+ V3 (J). 


y|/V 7 : nae 
| Isignifies I (y/+/7) defined as ee li e—” duand I, is I(y ya The calculation is 


) carried as far as the terms in p?. 

_ (3) For the next example let us create an artificial difficulty by choosing a case 
of a hypothetical nature having initially an infinite temperature in an infinitesimal 
| region; such a case may evidently give rise to difficulties of convergence. We shall 
| take, in fact, the instantaneous plane source generating suddenly, at time zero, in an 
| infinite medium at temperature zero, a quantity of heat Q per unit area of the plane 
| x=o, thus producing instantaneously an infinite temperature there. If we use the 
| linear form for c and , the calculation as far as the first power of the p’s gives 
0=-At?E eee 4At? {(He — ba) yl — boE}], 

| where £ and J are as in the previous example and A is Q/2« cy /7. For small values 
| of the ,’s the correction term is only a small fraction of the whole throughout a 
| certain range of x and ¢, and the approximation there is probably a good one; it 
| certainly is if 4, = pg, as is easily shown by writing down the exact solution for that 
| case. The infinite initial temperature does not arise, of course, in any real physical 
problem. 
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(4) In conclusion a case in which the surface temperature is varied with time 


has been considered. The calculations are found to give no particular difficulty, 
but the expression obtained is naturally rather cumbrous and is hardly of sufficient 


interest to be given here. 


I am indebted to Dr P. M. Davidson for supplying me with the general method 
described above, together with the calculations for a typical case, the cooling of a 
sphere, which had arisen in some experimental work. 
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ABSTRACT. The author’s previous measurements of the principal magnetic suscepti- 
bilities of potassium ferricyanide have been repeated and extended to a temperature of 
142° kK. Two of the principal susceptibilities are approximately equal throughout the 
whole temperature range from 290 to 14°K., but that along the third principal axis is 
considerably smaller. The anisotropy is almost 400 per cent at 14° K. and is still increasing 
as the temperature falls. A brief comparison with Howard’s theory of the magnetic 
properties of K, [Fe (CN),] is made. 
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the paramagnetic crystal, potasstum ferricyanide, over the temperature range 

from 290 to 75° K.. The main features of the results, the low magnetic moment 
and the high anisotropy of the crystal, later received a very satisfactory explanation 
at the hands of J. B. Howard™. It seemed of considerable interest to extend the 
measurements to lower temperatures as opportunity permitted and to compare 
them with the theory. The results for the temperature range from 290 to 14° K. 
are presented below. 


I: 1933 some measurements were published of the principal susceptibilities of 


§2. EXPERIMENTAL PROCEDURE AND RESULTS 


The susceptibilities were determined with the aid of the same apparatus as 
before, a Sucksmith magnetic balance adapted for use at low temperatures. ‘These 
temperatures were obtained with suitable liquefied gases boiling under atmospheric 
or reduced pressure, viz. methyl chloride, ethylene, oxygen and hydrogen. Since 
the crystals of potassium ferricyanide, though actually monoclinic, are very nearly 
orthorhombic (8=90° 6’) and since the previous determinations had shown that 
‘the magnetic properties also are in agreement with this fact, measurements were 
made in the work now described of the susceptibilities along three mutually per- 
pendicular directions in the crystal, one perpendicular to the plane (100), another 
perpendicular to the plane (oro), and one parallel to the c axis. ‘These susceptibilities 
will then represent the three principal susceptibilities of the crystal with an accuracy 
of I or 2 per cent, which is quite adequate for the present results. 


The results of the measurements are given in tables 1, 2 and 3. 
; 46-2 
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Table x. x, viz. x perpendicular to the (100) plane 


1E(CKS) X1 X 10% X"im 1/X’1m MiB 
2809: 74a 000260 385 6-07 
ee 8°51 0700294 340 5°90 
208:'0 10'O, 0°00344 291 Scapa 
169°7 12°24 0:00416 240 5°69 
117°9 16°44 0700555 180 5°28 
gorl 20°23 0:00680 147 4°94. 
74°3 23°04 0°00772 130 4°73 
63°9 26°53 0:00887 113 4°57 
20°5 721s 0°02408 41°5 3°97 
17°0 85°37 0702824 35°4 3°87 
14°6 97°23 003214 HOt 3°78 
Table 2. x2, viz. x parallel to the c axis 
If ( K.) X2 * 10° Moxa I/xX om Hop 
291°9 6°31 0'00222 450 B22 
273°2 6-63 0°00234 427 5°15 
248°'8 7°09 000244 410 4°90 
221°2 afoley 0:00263 380 4°69 
1792 8°45 0:00292 342, 4:22 
169°6 care 0°00300 Bag 4°10 
144°0 9°47 0°00326 307 3°78 
1170 10°34 0700354 282 3°35 
g0'2 Tae 0:00388 258 2°82 
75°65 12°09 0°00409 244 2°48 
63:8 12°54 0:00428 234 2°20 
20°4 21°ly 000709 I4I 116 
17°0 23°89 0:00800 125 barore) 
14°2 27 Ou 0700904 III 1°03 
Table 3. x3, viz. x perpendicular to the (oro) plane 
| 

PACK) X3 X 10° X oa 1/X‘3m 3B 
289'5 FLOy 000244 410 5°69 
248-9 8-05 000278 360 5°58 
21728 Q:0, 0'00313 320 5°49 
195°8 9°96 0700342 292 5°39 
169°3 II‘45 000390 256 Fae 
120°7 a, 0°00515 194 501 
go'l 19°85 000669 149 4°86 
76°2 23°Io 0°00774 129 4°75 
64:1 26°3, 0:00882 113 4°56 
20°4 75-0 002503 40°0 Au 
Eyes 89°50 0702959 338 4°08 
14°0 107°9 003565 28-0 4°02 


In the above tables y,, in accordance with the usual convention, is the larger ( 
the parcel susceptibilities in the ac plane and yx, is the one along the axis ¢ 
symmetry. x’, 1s the molecular susceptibility corrected for the diamagnetism ( 
the molecule.* jz is the effective Bohr magneton number calculated fro 


Mp =2'°839 V(X ml). 


* The correction applied for the diamagnetic properties of the molecule was E40 % LOn obeite 


from K*+= — 18-5 x 10-°, CN~ = —10°8 x 107°, Fet++= —20x 10-°, See E. C. Stoner, Magneti 
and Matter, p. 470. 
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§3. DISCUSSION 


The present results are in good agreement with those of the previous measure- 
) ments, this being all the more satisfactory since the new determinations were made 


] 


jon a crystal grown from another specimen of the salt of different origin. (The 
“kink previously suspected in the x, curve eventually proved to be spurious.) 

| It will be seen that y, and x, are almost equal throughout the whole temperature 
jrange and that the {1/x, 7} curves for these quantities cross between 60° and 
}70° k. On the other hand, y, diverges more and more from Xi and xy; as the tempera- 
jture falls. In other words the anisotropy of the crystal becomes more pronounced 
fat low temperatures, reaching the surprisingly large value of 400 per cent at 


)14:2° k. The crystal is thus almost uniaxial at the lowest temperatures. 


500 
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Figure 1. The principal susceptibilities of potassium ferricyanide. 


Howard’s theory of the author’s earlier results for potassium ferricyanide may 
be summarized as follows. The Fe*+** ion is regarded as being situated in a very high 
electrostatic field of cubic symmetry (due to the CN groups) on which is super- 
posed a smaller field of rhombic, almost axial, symmetry. Under the action of the 
'cubic field the coupling of the individual /’s of the five electrons of Fe*** to a 
‘resultant orbital angular momentum L is destroyed, and the lowest level of the 
“unperturbed ion (electron spin being neglected) splits into a triply degenerate level 
d. and a doubly degenerate level d,. For an octahedral arrangement of the CN 
groups, the d. level will lie lower. Further, it is assumed that the d, level will be 
‘situated so high that its contribution to the susceptibility can be neglected. The 
thombic field now splits the d, level into three levels which, on the introduction of 


j 


the electron spin, are all doubly degenerate. There are five electrons to fit into these 
three levels so that two will be doubly occupied and, by the Pauli principle, will 
contribute nothing to the susceptibility. The fifth electron has a free spin so that 
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the magnetic properties will correspond to S=} if one can neglect orbital contri- 
butions to the susceptibility. Howard, however, shows that the latter cannot be 
wholly neglected and introduces a coupling coefficient between land s to allow fo: 
this fact. A knowledge of the positions of the six levels which exist in the presence 
of a magnetic field then enables one to calculate the susceptibility. The low value 
of the magnetic moment and the high magnetic anisotropy are satisfactorily explainec 
by a suitable choice of the coupling coefficient and the coefficients of the rhombi 
field. 

Howard’s published curves for yz? against T only extend to 75° K. A con. 
tinuation of his calculations to lower temperatures shows that the value of p; 
for both x, and yx; at the absolute zero is about 4:0. A comparison with the value: 
given in the present tables shows that Howard’s theoretical curves are in reasonabk 
agreement with the experimental results over the whole temperature range ye: 
covered. This is not, however, the case for y,. The theoretical value for w,? at o° K 
is about 2:0, whereas the experimental value at 14:2° K. is already as low as 1:0, 

It is not, however, opportune at present to make a detailed comparison betweer 
the experimental results and Howard’s theory. The latter is essentially a theory o 
the magnetic behaviour of the [Fe (CN),] complex whereas the experimental result: 
for the crystal give only the minimum anisotropy of these magnetic units. ‘The 
[Fe (CN),] groups may be variously situated relative to each other in the crystai 
lattice, and a detailed knowledge of the structure of the crystal is required befor 
one can calculate the anisotropy of the magnetic units from the observed anisotrop 
of the crystal as a whole. It is known that there are four molecules in the uni 
cell of the K, [Fe (CN),] lattice, but the actual positions of the CN groups are ne 
yet known. A comparison with Howard’s theory can be undertaken when thi 
information becomes available. 
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» ABSTRACT. The spectrum observed by Asundi, Samuel and Zaki-uddin and attributed 
by them to cadmium fluoride, CdF, has been identified with the known spectrum of 
calcium fluoride, CaF. New experimental work with cadmium fluoride is briefly described. 
Mention is also made of absorption bands incorrectly attributed to cadmium bromide 
and cadmium iodide. 


§1. PREVIOUS WORK ON THE SPECTRUM OF CADMIUM FLUORIDE 


spectrum, have been observed by Asundi, Samuel and Zaki-uddin™ in an 
arc containing cadmium fluoride. These bands were analysed and attributed 

to the molecule CdF. 
During the course of other investigations, we noticed that the head of the 
' strongest sequence of the orange system was coincident with that of the calcitum- 
fluoride spectrum, at 6064 a. A closer investigation revealed that the two spectra 
were very probably identical. In table 1 the wave-lengths, intensities and analysis 
of the two strongest sequences of bands in the orange attributed to CdF by 
) Asundi, Samuel and Zaki-uddin are compared with the corresponding heads in 


Te emission band systems, in the yellow-green and orange regions of the 


Table 1 
CdF . CaF 
A Intensity Uv’, Uv" A Intensity vv 
6064°3 4 0,0 O; 6064°4 10 0, 0 Ore 
6061°8 4 ui, a (GO), 6062°3 9 ite, MOV 
6060°0 5 75, LO}, 6060°4 8 Dy Ov 
6058°8 3 3> 3 Oi 6058-6 7 3,3 Oro 
6057°6 5 44% 6057°0 6 4,4 Ov 
6056-0 3 5,51 6055°5 5 5,5 Qe 
6054°7 3 ,6Q, 6054°0 5 »6 Op 
6053°3 I 0-0 Ps 6052'8 4 Ge, Ove 
6036-9 4 0, Oo Og 6036°9 6 OmonOs 
6034°6 3 1,1 Q, 6034'8 6 I,1Q; 
: 6032°5 3 2,202 6032'9 5 2,202 
6031°0 2 2, BCE: 6031°I 5 3,3 Ye 
6029°3 I 4,4 Q2 6029°3 4 4,4 Ye 
60279 | iI? 5,5 Os 6027°8 4 5,5 Oe 
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the calcium-fluoride spectrum as measured by Johnson™; the wave-lengths given 
by the latter are only reproduced here to the nearest o'r A.; the analysis is that 
proposed by Harvey”. 

It will be seen that the wave-lengths agree closely; for the weaker bands the 
agreement is slightly less close but still quite convincing. The general intensity- 
distribution throughout the two systems is also in satisfactory agreement. The: 
analysis proposed for the bands attributed to CdF is similar to the accepted 
analysis for CaF but differs in detail. 

The agreement between the wave-lengths of the yellow-green bands reported 
by Asundi, Samuel and Zaki-uddin and those for calcium fluoride is not nearly so: 
complete, but as the characteristic groups of calcium lines at AA5602°8, 5601-3, 
5598°5; 5594°5, 5590°1, 5588-7, 5582-0 and AA5270°3, 5265°5, 5264°2, 5262°3, 5261-7 j 
appear in the reproduction of their photograph showing the yellow-green bands, 
it seemed desirable to check these experimentally.* 3 


§2. EXPERIMENTAL OBSERVATIONS 


Using a glass prism spectrograph giving the visible spectrum on a 12 in. plate,: 
and a Hilger E. 1 quartz spectrograph, we have photographed spectra obtained by) 
introducing cadmium fluoride into an arc between cadmium electrodes, and calcium 
fluoride into an arc between graphite electrodes. An arc between graphite electrodes 
fed with cadmium fluoride has also been photographed in the green with a 20-ft. 
concave grating spectrograph giving a dispersion of 3-8 a./mm. in the first order. | 

The CaF bands in the orange and yellow-green appeared on all the spectro- 
grams of the cadmium-fluoride arcs, although the calcium lines were less intense on 
our plates than in the reproduction of the yellow-green bands shown by Asundi,i 
Samuel and Zaki-uddin. Direct comparison of the spectra obtained with thet 
fluorides of calcium and cadmium showed that there were no other bands in the 
yellow-green or orange that could be assigned to a fluoride of cadmium. 

No strong well-developed system of bands which could be attributed to Cd 
appeared on our plates between 6800 a. and 2400 A., but a few rather weak bands 
were observed in the region 3000-2800 a. The approximate wave-lengths and 
intensities of these are listed in table 2; the letters R and V indicate that the band 


is degraded to longer or shorter wave-lengths respectively. : 
(able2 aaa | 
D 
A ROT hentiey 
3005 R 5 | 
2961°5 V 5 | 
2908 R 2 
2904 | R I 
2862 V 5 
2819 V 3 


SS Subsequently we discussed the identity of these spectra with Prof. Samuel, who since inform 
us that Dr Asundi has re-examined the plates and verified our conclusions. 
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We have not succeeded in identifying these bands, but in view of their rather 
inconsistent behaviour we hesitate to attribute them to CdF. In addition to 
calcium, thallium was present as an impurity in our cadmium; the spectrum 
of thallium fluoride™ lies in the same region as the bands listed above, but the 
wave-lengths of the individual bands do not agree. The emission spectra of 
cadmium chloride, bromide and iodide observed by Wieland all lie in the 
) region 3500 to 3000 A., and hence the bands listed in table 2 seem to be in quite 
| a likely part of the spectrum for CdF. 


§3. ABSORPTION BANDS ATTRIBUTED TO CADMIUM BROMIDE 
' AND IODIDE 


Walter and Barratt, Barratt™, and Barratt and Bonar® have studied the 
absorption band spectra produced by various cadmium compounds and by various 
impurities which occur in cadmium; various band systems observed by earlier 
workers and attributed to Cd,, CdO and InCd were identified with CdCl, TIC 
and Bi,. Walter and Barratt tabulate some absorption bands which they attribute 
to cadmium bromide and cadmium iodide; these bands were not observed by 
Wieland“ in emission. We have noticed that the absorption bands attributed to 
cadmium bromide agree within the limits of measurement with the band system of 
thallium bromide observed by Butkow” and that of those attributed to cadmium 
iodide some agree with bands of thallium iodide® and the remainder with bands 
of bismuth iodide”. 
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ABSTRACT. The crystalline lens of the author’s left eye has, as the result of an accident, 
been destroyed. The eye is now sensitive to ultra-violet light of quite low intensity. The : 
sensation between 3600 and 3100 A. is blue, not violet. The sensations produced by ex- 
tremely faint ultra-violet light on the dark-adapted retina are discussed; the behaviour 18 
essentially similar to that in normal scotopic vision, the light appearing colourless and the 
peripheral region being more sensitive than the fovea. 


§x1. INTRODUCTION 
(1) 


ultra-violet light of high intensity as far as 3341 A. He says there is a focuseé 

image on the retina which produces a blue sensation, and a violet halo surround- 
ing this image due to fluorescence of the lens of the eye. The ability to see beyond 
about 3800 A. is, however, lost with advancing age. It has also been recorded that 
people who have had an operation for cataract, involving removal of the crystalline: 
lens, are able to see down to 3020 A. Similar observations have been made by 
de Groot. Nevertheless it does not seem to be common knowledge that ultra- 
violet light produces a blue sensation; moreover I have been unable to find 4 
record of any observations on scotopic vision for ultra-violet light. It therefore 
seems desirable to record in some detail the sensations that are produced by ligh 
between 4000 and 3100 A. now that the lens of my eye has been destroyed. 


[: has been reported by Saidman“ that young people with normal sight can see 


$2, THE HES RORY {OR PH Bab ve 


Before the accident my colour vision was quite normal. In 1933 it was test 
by Mr F. H. G. Pitt at the Royal College of Science and my colour-matching an 
hue-discrimination were not in any way abnormal. 

In January 1936, while distilling some di-iso-propyl ether* at the British Cottos 
Industry Research Association, I was involved in a very severe explosion. My righ! 
eye had to be removed and my left eye was badly cut by flying glass; the crystallin 
lens was punctured and formed a cataract. This cataract has now to a large extenii 
absorbed. The remains of the capsule of the lens and the cuts in the cornea interfer 
with the sight, but by using a small stop I can obtain almost perfect definition an 
it seems that the retina is normal and healthy. 


* Details of the explosion have been published in Chemistry and Industry, 55, 421 (1936). 
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I noticed as sight returned that dark spectacles which most people described as of 
neutral colour appeared to me to be violet; I have since observed that these spectacles, 
which are of a very common type, although absorbing fairly uniformly throughout 
the visible spectrum, are much more transparent to near ultra-violet light. As 
soon as I was able to resume spectroscopic research work I therefore examined my 
colour vision, and was surprised to find that I could see quite easily down to 
3300 A. with glass spectacles on, and a little farther with quartz lenses. 

My colour vision between 4400 a. and the red appears to be still fairly normal, 
although settings with a Nagel anomaloscope show that I am relatively less sensitive 
to red light, my setting being on the protanomalous side of the average, but well 

| within the range of settings made by various normal observers. 

In view of the effect of age on ultra-violet sensitivity it seems relevant to record 

that I am aged 26. 


§3. OBSERVATIONS WITH LIGHT OF MODERATE INTENSITY 


An iron arc has been used as a source for most of the observations; I am familiar 
with the wave-lengths of the principal groups of lines in the spectrum of this arc and 
could thus dispense with a wave-length scale. I have viewed the spectrum of the 
| arc on several spectrographs and am able to see down to 3100 A. even on instruments 

of large dispersion. Some idea of my abnormal sensitivity may be gained from the 
_ fact that I find it easier to focus and adjust the slit-width of a 20-ft. concave grating 
spectrograph by observing second-order 3400 a. than by using the first-order 
6800 A. 
The colour sensations produced by the iron arc spectrum as obtained in a 
Hilger medium quartz spectrograph (E 2) using a quartz eye-piece are listed in 
ietable 1. 


Table 1 
Wave-lengths (a.) Remarks 
7000 to 4600 Normal; intensity maximum in the green 
4500 Blue 
4400 to 4300 Blue-violet : 
4200 to 3900 Violet, but much stronger than as observed previously ; 
3800 to 3700 Very strong whitish violet. The spectrum between 3850 and 3800 A. is 


very intense and is almost comparable in apparent brightness with 
the green maximum, the light being unbearably bright if the slit is 
opened to a width of about o'r mm. This intensity is probably 
largely accounted for by the strength of the iron arc spectrum in 


this region } 
3650 Strong whitish blue-violet 
3600 to 3150 Strong blue Saabs ; 
ie 3100 Blue. There is some indication that the 3100 A. iron triplet is a slightly 


more violet shade of blue, but this may be only a contrast effect due 
to the strong blue sensation produced by the neighbouring light 

3091 Only just visible with normal slit width 
3083 Invisible 


I was at first of the opinion that the sensation produced by light between 3600 
and 3300 A. was a rather whiter blue than ordinary spectrum blue. I set up a small 


= Sot 
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spectrometer in such a way as to obtain two spectra of the iron arc, one above the 
other and relatively displaced along the spectrum. By moving the two spectra with 
respect to each other I was able to make a direct comparison of the colour of the 
ultra-violet light against the visible spectrum. Some slight difficulty was experienced 
because of the different focusing of the lenses for visible and ultra-violet light. The 
spectrum between 3300 and 3600 A. was found to make an almost perfect colour- 
match with the small group of iron lines at 4530 A., i.e. quite a true blue and 
apparently free from any sensation of white. The iron are spectrum between 4600 
and 4400 A. as observed with prismatic dispersion appeared of similar intensity to that 
between 3600 and 3300 A., the ultra-violet being if anything a little stronger; the 
iron arc of course is also rather stronger in this region as observed photographically. 

Some observations have also been made after the eye has been fatigued to light 
of various colours. After fatiguing to red light the violet region between 4300 and 
3700 A. appears less violet and the sensation is then blue from 4700 right down to’ 
3100 A. If the eye is first fatigued to blue light, then the violet patch is more notice- 
able and appears redder. It therefore seems that the red sensation, in addition to the 
strong maximum around 6000 a., has a second weak maximum around 3950 A. and 
then falls to zero at about 3600 A. The blue sensation as recorded by the retina, 
unlike that obtained by a normal eye with its absorbing lens as well, appears to be 
stimulated by light between 4800 and 3100 A., where the limit is possibly set by the 
absorption of the cornea. 


§4. DISCUSSION OF THE FOREGOING OBSERVATIONS 


Several people have suggested that my sensitivity to ultra-violet light, now that 
the absorbing material of the lens has been destroyed, is due to fluorescence of the 
retina. I am of the opinion that this is not so. Firstly, the visual acuity for ultra- 
violet light and for light in the visible spectrum is the same, while judging by the 
behaviour of oiled photographic plates used for photography in the far ultra-violet, 
I should expect a deterioration in the visual acuity for a fluorescence effect. Secondly, 
the sensitivity seems to be much about the same from 4300 to 3100 A.; since for 
fluorescence the light must presumably be first absorbed by some substance in the - 
retina and then re-emitted in all directions, I should expect a relatively much lower ° 
efficiency for fluorescence than for the normal process of sight. Thirdly, the » 
fluorescent light emitted by most, though of course not all, organic compounds } 
consists of a rather extensive continuous or banded region of the spectrum; light ! 
of wave-lengths between 3600 and 3100 A. seems to me to make an almost perfect : 
colour-match with A 4530, in which region only the blue sensation is stimulated at all 
strongly; if the sensation of light was being produced by fluorescence over a_ 
broad region of the spectrum, the saturation of the colour observed would be low | 
and an admixture of white with the blue would be required to make a good match | 
against the ultra-violet light. Taken individually none of the above reasons is} 
conclusive evidence that the sensation produced by ultra-violet light is not caused by | 
fluorescence of the retina, but taken collectively the three reasons must be considered | 
as very strong. Moreover, since all the sensations observed for ultra-violet light are} 


a 
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qualitatively, and roughly quantitatively, the same as those produced by light in the 
visible spectrum, it seems quite unnecessary to postulate any mechanism alternative 
to that for ordinary sight. 

It seems that it should now be possible to draw three-colour mixture curves of 
the type drawn by Wright and Pitt® for the retina itself between 7000 and 3100 A.; 
these curves will differ from those for a normal eye because the latter are modified by 
absorption of light by the crystalline lens, which reduces the intensity of the violet 
light falling on the retina and cuts off all but a very small fraction of the light below 
3800 A. Any attempt to draw these colour-mixture curves quantitatively would 
necessitate erecting special apparatus and calibrating light sources for the ultra- 
violet; this I have so far made no attempt to do. I have however sketched out the 
probable trend of my sensation curves in figure 1; the curves have been drawn from 


3000 4000 5000 6000 7000 
j Wave-length (A.) 


Figure 1. 


visual observation of the spectrum assisted by the fatigue-experiments already 
described, by my photopic luminosity curve, which has been roughly measured 
between 4800 and 4000 a., and by a qualitative estimate of my hue-discrimination, 
which shows a minimum of sensitivity around 4000 to 3g00 A., a comparatively high 
sensitivity around 3700 to 3650 4., and practically zero sensitivity below 3600 a. 
These sensation curves, which are of the type drawn by K@6nig and others, are of 
course purely qualitative, and cannot be considered as more than careful guesses. 
Blue light has of course a very small luminosity compared with the green, and in 
order to show the interesting features of the blue sensation below 4300 4. I have 
had to draw the blue sensation curve to a larger scale than the others. 

The colour-mixture curves published by Wright and Pitt show a rise of the red 
coefficient to a very flat maximum around 4200 A. The red maximum which I observe 
between 4000 and 3900 A. is quite definite, and the change in the appearance of 


} this region of the spectrum produced by fatiguing the eye to red light is almost 


startling. It is difficult to compare the intensities of the sensations produced by 
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widely different regions of the spectrum, as no allowance can readily be made for — 
the intensity-distribution of the light from the source, so the relative heights of the 
two red maxima are rather indeterminate. 


§s4 SCOFOPIC VISION 


Source. For examination of the sensitivity of the dark-adapted eye to very weak 
ultra-violet light, a very weak source which is relatively rich in ultra-violet light is 
necessary. A neon lamp run through an extremely small capacity glows feebly, and 
as the neon spectrum has several fairly strong lines between 3800 and 3300 A. this 
seemed suitable as a source. It was used in conjunction with an ultra-violet filter — 
which transmitted between 3830 and about 3300 a. This filter appeared almost 
black to people with normal sight, the filament of an electric lamp being only just 
visible when held right up against the filter. The neon lamp was run from the 
230-volt a.-c. mains through a switch, which was turned off but to which about 
4 ft. of ordinary flex was connected, the other ends of the flex being unconnected; 
this flex acted as a small capacity and the lamp glowed so feebly that it was barely ° 
visible in ordinary light. Some idea of the extreme weakness of this source when 
viewed through the ultra-violet filter may be gathered from the fact that to darken 
a fast photographic plate (Ilford Monarch, H. & D. 525) slightly (to an optical © 
density of 0:2) an exposure of 2 hr. at 10 in. was necessary, equivalent to an 
exposure of roughly 100 hr. at the distance at which it could just be observed by ° 
the dark-adapted eye. ; 

Observations. The process of dark-adaptation took rather long, and after half 
an hour in a photographic dark room it was only possible to see the lamp through 
the filter at a distance of 3 ft. With my eye completely dark-adapted (in the middle : 
of the night after several hours in bed) I was just able to see the lamp at a distance of 
roughly 6 ft. 

The sensation produced by such faint light was of course quite colourless. It 
was also noticed that the lamp was most easily observed by looking slightly to one 7 
side so that the image fell not on the fovea but on the outer part of the retina. This 7 
is of course also the case for scotopic vision with light of other colours, and in fact { 
the observations for ultra-violet light and visible light seem to be in all ways at 
least qualitatively the same. The degree of dark-adaptation and the sensitivity of the © 
retina to faint ultra-violet light are high. | 

Discussion of the observations. In view of the preliminary nature of the observa- y 
tions recorded above, and as I have so far not been able to measure my scotopic © 
luminosity curve, it would be unprofitable to discuss existing theories of scotopic ‘ 
vision or to make any suggestions to account for the apparently high sensitivity of | 
the dark-adapted retina to light below 3800 a. The scotopic luminosity curve for ay 
normal eye has a maximum in the green and falls off sharply on the short-wave-|_ 
length side at about 4500 a. The visible absorption band of visual purple agrees |: 
very closely with the scotopic luminosity curve, and photochemical bleaching of} 
thin films of visual purple varies with wave-length in much the same way, the\ 
similarity of these three curves being in fact the basis on which visual purple is|_ 
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) assumed to be intimately connected with scotopic vision. Recently Dartnall and 
Goodeve have pointed out that the absorption of visual purple is higher in the 
violet than that indicated by a luminosity curve drawn so that the maxima of the 
curves coincide, and have attempted to correct the luminosity curve for absorption 
| by yellow pigmentation of the retina and absorption of the lens. A quantitative 
) comparison of my scotopic luminosity curve with the absorption by visual purple 
down to 3100 A. would be very interesting. ) 


§6. CONCLUSION 


It seems that measurements of the colour-vision and scotopic-luminosity curves 
) of subjects who have had an operation for cataract, and who are thereby sensitive 
| to ultra-violet light, might considerably extend our knowledge of the very complex 
| problems associated with vision, and that the region of the spectrum between 
} 4000 and 3100 A. would well repay a more thorough study than it has so far 
f received. 
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DISCUSSION 


Prof. ALLAN Fercuson. I have had the lens of my left eye removed as the result 
| of the development of a simple cataract, but I have not, as yet, made any quantitative 
‘investigations of the type described by Dr Gaydon. Qualitatively I notice that 
} mercury-vapour lamps appear as surrounded by a vivid violet aura, and that, after 
a day spent in brilliant sunshine, I observe the late afternoon sky as very rich in 
_reddish-purple hues, the psychological effect being oddly unnatural. Further, at 
any period, acuity of vision falls off very rapidly as darkness comes on. I cannot 
resist taking this opportunity to congratulate the author on the courage and per- 
_tinacity which has enabled him to obtain so much of good from a misfortune so 


| serious. 


| Dr W. D. Wraicut. This paper is of very considerable interest and should prove 
of value in furthering our knowledge of the visual processes. My main regret is that 
our colorimeter, on which the author took certain of his observations, was not 
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designed to extend into the ultra-violet and so did not enable him to record any | 
quantitative observations on colour-mixture and hue-discrimination. I tried to: 
persuade Dr Gaydon to guess his hue-discrimination curve, but could not induce 
him to be so rash. It would appear, however, that on the assuniption that a minimum | 
in the curve occurs where the hue is at a point of change between two main sensa- 
tions, for instance at the blue-green, an extra minimum should occur at about 
3800 A., where the hue is changing back from purple to blue. The main value of the 
results will no doubt be found in relating them to the photo-chemical processes 
occurring in the retina. It would, of course, have been very exciting if Dr Gaydon 
had experienced a new sensation altogether in the ultra-violet. 


Dr F. H. G. Pirr. The author has remarked that persons who have had an 
operation for cataract, involving removal of the crystalline lens, are able to see: 
down to 3020 A. I know one who has had a cataract removed from his left eye andi 
he, too, can see well down into the ultra-violet, and like Dr Gaydon sees this as a 
blue sensation. He can also see weak light-sources through an ultra-violet filter 
(Wratten No. 18a). 


AUTHOR’S REPLY. I also have noticed the purple effect after sunset remarked on: 
by Prof. Ferguson, the colour being particularly noticeable if seen in contrast witli 
artificial light. . 

In reply to Dr Wright, I have stated in the paper that my hue-discriminatiow 
has a maximum of sensitivity (i.e. the curve shows a minimum) around 3700 0 
3650 A.; the sensitivity here is probably about 10 to 204., but as the colour of th 
light appears to change slightly with intensity, being relatively blue for strong ligh 
and violet for light of low intensity, it is not easy to draw a quantitative hue-= 
discrimination curve. 

I am very interested to hear that Dr Pitt’s friend confirms my observations. 

Recent measurements made by Dr C. F. Goodeve at University College indicate 
that my eye, when dark-adapted, is roughly 1000 times as sensitive, compared witk | 
the green maximum, as a normal eye to light of wave-length 3650. For this 
wave-length the sensation is blue for light of high intensity, violet for light of lo 
intensity and colourless for very weak light. . 


ie 
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ABSTRACT. The decrement of a pendulum falls slowly with the amplitude: hence the 
need for determinations based on small changes of angle. The resulting errors of observa- 
tion lead to erratic values but not to systematic error. The result of measurements with a 
} seconds pendulum enclosed in a case is shown by a smoothed curve, the departure from 
observed times being expressed by smoothing fractions, and a smoothing figure is a 
measure of this departure for the whole or part of the experiment. From the decrement 
) the rate of loss of energy is calculated. This 7 kg. pendulum with amplitude 53’ dissipates 
a Board of Trade Unit (which serves a 70 w. lamp for 14 hours) in rather over 100,000 
} years. Experiments with different pendulums are described by which the component 
‘losses due to suspension, rod, and bob are found. Suspension springs made from thin 
| strip clamped in chaps dissipate large and variable amounts of energy compared with 
| springs made from thick strip ground thin in the middle. The variable losses are associated 
| with variable rates of the pendulum. The cylindrical case adds considerably to the air 
/ resistance. The measured loss due to a gravity impulse lever is little in excess of the 
} computed loss from collision with the pendulum: for a seconds pendulum 1/2000 part of 
the free pendulum loss. 


§1. DECREMENT AND ENERGY DISSIPATION 


to its velocity, producing an acceleration 280 radian/sec.? when the pendulum 


| Geiss a pendulum encounters at each moment a resistance proportional 
XY makes an angle 0 with its position of rest. The equation of motion is then 
Geen FdgopRt= 6 ~ 8 aka. (a): 


d being the distance of the centre of gravity below the turning point and MK* being 


aN & = 2m times the frequency of oscillation. 


| Thus «=%e-! and § is found from ¢, and #, for % and 4% respectively from 


Se ilcoicenlow a ea ea me Te hee (2). 


# -PHYS.soc.1.,5 a7. 
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I call 8 the decrement.* ‘Then, 


' Aw 
i.e. = —— per second. 
ot 


Logarithmic decrement is defined as —Aa/« per cycle and is equal to 276/n. 


The energy of the pendulum = 3MK°*n?¢?, 


hence the loss of energy = MK*n?aha 
=27noVK*a* ergier=— = eee (3) 
§2. OBSERVATIONS FOR DECREMENT 9 


The decrement in an electrical circuit consisting of a condenser in series with an: 
air-cored inductance is independent of the current-amplitude, provided Ohm’s law, 
holds good. With a pendulum, on the other hand, 5 decreases slowly with « andi 
must be determined by observations of ¢ for successive values of « differing, say, 
by 2°5’. In an investigation of the relation between rate and arc“) 5 was needed fo 
calculating the effect of maintenance. Comments which I made on these measure 
ments did not, apparently, distinguish clearly between erratic values and systemath 
error.t I will, therefore, describe an observation. 

The micrometer eyepiece is adjusted so that a line on the moving scale fixed t« 
the pendulum comes to rest beyond the index, whilst another line travels to a 
equal distance beyond it at the other end of the swing. As the amplitude falls thes 
stationary positions approach the index, and the moment is recorded when a liny 
appears to coincide with the index, the other line doing so half a cycle later. 

An error of observation consists in ante-dating or post-dating the event, 1.e. i 
recording a moment when the lines do not coincide with the index. 


§3. EFFECT OF ERRORS OF OBSERVATION. SCALE-CALIBRATION 


In table 1 « becomes 82-14’ (column 1), 1275 sec. (column 6) from the stay’ 
Suppose the true time is 1272. The error has made the preceding interval 446 se! 
instead of 443 (making 1076 too small by 4-6 units) and the succeeding interve 
454 instead of 457 (making ro” 5 too large by 4-4 units). ‘The error makes a differena 
of 9 units in the drop from one value of 8 to the next, but its effect on the avera 
value is quite inappreciable, i.e. it does not introduce systematic error. 

The angular errors in estimating coincidences of lines with index are probab 
about the same for all amplitudes; possibly better observations are obtained wi 
large amplitudes when the glimpse of the line in its stationary position is mo 


* In a previous paper‘) I described 8 as logarithmic decrement in error. 


+ Prof. R. A. Sampson®) supposed that the values used might be systematically too large © 
10 per cent or even by 24 per cent. 


The dissipation of energy by a pendulum swinging in air 723 


Table 1. Decrement of E,, in cylindrical case. (Barometer 540 mm.) 


; 2 Bi 4 5 ie 6 7 8 9 10 II 12 
Dee ; Seconds observed We 8 Emp els anands ge ones 
x 107 | Smoothed | * caic cale. | fraction | x 108 
Oct. Nov Mean Total x To? : — obs. x rot 
002768 6 aes WS 56 
See oe be a 404 687 AG HOF Wet oes 06 
0702992 446 446 446 829 681 6 5 oe. cing 69 48 
03088 | a6] asx | 4s4 | 1275. 75 | G72 | foo} 3] 0% | 44 
0°03184 | 481 483 482 1,729 | 666 6ba ee aps 64 41 
0703289 | sor sro |. sos | 727! 658 | ¢ 3 seb ee Shoal bas 04 
0°03441 531 533 ; 532 2,716 | 648 roe 502 = 39 15 
0703508 | 546 ego) gst | 2248| 640) o3¢ |. 225 io ee 2 
0703640 | 574 386 | 580 | 3799 | 631 | 63 SF 0a lage oes QS ck 
0°03846 | 630 625 | 628 | 4379 | 620 eae 2 2d 933 II 
0°03907 | 651 eetag eed C8 | ecg | coger) 24-1 83, 24° 
0°04022 647 659 653 5,651 | 612 Ae a = 31 fore) 
0:04166 | 685 Bar 1683 |) 308 Oro epee les. | +3.) 45° | -2° 
004461 | 740| 737 | 739 987 | 605 | 5 yaaa eta) 
0°04654 789 782 785 7,726 | 597 | on es +5 66 43 
0:04863 | 834 B34 | 834 | S522 | 592) 28 bos mpl is 
o-05190 | 881 876 | 879 | 92345 581 280 8 2} =9| 104 | 108 
003436 | 964| 976 | 970 | 1924 | 573 | no Ee eat seen he 
0°05817 | 1047 1,031 | 1039 | 12*194 568 a as =%) | ve 81 
0106106 | 1073 T,080-{ 1076 | 17233 563 558 1093 | ge ers. os 
006388 | 1134 1aq3 | 1139 £39300) 55 554 1152 +2 19 04 
0°06858 | 126 a6, \21206 | 1448 | 552 ete eee 
0°07416 | I Py 1, es 1370 | 15°714 | 545 ae me. reine oe 
Be a aoe , : 8 17,084 538 543 shes 7) 49 24 
707950 | 1503 | 1,464 | 1483 | 12’ 6~ | 23. | 537 | 1481 | 9] oo | 33 
0°08663 | 1638 1,610 | 1624 | 54 ion 531 1631 PaaS ai 
0°04770 8,940 : (534) 
1'250 24,300 (515) 05? 


Smoothing figures : \/(1053 x 10~*/26), equal to 000637 for whole series ; \/(605 x 107°/6), 
equal to o-o1005 for 50’ to 35’; \/(448x10~*/20), equal to 000473 for remainder. October 
- times have been increased 1-1 per cent to correct for higher pressure. First and last figures 
in column 7 relate to 5’ intervals. 


| momentary. Thus the fraction (error in seconds/interval for 2:5’) measures the 
Proportional error in 8 and also, being proportional to the angular error, may be 
taken as a measure of the unreliableness of observation. 

Unequal spacing of scale divisions is another source of error. The scale used 
with pendulum E£ since 1931 was ruled on ivory by a firm of opticians to replace 
my amateur effort, yet in this the largest space exceeds the smallest by 4 per cent. 
I have recently recalibrated it, using the micrometer eyepiece arranged to give a 
} magnification such that 500 divisions on the micrometer head correspond to the 


| 2°5’ space. 


§ 4. DECREMENT-DETERMINATIONS IN 1934 AND 1937 


. The 8 values already referred to were obtained in 1934 from two runs, but for 
| half the intervals observations from one run only were available. From such 


. Meagre material, a spread of points on the graph was to be expected, but two 
47-2 
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especially low points near 50’, not balanced by high points on either side, suggested 
that some resonant effect due to the cylindrical case might exist for this angle. 

In October and November 1937 I made observations with pendulum Fj, 
(similar to E,, but for a larger bob for which M=7-2 kg. as compared with 6-2 for 
E,,) in the same enclosure. Two runs were used from each month. Between the 
experiments, I made two changes in the micrometer which experience shows to have 
improved the observing, but I have assigned equal weight to October and November. 

Table r will make clear the way in which I have used this material. Values for 3 
are calculated from time intervals for 10’, e.g. from 89-60’ to 79°65’ and next from 

7-15’ to 77°15’; all amplitudes are corrected by calibration and reduced to true 
minutes of arc (column 7). These values have been used as a guide to obtain 
smoothed values (column 8), for the original 25’ intervals. With any smoothed 
value there is associated a time interval derived from equation (2) which is entered in 
column 9g, and from this column 10 is built step by step giving a calculated time for 
reaching each angle and thence the difference between calculated and observed 
times. For example, «= 64-62 is entered as being reached 5007 seconds from the 
start. The calculated time is 5003 (assuming that 89-60 occurred 3 seconds later | 
than recorded). The smoothing process consists in reconciling so far-as possible : 
regularity in change of 5 with agreement between computed and observed times. . 
It should be remembered that an observation is not an interval of time but the : 
start or finish of such, and column 10 shows to what extent an arbitrary manipula- | 
tion of figures involves departure from the observed times. The smoothing fraction | 
in the above case = — 4/{(622 + 646)/2} =0-0063 (cf. § 3). The root mean square of a 
series of such fractions may be called the smoothing figure for the series, and its 
smallness is an indication of the confidence which may be placed in the result. 


§5. THE-DECREMENT CURVE 


The 1937 result is shown on a large scale (for the zero line is far below the figure; 
in A of figure 1. The smoothing figure is 00064 (the factors at the heads of columns: 
7, 8, 11 and 12 of table 1 should be noticed), as compared with o-o0118 for the 1934. 
curve obtained in the same way. If we bear in mind the time and care expended to 
obtain the later results compared with the earlier, the smaller smoothing figure is n@t | 
surprising. / 

It will be noticed in column 11 that the smoothing fraction reaches o-o1 in three 
cases, all of them in the region «= 50’ to 35’. For this region the smoothing figure 
is 0-or00, and it is 0-0046 for the rest of the curve. On comparing the October 
figures with those obtained in November, I find that the irregularities of 8 in this 
region are strikingly similar in the two cases. This would result from faulty calibray 
tion of the scale, but the deviations are five times as large as any that can come abou} 
in this way since the latest calibration. 

I think that the curve represents the truth fairly closely, but it may have beet 
simplified too much between 50’ and 30’. It lends no support to the 1934 observa 
tions of low values around 50’. The hump between 45 and 65 is real. I suppose thll) 


q 
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shape of the curve is largely due to the 20 cm. cylindrical case: I cannot see how the 
_ two regions of relatively low values would occur with a pendulum swinging in the 


open. 

Study of these large-scale curves tends to give an exaggerated idea both of the 
amount and of the irregularity of change of 8. I have therefore added curve B, 
which is the same as A but on a smaller scale so that the zero line also appears. 


Aa =e 700 
[ee San : 
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aa 500 | 650 & 
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5 8 
Xo 
8 } 600 § 
8 3 
x 
i A os 
[e) 
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Figure 1. Decrement of seconds pendulum £), in cylindrical case at 540 mm. 


§6. ENERGY-DISSIPATION. CHANGES IN 5 


The loss of energy at any amplitude can be obtained from equation (3) when the 


_ moment of inertia (6-9 x 107 g.-cm? for F,,) is known. 


Taking «=53’, for example, table 1 gives 5=596 x 10-7, n=7 (seconds pen- 


| dulum). The loss = 27? x 596 x 6-9 (53/3438)?=19°3 erg/c. This loss (9-6 ergs per 
- second) may sound a large amount, and it is enormous compared with the flow of 
energy needed for radio reception. On the other hand, a Board of Trade Unit 


(which serves a 70 watt lamp for 14 hours) is 3:6 x 10 ergs, so that the pendulum 


) loses this amount of energy in 118,000 years. 


When a pendulum is maintained at a steady amplitude, the input, of course, 
balances the loss. When the supply is (1) very steady as it is with my gravity impulse 
and is (2) independent of amplitude, change in 6 due to change in air-density, for 
example, can be measured indirectly without disturbing the clock, by noting the 
change of amplitude, for in this case the loss remains constant; hence 


Ad 2Aa 
i aa ee eeee (4). 
a 


I find that when air pressure is changed from 5c mm. to 586mm., « falls from 


| 68-49’ to 66-91’. From table 1, 1075 =627 at 68-4’ and falls 8 x 1-58/2-5=5 with 
) amplitude. With increased pressure 107A8 = 627 x 2  1°58/68-4= 29); equation (4). 
| Thus the new 1078 is 627+29 at 66-91’ and 627+29+5 at 68-49’, an increase of 
| 34 for 54 mm., just 1 per cent per cm. 


The gravity impulse fulfils the second condition that supply is independent of 


amplitude. Where inertia of the impulsing mechanism plays a part, the energy 
| supplied falls off with amplitude. This happens with a Graham escapement in the 
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early part of the impulse. In the Shortt clock the important part of the impulse— 
the last part—falls rapidly with increasing amplitude. This aids in restoring a 
disturbed amplitude and also counteracts circular error to some extent when the 
impulse is timed so that it finishes after the pendulum has passed the central 


position. 


s%. THE DISSIPATION COMPONENTS 


The loss of energy is made up of four components due to: (@) air resistance to 
the bob, () air resistance to the rod, (c) bending of the suspension spring and 
(d) movement of the support. Without knowing these separate components, I 
realized in 1931 that I could not use data relating to a seconds pendulum (S) to predict 
the loss and decrement of a half-second pendulum (H) made with the same bob and 
spring and a shortened rod. Conversely, the components can be measured by 
experimenting with different pendulums and combining the results. 4 

The decrement experiment of 1937 aimed at obtaining accurate results. On the 
other hand, experiments now to be described could be repeated more accurately, 
some data not obtained at the time (1932) have been supplied as far as possible by 
more recent experience, and, in one particular, uncertainty could have been removed 
by modifying the experiment. Moreover, the theory is approximate only, but the 
experiments seem to justify its use. However, results follow which are fairly © 
accurate, and which, so far as I know, have not been obtained by other means. 


§8. EXPERIMENTS TO MEASURE COMPONENTS 


The loss per cycle is found by decrement experiments for several pendulums } 
all supported by the same brackets through the same suspension spring D. All rods } 
are of the same diameter (;’; in.) and S and H have the same bob. For all pendulumis ; 
the loss is found for «= 53’ and also for S at «=26°5’. 

Besides S and H, bobless pendulums were used consisting of rods of different 
lengths attached to the spring. The experiments do not distinguish between (c) and 
(d), and their combined effect is called suspension loss. 

Six rod pendulums ranging in length from go to 15 cm. were experimented 
with (§ 9) and the constant suspension loss (§ 13) was separated from the variable air 
- resistance loss which depends on length and frequency. From these results, the 
rod losses for S and H are obtained, and thus the sum of the suspension and bob 
losses is found for S and H. The former is nearly the same for the two (by com- 
pensating for the reduced rod-weight of H it would be made the same, § 13), whilst! 
the bob loss for S is 1o-o times that for H. In actual fact the theory is not quite so} 
simple as this, hence the need for allowing for the S loss at 26-5’ (§ 10). The separation | 
of bob loss from suspension loss is reduced to solving simultaneous equations. 


— 


§9. EXPERIMENTS WITH ROD PENDULUMS 


To find how the observed losses E of the different rods are related to one 
another and to the rod losses of S and H, the hypothesis of § 1 is extended to th 
supposition that each cm. of rod meets with a resistance proportional to its lineati 
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Table 2. Losses by rod pendulums. Rod losses by S and H 


Rod I 2 3 4 5 6 7 8 
a 90°5 70°0 499 | 34°7 24°7 I5‘I 430 ea 
(g.) 95375. 9-273 2) ef 194-97] 135°5 96°7 59°4 168 yar. 
_n(computed,§20) 4:10 4°72 5°75 727 9347 | 13°79 631 Ho 
n (observed) 4°07 4°72 5°77 7°30 9:40 | 13:80 6-32 4% 
Seconds 70/30 1021 981 go2 800 622 Ba 893 855 
| 8x 104 8-41 8-66 9°42 10°62 13°66 22° Dift : 
c 5 if. —~o742 
mK? x ro-8 ; 994 463 172 60 23°0 6°52 III 
Erg/c. (ioc 37) 5°025 2°824 15307, 0-692 0-441 0°303 | I.L. loss 0-045 
Air loss/c. (sus- 4°84 2°64 T:20 O°510 0°259 o12I | (See § 22) 
| pension =o0-182) 
[(L+0-9)?+ 1850] 7°65 3°58 1°33 0°470 0186 00594 
=< 10° 
K 740 402 182°1 81°5 41°6 19'5 
@XI0° 655 657 | 667 626 622 621 \ 


S a&=53', «x=603°8, therefore c=656. Rod loss = 3:96 erg/c. 
26°5 I51°0 644 0°97 
‘ H 53 15st 621 07095 


velocity. A rod-length L cm. starts at o-g cm. from the turning point and the air- 


- . L+o0-'9 

resistance loss takes the form on«? x2] erg/c. A platform at 15-4 cm. carries the 
9 

iscale. As these move in their own plane, I reckon the resistance as half that for an 

equal surface of rod. If s is the suspension loss for the mean angle 53’ (§ 12), 


‘2 E—s=on|(L+0°9)* + 1850] (53/3438)? 
gi SERIE ORCS ce RS ols blir. eas (5), 


} graph through these points extended to the y axis will cut this in C at height s erg/c. 
) The line A is supposed to be the tangent at C to the graph, passing very nearly 
through points 6 and 5. Line B represents the lower end of A on a ten-fold scale, 
jand shows that the constant (§ 13) s is about 0-18 erg/c. ‘The value 0-182 is found by 
jtrial so as to make o for rod 6 just less than o for rod 5. 

} Equation (5) shows that if the line joining C to 3 (say) makes angle 6, with the 
thorizontal, then o, x 102=tan 6, (account being taken of the scales used for the 
co-ordinates). Thus, the fact that the points for the longer rods stand above the line 
which passes nearly through 5 and 6 indicates that o grows with x. 

The three arrows show values of « for H and the two cases of S for which we need 
\to know the resistance (in calculating « for these, there is no platform term). 

« ranges from 20 to 740, and the comparatively small change in 10° o from 620 to 
|660 suggests that the values chosen for S and H will not be far wrong. ‘The worst 
‘determination of F appears to be the one for rod 3. 

| The observed results and calculations are shown in table 2. Columns 7 and 8 
irefer to impulse lever losses (§ 22). The computed value of n (§ 20) is not used in 
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finding the losses. ‘‘Seconds 70/30” means the time interval between «=70 scale » 
divisions and «=30. The relation between this range and 53’ is discussed in § 12. . 

All experiments were made in the open air. Records were made of pressure and | 
temperature, but no corrections were applied for the small changes. M is the weight | 
of the rod. In addition there is 5 g. at 15-4 cm. for platform and scale. For S and H 
the values of « are calculated and these give the appropriate values of o and, finally, 
the air resistance for the rods is ox. 

The suspension loss 0-182 erg/c. is an interesting quantity (§ 21). It relates to light 
pendulums only and must not be confused with the much heavier loss with S and H, | 


for 
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Figure 2. Loss of energy by rod pendulums. In open at 750mm. 


§10. CALCULATION OF COMPONENTS FOR S AND H 


To find the ratio of the bob losses, the same principle is applied as before. If the 
flat ends of the cylindrical bob are at L, and L, cm. from the turning point, the 
resistance to the curved surface produces a loss which may be written 


Ly 
ZONK | dx, 
ly 


Lap! 
lhe surface zr? of each end has the same area as $7 cm. of the curved surface, ba 


as these ends move in their own planes o is reduced to pu, say where 1>p>0, 
the whole loss is 


es I 
sone) |, x2 dx + pr (Ie+L)/2| 


eas o for S and o’ for H and inserting the numerical values of L,, L, and 7, 
ave 

H bob loss _ o 4970+ 1186p 

S bob loss o’ 580+ 148:5p° 


The ee. of a/o’ > 8-45 (p=1)<8-57 (p=0). For want of better knowledge 
I put 3 for p as in § 9 and then the ratio is 8-500/o’. 
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With its longer rod S is heavier than H and the suspension loss is greater for S 
) than H by an unknown amount. If this is y erg/c. for H, I give one solution for the 
}case in which the S loss is 1-o4y and another for 1-08y (§ 13). The bob loss for H 
' being x erg/c., that for S at same amplitude (53’) is 8-sox x o/o’. It would, therefore, 
be just 8-50x if the change in o due to the change in range of velocities were 
tneglected. Now, S with « equal to 26°5’ has the same range of bob velocities 
\(strictly for mid-bob only) as H has at 53’, and the transition to S at 53’ neglecting 
) change in o is in the ratio of squares of linear amplitudes, i.e. 4: 1. 

| Table 3 shows the steps in calculation. Total losses are observed quantities, rod 
jlosses come from § 9, and suspension losses are expressed as above in terms of y; 
)1-04y/4 for S 26-5’ assumes that the loss oc «. This should be true for bracketing 
{and it is so for an unloaded spring. I think that it is probably not exactly true for a 
| spring supporting a heavy pendulum. Bob losses expressed as remainders contain 
\y and they can also be expressed in terms of x according to reasoning which I have 
|just given (and which is not perhaps self-evident at first sight). Hence values for 
x, y and a/o’. 


Table 3. Components of loss for S and H (ergs per cycle) 


Suspension loss for S= 
(1) r'o4y (2) r:08y 
H S S EL Ss S . 
| Amplitude | 3 53° 26:5’ 53 53 26°5 
se | : 
} Totalloss | 2-658 19°37 4°257 As in (1) 
) Rod 0'095 3°96 0:97 As in (1) 
| Suspension y I'o4y 1049/4 y 1:o8y 1:08y/4 
27563 15°41 3°305 2°563 15°41 3°305 
) Bob { —¥ —1'04y —1:04y/4 -y —1:08y —1:08y/4 
x 8:5xa/o0'| 8:5x/4 
se AMS hy — 04.8.) 075.0] Gii— TOrO5 N= 1-408; y= 1-15559°5.0/.0° = 10:05 
Results 
(1) 1-04y (2) 1-08y 
H S S A Ss So 
» Amplitude na Sei 2Oose 53 53 26°5 
| = 
Bob I'4l 14°22 3°01 1°41 14°16 3°00 
» Rod 009 3°96 0°97 0°09 3°96 oe) 
Suspension TOR 1°19 0°30 ns 125 O31 
Impulse 0°04 o'o1 to 0-02 — 0:04 oor to 002 — 
2°69 19°38 4:28 2°69 19°38 4:28 


Bob dimensions: 16:5 cm. longx7:8cm. in diameter. Rod 0-79 cm. in diameter. 


_Pendulums swinging in open air at about 750 mm. 


The second part of the table gives final results. For solving the equations I have 
: worked to three places of decimals, but the experimental work does not justify the 
retention of more than two. I have added impulse lever losses (§ 22) for com- 
pleteness. 
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§11. VALUES OF THE COMPONENTS 


I repeat that these values relate to pendulums swinging in the open air at atmo- 
spheric pressure. Bob losses are higher (§ 23) when the pendulums are inside cases. 
Perfect suspension would not materially reduce the spring and bracketing losses | 
(§§ 13, 21). 

Faulty design of the experiments is unfortunate, but comparison of the two 
solutions shows that the uncertainty introduced thereby is not very serious. 

Whilst with S' suspension loss forms about 6 per cent of the whole, it amounts | 
to 43 per cent with H. W. H. Shortt in 1928 estimated the spring loss at 2 to 
4 erg/c. He does not say how this figure was obtained, but it seems far too large 
for the suspension spring of the master pendulum. 

In H, 2 cm. of rod projecting beyond the bottom of the bob adds needlessly to 
the rod resistance. | i 

For equal speeds a square centimetre of rod dissipates just about twice as much 
energy as an equal area of bob. 

Nearly 3 of the energy lost by S is due to the bob. When low losses are desired, 
reductions can be made by working in low pressures and also by replacing air by 
hydrogen. 

The size and shape of the bob, too, affects the resistance. At the amplitudes used 
for precision clocks the air movement is not turbulent, and the important element 
affecting resistance is skin friction. In such a case shape is of less importance than 
surface area. The bob used in these experiments is not ideal in this respect. It is ; 
made of a bronze of density 8-7, as compared with 11-4 for lead. Its height is 2*7 
times its diameter, whereas the right circular cylinder of least surface for given 7 
volume has its height equal to its diameter. Actually, the difference is remarkably | 
small—s} per cent. 

Some ten years ago A. W. Hirst experimented at Bristol on a pendulum fitted 7 
first with a long bob of circular section, and later with one of elliptical section having 
the major axis about three times the minor. Results were published by Prof. David: 
Robertson.” Air pressures ranged from 250 mm. to 1275 and amplitudes from 
100’ to 300’. With these large arcs turbulent motion is present and the oval bob!) 
has the advantage, especially with high pressures and the larger arcs. With smalll 
angles, however, the oval bob is at a disadvantage owing to its larger surface and they 
circular cylinder encounters the smaller resistance. . 

I did not realize in 1932 the need for the value of E for S at half amplitude. This) 
I have supplied by using the ratio of decrements obtained from table 1. 


§1z2. RHEINBERG SCALE AND THE MEAN ANGLE | 


The observations with rod pendulums and for H were made by means of 
Rheinberg scale with o-1 mm. spaces. At a distance of 15 cm. from the turning) 
point this space subtends an arc of 2-292’ representing amplitude 1-146’. The scale 
is a photographic negative with transparent lines on a dark ground. A beam of light 
is reflected by mirrors through the scale to the micrometer eyepiece. This schema 
proved valuable in finding the short intervals of time with accuracy. Instead off 
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observing coincidences with the index (§ 2), the overlapping lines only are observed. 
These produce a characteristic flicker after true coincidence. When this ceases the 
dark space between them appears quite suddenly, so that I think the moment at 
)which the edges of the lines just touch can be observed to the nearest second. 
‘I estimate that the allowance for reading on the edge of the line is o-r’. Thus, 
“70 divisions” means that «= 69-9 x 1-146 arc minutes. 
__ 6, then, is found from the interval between «= 80-1 and 34:3, and equation 3 is 
)true for the « for which this is the decrement. In 1932 I was satisfied to take 57 
ithe average angle, but 3 is a mean with regard to time (and not amplitude) and the 
correct amplitude depends on the shape of the 5 graph. 
| In 1932, readings were taken for each 5 divisions fall of « and I have combined 
jall the observations to find this shape, which is definitely steepest in the middle, 
yeasing off at each end: a result which clearly gives no true information about 
changes in 5 and shows that the Rheinberg scale needs calibrating. As this cannot 
be done whilst the scale is in use, I have adopted the angle 53’ which would be 
tight if the graph were straight. 
| These half-second pendulums with heavy bobs are stumpy in appearance, since 
)the bobs are longer than the exposed parts of the rods. 


§ 13. SUSPENSION LOSSES 


The combined loss due to strain of the bracketing, and bending of the spring 
|could be found by measurements made with the pendulum in vacuo, for then these 
are the only losses remaining. Unfortunately for this method, the air resistance does 
not become negligible until the pressure has fallen far below what I could reach or 
measure. Air viscosity remains practically constant, whilst pressure is reduced from 
}760 mm. to 1mm. Referring to experiments with a light half-second pendulum 
‘mounted on knife edges, A. L. Loomis wrote in 1933 that “‘the decrement was cut 
jin half by reducing the gas pressure from 0-025 mm. to 0-oor mm.”’ What fraction 
| of the total loss is still due to air resistance even at 0‘ooI mm.? 
My experiments do not distinguish between bracketing and spring losses, al- 
ithough it seems clear (see below and § 21) that the first is negligible for the light 
pendulums. When a pendulum is supported on a wooden case, as in a grandfather 
clock, the bracketing loss is frequently much larger than all the others combined. 
For a precision clock a sturdy support is important. The experiments were made 
on brackets attached to a 14 in. house wall. Brickwork was removed and replaced 
by 2 cwt. of concrete well keyed to the bricks (a tedious job). Long bolts, fixed at the 
back to an iron plate, were buried in the concrete and care was taken to make a 
rigid structure of special brackets, the top plate of the case and the L girder for 
‘carrying the suspension spring. 

The experiments show that suspension loss increases from 0-18 erg/c. for the 
lightest rod (59 g.) to about 1-2 for the heaviest pendulum (7290 g.). 
The bracketing part of this increases as the square of the maximum horizontal 
: stress and so, for constant amplitude, as the square of the pendulum weight. ‘Thus, 
‘if 1-2 ergs were entirely bracketing loss, this would correspond to 0-004 erg for the 
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heaviest rod and I conclude that the suspension loss for the rods is practically pure 
spring loss, which is very nearly the same for all the rods (§ 21). 

Owing to its longer rod, S is 300 g. heavier than H (6990 g.). This increases the 
bracketing loss by 8-7 per cent and the spring loss to an unknown (probably very 
small) extent. Thus the first solution in table 3 supposes the suspension loss 
shared fairly equally between brackets and spring, and the second assumes that the 
brackets are responsible for nearly all the loss (which I regard as improbable). | 
All ambiguity could have been avoided by adding a piece of bob to H which would 
be replaced by another on S of the same size and shape but 300 g. lighter. 

It would be very interesting to know the value of the spring loss alone. Four: 
years ago A. L. Loomis was studying this matter and succeeded in observing the 
motion of the support with an interferometer. I do not know that he has published 
any results. . 

The term bracketing loss is intended, of course, to include losses in walls (on 
pillars) and beyond. 


§14. THE GROUND SPRING 


I have asserted that the suspension losses shown in table 3 could not be mucly 
reduced and have described precautions taken to keep the bracketing part small. 
The suspension spring used in the experiments was first tried in 1931. This trie 
ended a disappointing stage in the search for precision time-keeping. I had been 
troubled with a pendulum which would not hold its rate. One part after anothe 
was replaced but still both rate and amplitude increased with time. Experiments ia 
1931 showed clearly that changes in the spring could produce such results (§ 16% 
and I consulted Dr A. A. Griffith, who reported that he had experienced simila 
behaviour in springs used for other purposes and recommended the formation of ¢ 
spring by grinding away the central part from a strip of thick metal, leaving the 
thick ends for gripping. In this way, hardening of the metal by the cold working; 
where a thin strip is clamped in chaps, is avoided. This steel spring was the firs 
one which I made in this way. More details are given later; it will suffice for tha, 
moment to say that it proved a success and was soon replaced by a ground elinvay 
spring (which is still in use on pendulum £) and so left free for the experiments |) 
have described. * 

Ground springs are not a new feature in pendulum building. Keelhoft® i 
1906 takes it for granted that such springs will be used for ‘‘pendules d’observad 
tion ””—by which he means those used when one seeks the greatest precision, regard! 
less of cost. Shortt adopted them in 1921 for suspending the master pendulums 0} 
his clocks. I have recently measured one at Langleybury Church, Herts, on a turre| 
clock built in 1879. | 


§rs. CLAMPED SPRINGS | 


In 1923 I made a light pendulum for a grandfather clock which led to an un 
expected improvement in time-keeping, mainly because it was supported by th 
wall instead of the clock case. The regulation is done by weights placed on a she 
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| midway up the pendulum rod in the usual way. A record of the weights used shows 
| that there has been no secular change in rate during 14 years although this rate is 
erratic. ‘he suspension spring consists of a strip of thin invar (such was my 
ignorance) gripped in chaps. Its good behaviour in supporting the light (1-4 kg.) 
bob did not prepare me for difficulties with 7 kg. pendulums. 

When I found these heavier pendulums accelerating in rate, I suspected the 
springs of an increase of elasticity over the whole length. To account for the changes 
) observed in this way, so large a change in e would be needed that I was told fracture 
| must follow in a few million vibrations and I sought elsewhere for a cause. (Cf. 
| the local hardening referred to above). 

In 1931 I tried the effect of gently annealing an elinvar spring with astonishing 
| results. The impulse which had kept « at about 38’ now only sufficed for 25’, but 
| in only 18 hours matters had much improved. Further annealing showed that the 
) bending of the metal involved heavy losses of energy and that the cold working due 
| to the running of the pendulum rapidly hardened the elinvar. 
Then I made a steel spring of o-org cm. strip clamped in chaps and took 
| numerous observations for 6 weeks on a pendulum supported by it, both by taking 
rough decrement measures and also by making amplitude observations (§ 6) which 
gave more exact information. Changes in rate were observed at the same time. The 
} amplitude was still growing at the end of the 6 weeks when the clamped spring was 
‘ replaced by the ground one. 


S16, LOSSES WIiTH CUAMPED SPRINGS 


Table 4 shows how the decreasing loss in this clamped spring has been com- 
| pared with the loss in the ground spring. I have supposed that the suspension loss 
| (table 3) is entirely due to the ground spring: if it is partly due to bracketing, the 
| contrast between the springs is greater still. In passing from 53’ to 36’ and back I 
| have assumed that the loss oc «?, which is probably not strictly true (§ 10). The first 
two amplitudes were observed when the pendulum was in the open, the rest with it 


Table 4. Clamped and ground steel springs 


Seconds pendulum. Energy loss in ergs per cycle. The maintenance supplies 11:1 erg/c. 


Baro- : : Suspension loss 
1931 Spring meter a with Ergs ae 
(in.) TI°t erg ~=38 36° ey 
Mar. 22 Clamped steel DOS 33°53" 12°8 in open 455 9°8 
April 2 R (29:21) Bese 11-6 in open BR 7-2, 
7 ; 23°95 33°80" 12°6 in case Bu1S 6:8 
Ay 7 23°95 34°62" 1270 in case 2-515 5°5 
May 1 Ground steel (d) (23°52) 38-60 10°0 in case 0°55 es 
table 3 


When pressure is in brackets, the observed « has been reduced to that for the pressure 
_ shown in the line above. 
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in the case. The argument proceeds upwards : 1-2 erg/c. at 53’ (table 3) for the ground | 
spring = 0-55 at 36’ out of a total of ro-o with barometer at 23-95". The amplitude : 
was read at 23-52” but this figure has been enclosed in brackets to indicate that | 
38-60’ is the amplitude corresponding to 23°95" obtained by applying a correction 
for 0-43” to the observed reading. Thus 11-1 erg/c. maintains « at 38-60. The loss: 
10:0 for «= 36’ is obtained by neglecting any change in 6 for the small change of «, 
so that ergs vary simply as «?. 

Similarly, on April 27 the loss with the clamped spring would have been 12:0: 
at 36’, i.e. 2-0 more than with the ground spring, and this change is due solely to the ¢ 
spring: 0°55 erg/c. for the ground spring changes to 2°55 for the clamped one. The: 
result for April 7 is obtained in the same way. 

On April 2, the air losses are different and I have assumed that from April 2 to‘) 
April 7 the spring loss fell off at the same rate as during the next period—hence 
3:3 for April 2. The next step backwards is from 11-6 to 12°8 calculated as before, '| 
an increase again due solely to the spring. 1 

At the start, then, the loss in the clamped spring is 8 times that of the ground:) 
spring. After 5 weeks the loss is only 56 per cent of its initial value. 

The decrease in loss of energy was accompanied by a rapid increase in clock!) 
rate; towards the end of the 5 weeks it still amounted to o-o1 sec./day’. 

The annealed elinvar spring when started up showed a loss which would have ¢ 
been about 30 erg/c. at 53’ and as has already been stated a large part of the rate of i) 
loss had disappeared after the pendulum had been swinging for 18 hours. | 

With ground springs, on the other hand, the amplitude remained unchanged from () 
the first day of use and there was corresponding stability of rate. 


§17. THE UNIFORM SPRING 


The theory of the suspension spring has been dealt with by various writers 7.’ 


About its behaviour when in use, on the other hand, I have found very little. 

With a uniform spring the top end is the troublesome part, because curvature( 
increases rapidly from the middle to the top, especially with springs which are! 
otherwise of suitable dimensions for a precision pendulum. This is shown ini) 
figure 3 relating to springs of which details are given in table 5. The first of these 
is the uniform counterpart of the 1931 ground-steel spring (so far as it can correspond, 
to a non-uniform spring). ‘The thickness (nearly 0-006”) is reasonable and the} 
spring is certainly not too short. Its shape in use is shown as curve A where the! 
amplitude is pictured as about 33° (!). Notice how nearly straight the bottom halfl! 
of the spring remains and how much of the bend is taken at the top. This is showni!, 
more clearly by curve B which shows the curvature for all parts. The greatest 1 
curvature, 0°048, at the top falls to half value at 0-2 of the way down and to one+) 
tenth at the lower end—the values relate to the reasonable amplitude of 53’. | 

The weight of the pendulum subjects the spring to a nearly constant stress) 
Mg/ew dyne/cm: (for the meaning of the symbols, see table 5) through the whol s 
of the spring. . 
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There is an alternating stress due to the bending of the spring which reaches its 
largest (positive or negative) value for each part of the spring at full amplitude. 
This peak value is largest on the surface of the spring just at the top, viz. ec/2pp. 

Consider first a spring consisting of one piece of metal forming both spring and 
ends. Uniformity involves an abrupt change of section at each end, as in A of 


(1) Uniform spring (2) Curvature when « = 53’ 


| 2 3 4 5 102 
] 


Ip 


5 Figure 3. Shape and curvature of uniform suspension spring. A, Shape of spring at large amplitude, 


A=3°28; B, curvature of this spring, «=53’; C, curvature of spring 50 per cent thicker than 4 
when «=53’, A=1°89. 


Table 5. Uniform springs 


Stresses 
i | Datel 
» Seconds e bi ae Spring) w | c ze eR eer d 
J pendulum dyne/cm? Po faded Rend. 
| oa en 
| ing ing 
: M=7290 g. I Teo OLO1A Sin O20473 aime OOm NEA 7 alors 
fet =195 cm?2| 2°13 x 10!” I'05 227 0:0222 | 00286 | 2°53 | 6°78 || 1:89 
i 3 1) 4-30.) o-0148 | 070286 | 1x2) 4°52) 1-89 


Spring dimensions: /, length; w, width; c, thickness; all in cm. Young’s Modulus, e. 
The bending stress is the largest one, viz. that on the surface at the top when «= 53’. Spring 
properties (shape, effect on rate etc.) are expressed in terms of A and its hyperbolic functions, 
where A=1/(12Mg/ec*w). t+ About centre of mass. 


figure 3 and d of figure 4. It is well known that abnormal stresses occur in the region 
of a discontinuity of this kind, but the analysis which provides the figures in 
table 5 takes no account of these abnormal stresses. Theorists tend to lose sight of 
them. Thus Keelhoff, in referring to the ground spring, urges that the rounding off 
between the spring and the thick end should be made very short lest it should 
invalidate the calculations, ‘‘le contraire n’aurait d’ailleurs aucune utilité.””* 


* Suspension a Ressort, p. 16.(6) 
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The top extremity, then, of this spring is a region of especially heavy stresses ati | 
the outside layers. When the spring consists of a thin strip gripped in chaps matters’, 
are worse still, because there is movement within the jaws (§ 21) and this cold\ 
working will lead to hardening of the metal. The slipping to and fro of the springy) 
surfaces within the chaps accounts for some at least of the losses observed. As ther: 
metal hardens there the movement will decrease and so will the loss of energy.’ 
Moreover, the spring ceases to be uniform and less of the bending takes place at the; 
top, the turning point of the pendulum (T in figure 3) moves down and the rate: 
increases. . 

Since a light pendulum supported by a clamped spring has worked satisfactorily, 
could not a pendulum five times as heavy work well with a similar spring if this is: 
made sufficiently sturdy? In table 5, spring 2 differs from spring 1 only in c which’ 
has been increased 50 per cent. This makes No. 2 3-375 times as stiff as No. 1. 
Figure 3C shows that curvature is much more uniform and the curvature at the: 
top is only 60 per cent of the former value. This, however, is largely offset by the :) 
greater thickness, so that the highest bending stress is not materially reduced, and it 1 
is increased for most of the spring. It seems, therefore, more hopeful to make the : 
spring wider instead of thicker. To make the same change in d and in stiffness, the :) 
width must be increased to 4:3 cm., making it rather difficult to house the spring. | 
Curvature is the same for No. 3 as for No. 2, and now there is an appreciable fall in }) 
the bending stress at the top; but this is spread over 3-375 times the distance. If a jj 
clamped spring can avoid secular change with a 7 kg. pendulum, it will, apparently, , 
be a very stiff one and the ground spring, which need not be so stiff, is the more 4 
attractive choice. 


§18. THE NON-UNIFORM GROUND SPRING 


In figure 4 four stages are indicated in the development of the suspension spring. | 
The change from the clamped spring (a) to the all-one-piece spring (6) cuts out | 
the working within the chaps. This could probably be effected by soldering the } 
spring in the chaps as Sir Charles Boys has done. There still remains the | 
abrupt change of section which gives rise to abnormal stresses. 

When the spring is ground out of the solid (c) the easy transition from uniform | 
spring to rigid end will occur even when the maker does not know that this is an | 
important result. 

So long as the rest of the spring is uniform, the top part has the heavy share of | i] 
bend and stress shown in table 5. The last step, then, is to make the spring non- 
uniform (d) and leave it somewhat thicker towards the top, so as to make the 
curvature more uniform. . 

The theory of the non-uniform spring is difficult compared with that of the ‘| 
uniform spring. J. Haag has stated the general theory fully—the differential equa- | 
tions are there but, except in trivial cases, they have not been solved. In order to 
obtain information about a suitable section for a spring, it is useless to try to find 
the shape which a spring of given section will assume as the pendulum swings, 
because the differential equation stands in the way. If, however, the shape is given, 
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- section can be found, for example, which makes the spring bend into a circular arc. 
_ This would not be adopted in practice because the central part of this spring is 
nnecessarily thick. I have obtained various other solutions, which seem reasonable, 
based on equalizing the stresses on the surface of the spring rather than the 
rvature. I do not think that any special form will lead to a perfect spring, but 
theory can help in deciding how much thickening-up is to be desired towards the top 
’ of the spring. 


a b c a 


' Figure 4. Suspension springs : a, uniform spring clamped in chaps; 6, ends and spring all one piece, 
abrupt change of section; c, ground uniform spring, change of section eased off; d, ground non- 
uniform spring for more uniform curvature. 


§i9. ELINVAR VERSUS STEEL SPRINGS 


| _ I was able to use spring d for the experiments on component losses because I 
J replaced it on pendulum E£ by a ground elinvar spring. It is not so easy to make a 
good spring from this as from steel. An alloy called “Isoelastic” is used in America 
| for the coiled springs of weighing machines. Prof. A. W. Price of Toronto has 
| kindly sent me a strip of this material, from which I hope to fashion a suspension 


mm. 
o 4 
0-2 
acgaeaee 
| 
Cer ee tree Oe PS eee IO El TI ome: 
Top Bottom 


Figure 5. The ground steel spring d. Notice easing off into thick ends. The growth in 
thickness towards the top is desirable. That towards the bottom is detrimental. 


> ei 


spring. Isoelastic may prove more suitable than elinvar for this purpose. At 
| Greenwich the elinvar spring of SH, No. 3, has been replaced by a steel one” in 


/ Way. 

This raises the question whether it is important to secure a zero elasticity 
coefficient for the spring, when changes can be compensated at the bob and when 
| temperature-control should make even this unnecessary. I think that control is 


PHYS. SOC. L, 5 : 48 
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always imperfect because this relates to air-temperature, which settles bob- | 
temperature, whereas spring-temperature depends partly on the wall (or pillar). 
temperature where the pendulum is supported. For my clock F, which is kept at’ 
constant temperature, I have followed the example of the National Physical | 
Laboratory by using auxiliary heating for the brackets, which helps also to maintain’ 
a constant temperature-gradient in the sealed case. 

Figure 5 shows the contour of spring d. The increase of thickness towards 
the bottom is quite wrong (§ 18). Towards the top end the increase is, I think, | 
insufficient. 


§20. SPRING d. YOUNG’S MODULUS AND PENDULUM RATE 


I found by a simple experiment on d that a pure couple 8-52 x 104 cm.-dyne : 
bends the spring through 0-128 radian. Suppose that the spring at « cm. from one «| 


end makes an angle 6 with this end under the couple, then the couple is 


ecto dl 
12e die 
ld 
whence 6,= Za ee | - shoe (6). 


The measurements used for figure 5 show that the integral = 3-38 x 10°. It follows ¢ 
that e=2-13 x 101”, indicating a good quality of steel. A uniform spring of length 
1-05 cm., of equal flexibility, and of the same width and material has 1-05/c*® equal to } 
3°38 x 10°, so that c=0-0146 cin. On the other hand, the uniform spring giving the 
observed frequency with the shortest of the rods suspended from it would be: 
0:0148 cm. thick and the difference between the two values is a hint that no uniform 
spring is equivalent to a non-uniform one. The formula giving for a pendulum 

suspended from a uniform spring is shown in table 6. | 


Table 6 
Se WS Pos Rod, 15 cm., A=0°309 
n® _d+l/ar tanh A 96:72 +0°32 8-46 + 11°32 
g a’?+k*+dl 9355+195 +101 71°57 +21'13+8:88 
N= ies 


The centre of mass of the pendulum is d cm. below the bottom of the spring. 
k is the radius of gyration about the centre of mass. A is defined in table 5. 

I have given numerical values for the different terms in the formula for the. 
largest and for the smallest of the pendulums used in the experiments. With an / 
ordinary pendulum the second term in the numerator forms a small correction to the 4 
main term d, but for the short rod it has become the principal term. It is interesting |) 
to find how well the formula fits so large a range of cases. For this reason, I have }} 
given the computed values of m above the observed ones in table 2, but the latter 
have been used in connection with the experiments. : 
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§21. ROD PENDULUMS: SPRING LOSS 


In a suspension spring the alternating stress due to bending is combined with 
the constant stress due to weight and it is not to be expected that a formula which 
is true in the absence of the latter stress will also apply when it is there. Kimball 
and Lovell"? showed that, when an element of volume dV of an elastic body is 
subjected to an alternating stress whose peak value is S,,, the energy dissipated will 
be €x S,,?dV erg/c. € is a constant depending on the material. 

Taking the case of a uniform spring and integrating for the whole volume, 

_ €elMge? 


I I \ 
Loss = x (5 ocaniict €ryice Pg. 7). 


Here « represents terms aggregating about 3 per cent of the whole for a seconds 
pendulum, to which the formula does not apply, but for all the rod pendulums the 
' terms are quite negligible. For all the rods, the constant stress is comparatively 
small and for these the formula should be nearly true. 
Here A is a proper fraction and the formula can be simplified to 
eee TO ge 


L x 
OSE sees: (1 ie 0-0044°) ergic. (8). 


Replacing the non-uniform spring d by the uniform spring of equal flexibility, I 
_ find A=o-32 for the shortest rod and 0-75 for the longest. Hence the loss is 
-€ x 3°36 x 10! x 1-0002 for the short rod whilst the last factor is 1-006 for the long 
one. The greatest loss, then, is only 0-6 per cent larger than that due to a pure 
_ couple. Thus the spring loss is practically the same for all the rod pendulums, as 
_ has been assumed in § 13. 
_ Assuming that the whole of the observed suspension loss is due to the spring, we 
Mave 3°36 x 104f=0-182, or €=0°55x 10- In Kimball and Lovell’s list the 
smallest value of € is 0-306 x 10- for hard rolled phosphor bronze. Next to this 
comes 1:10 x 10~” for swaged nickel (34 per cent) steel. Thus, the steel of d comes 
_ between these two substances with smallest losses. This seems to confirm the con- 
clusion that for the rod pendulums there is no appreciable bracketing loss. 
Kimball and Lovell experimented with flexible rotating bars. They also experi- 
mented with springs and make a statement which bears out the conclusions arrived 
at regarding clamped springs. They say that the vibration tests gave values 2 or 
3 times as high as those obtained by the other method: “‘considerable energy was 
dissipated by surface friction in the clamps.” 


a peal 


§22. IMPULSE-LEVER LOSS 


The impulse levers for pendulums £ and F consist of three arms mutually at 
right angles, one of which carries the needle points forming the axis, which is placed 
/ in line with the axis about which the pendulum turns. The other horizontal arm is 
| weighted and produces a clockwise moment about the axis causing the lower end of 
] 
| 
| 


48-2 


a 
1) 
} 

} 

| 
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the vertical arm to press towards the left against the pendulum rod or else against: 
the armature lever which moves between two stops. When the pendulum, moving; 
towards the right hand, reaches an angle 6 beyond the vertical, it picks up the impulse 
lever and the two move together to the full amplitude and back again to angle 6 on 
the left hand of the vertical. During this extra (20) left-hand movement, the energy 
necessary for maintenance is supplied to the pendulum. 

Observations for decrement may be made (a) with the impulse lever entirely out 
of action, clear of the pendulum, or (b) with the armature lever stationary against its 
right-hand stop and impulse lever in position, the pendulum picks it up as usual at 
+6 but, after passing full amplitude, drops it again at + 8, no energy being supplied - 
to the pendulum, or else (c) with the armature lever to the left so that the impulse 
lever moves through the range —@ to +« and back to —0. 

In (a) decrement is due entirely to loss of energy by the free pendulum. In 
(b) there is in addition loss due to the impulse lever, this being less than the loss 
when the lever is impulsing, and in (c) the additional loss is greater than this latter 
loss by an equal amount. 

In order to find the lever loss, then, the decrement for (a) is subtracted from the 
mean of the decrements for (b) and (c). The lever loss is, however, so small com- 
pared with the pendulum loss that it cannot be observed with an ordinary pendulum 
which the lever is intended to impulse. The losses with rod pendulums being 
smaller, I made one of these which beat nearly half seconds and obtained the results 
shown in columns 7 and 8 of table 2, showing a loss due to the lever of 0-045 erg/c. 

Apart from frictional losses there is loss of energy due to the inelastic collision. 
when the pendulum, meets the lever. This collision imparts energy to the lever, 
which is lost when the lever is arrested at — 6, and there is further loss of energy as : 
heat. When mk? for the lever is very small compared with MK? for the pendulum, | 
the equation resulting from the principle of conservatum of angular momentum 

‘shows that these two amounts of energy are virtually equal and that their sum 
= mk?6? = mkn*x2 cos? 7, 6/% = sin. With 6=25' and «=53’, the loss due to collision | 
1s 0-037 erg/c. 

Turning again to the experimental result, comparing the larger amplitudes with 
the smaller ones I find that the loss for the former is too small compared with that 
for the latter. ‘To get an accurate value for so small a quantity, it would have been » 
necessary to repeat the experiment many times. I feel justified, however, in con- + 
cluding that the total loss is not greatly in excess of that due to the collision and? 
for want of more exact information I think it best to adopt this calculated value for 
the impulse lever loss. Hence the value 0-04 erg/c. for H given in table 3. 

For S\(2=7 as compared with 27 for H) the collision loss is reduced to o-o1 erg/c., | 
which is the figure I have inserted in table 3. I suppose that the total lever loss is at 
most less than 0-02, which is about one-thousandth part of the pendulum loss. 

Prof. Sampson says of Cottingham’s lever that its loss “‘appears to amount to 
one-tenth of what is required for free maintenance.” I have not seen this clock, | 
but in making my lever I was following Sampson’s description of Cottingham’s. | 
I cannot suppose that any lever could dispose of 2 erg/c. 


<ettee 
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My lever weighed 2-93 g.: The horizontal arm from axis to centre of gravity is 
small. In order to increase this arm and thus the constancy of impulse, I have 
reduced the weight of the lever to 0-7 g., of which nearly one-third is at the solid 
end of the horizontal arm. This lighter lever has, however, a moment of inertia 
larger than that of the old lever. For these new levers, I sought in vain for tubes 
with thin walls and had to make these myself out of o-oo1-in. german-silver foil with 
| silver-soldered seams. 


§23. EFFECT OF ENCLOSING PENDULUM IN CASE 


H is normally enclosed in an inverted propagating glass with the bob about half 
way up. ‘This case adds about 16 per cent to the total loss and so about 30 per cent 
) to the resistance experienced by the bob. When the air pressure is reduced by 
200 mm. the loss is about the same as at full pressure in the open. S is housed in a 
| glass cylinder 122 cm. long and 20 cm. in diameter. This adds somewhat less than 
20 per cent to the decrement and again reduction to about 550 mm. restores the 
) open-air amplitude. 

I have no experience with pendulums working in gas at low pressures. 

I have not found the opportunity for repeating the experiments on loss com- 
| ponents with greater precision. In the hope that another investigator will do so, I 
have taken care to point out the short-comings of these experiments. 
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ABSTRACT. Ina previous experiment the amplitude deviation was almost equal to the : 
circular deviation. The present experiment was made on a lighter pendulum with a long | 
suspension spring, moving in different surroundings. The amplitudes ranged from 
108’ to 224’ as compared with the previous range of 30’ to 70’. The deviation is about 
15 per cent larger than the circular deviation and is well represented by the latter plus a 
linear term. Two other experiments with Graham’s escapement are referred to, in which 
the driving weights are varied. One of these, described by Sir Henry Cunynghame, seems 
to be hypothetical, for it yields an amplitude giving a minimum rate instead of a maximum 
one. Guillaume overlooked the large temperature effect produced by an invar suspension 
spring, which the author found by experience and calculated. Prof. R. A. Sampson sought 
to find the deviation by observations on a Shortt clock without allowing for impulse 
deviation. It is pointed out that the deviation for the master pendulum when it is impulsed 
is less than the deviation for the pendulum when it is free. In addition to the vibration 
used for time-keeping, a spring-suspended pendulum has a parasitic mode of vibration 
which the concentrated Shortt impulse is well adapted to set up. Prof. Sampson has } 
analysed the author’s previous experiment by the method of least squares and concludes” 
that the solution given is but one of a number of possible solutions. Neither of Sampson’s 
alternatives is a least-squares solution and both involve impossible values of the decrement. 
The corrected normal equations confirm the original solution. 


§1. NEED FOR A SECOND EXPERIMENT 


vibrating in air, which showed amplitude deviation agreeing closely with the ? 
circular deviation calculated for motion about a centre in vacuo. The result | 
for this pendulum, £,,, does not necessarily hold good for other pendulums. For, 
this reason, I tested a grandfather clock by changing the driving weight from time 
to time during ten weeks in the winter 1936-7. : 
Until fifteen years ago, this clock was just a good household clock made almost 
140 years ago. Then I provided it with a new pendulum which was bracketed to the | 
wall through the back of the clock case. This change converted it into a first-class | 
time-keeper, but not into a precision one. Minor changes followed, and in 1936 I | 
made a new pair of Graham pallets, taking care to make the front faces truly dead, so 
that the impulse deviation could be correctly calculated. 
This seconds pendulum, G, is contrasted with E,, of the previous experiment, | 
in table 1. G has a light bob and a very long suspension spring. The long, narrow i 


To years ago I described experiments” with a spring-suspended pendulum 
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Table 1. ‘Two experiments compared 


The pendulums 


Bobs , Rods NG Suspension spring 
: Dia- : Dia- F Case pres- Thick-| Y y 
Height apes Weight eee Weight sure | Length) Width a ie 
(cm.) | (cm.) (g.) (cm.) | (g.) (cm.) (mm.) ] rie tk > ‘ d 


16-0 74 5740 08 440 cylinder 540 1°08 1°27 | 0014 | 1°7 X 10°| 3:96 
diam. = 20 
6-7) 9°6 471 1430 0°32 70 46 X 10 750 2°54 | 0°66 | oro2z | 1-5 x 10°| 3-63 
16 2°4 60 (at bob 7:5) 


G has an auxiliary bob for regulating and a plate opposite to the bob to prevent air reaction 
+ between the driving weight and the bob. A=1\/(12Mg/ec*w). M is the total mass of the pendulum. 


Range of observations 


Amplitude Rate (sec./day) 
Ey ZB0" to 70" 04 to 2°2 
108’ to 224’ 6:2 to 26:2 


| space in which it moves probably involves more air drag than does the cylindrical 
) case of F,,. The space is further reduced opposite to the bob by a shield, which 
} prevents air reaction between the bob and the driving weight. 

The range of amplitudes, too, is different in the two experiments. Hence there 
| is a range of rates in the second experiment ten times as large as in the first, which 
| makes up for the larger errors in rate and amplitude which must be expected. 

. In this paper definitions and explanations given in the previous one will not in 
+ general be repeated. Even for the largest amplitude « involved, the circular devia- 
tion is represented with sufficient accuracy by 86400 x «?/16 sec./day, when « is 
| expressed in radians. 


§2. RESULTS FOR PENDULUM G 


The results for pendulum G are shown in table 2. The alphabetical sequence is 
that of amplitude, the numerical sequence, column 2, shows the order of events, 
large and small amplitudes being taken roughly alternately in order to reduce the 


Table 2. Amplitudes and rates [+ means losing rate] 


2 3 4 5 6 7 8 9 10 II 12 
Driving} Ampli- | p.e. | Equiv. ane Impulse} Free {| Circular 
: Des 3 E 
d| Order} Days | weight | tude angle pe: devia- pendu- devia- 
(kg.) | (mins.) |(mins.)|(sec./day)| (sec./day) (sec./day)| tion lum tion 
2 8 I‘IO 108°6 o'8 0:08 0°49 0°05 1°61 —TI-12 5°39 
i Io TOL 124°8 OFT 008 2°05 0°07 1°31 + 0°74 Fei 
4 Sila 2:07; 147°0 o-5 | 006 5°28 0°04 1:06 4:22 9°88 
5 Io AGP 164°8 o'8 o'12 8:03 o'13 0:96 7°07 12°41 
3 6 3°68 188-6 03 0°05 12°58 foo ae) 0°88 11°70 16°25 
i Ke) 4°42 203°7 o'7 O13 15°19 o'18 0°83 14°36 18:96 
6 8 5°85 223°8 06 O12 19°68 0:09 O'75 18°93 22°89 
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effect of a possible drift in rate. With reference to the driving weights, the clock was 
originally worked by 5-2 kg., but the usual weight now is 1-5, the reduction being 
partly due to reduced amplitude and largely due to the reduction in loss of energy: 
effected by fixing to the wall. Amplitude is measured on a fixed scale, over which 
the pointed end of the rod moves. The probable error of amplitude observations is 
given in decimals of a minute of arc and converted, by the result of the experiment, 
into seconds per day (col. 6), fer comparison with the probable error for rate (col. 9). 
The two are roughly of the same order, namely or sec./day. 

The rates given in column 8 are the observed rates, reduced to 29°5 in. by applying 
a barometric correction of 0-4 sec./day per inch. ‘This is the observed variation when} 
%=126' and includes the remote effect due to the change of amplitude. For the 
larger angles it is, therefore, likely to be too large. No correction has been applied 
for temperature (§ 7), and no barometric correction has been applied to amplitudes. ; 

Rates were obtained by daily comparisons with the 10-0-h. Greenwich rhythmic 
signal, amplitude and barometer being observed about the same time. . 

Free pendulum rates, column 11, are found by deducting impulse deviation, | 
column 10, from observed rates. 


§3. FITTING A FORMULA .TO THE OBSERVATIONS 


Geometrical considerations suggested two solutions which were then computed : 
by the method of least squares. If the free pendulum rates (ordinates) are charted 


30 


26 


22 


Deviation (sec./day) 


| 


6 0 
400 120 140 160 180 200 220 240 
Amplitude (min.) 


———_] 
K6-00089} & radians 


86400 


| 
| 
Figure 1. Amplitude deviation. Solution B. Circular deviation +0-0244m, where amplitude is in 
minutes of arc. The curve is a computed one, whilst the points are observed amplitude deviations. — 


against amplitudes (abscissae), we are at liberty to move the whole group vertically 
so that the lowest point a lies on any curve, for we are concerned only with relative 
rates, absolute rate being merely a question of regulation; see figure I. 


The amplitude deviation of rate of a pendulum 745 


| For another point, say g, to be on the curve at the same time, the range for the 
| two points (20-05 sec./day) must be the same as the range for the curve. The 
} corresponding circular deviation range is only 17-50 sec./day, and this must be 
_ increased by about 15 per cent to include the two points. The middle point d will 
) lie ona curve containing a and g if the vertical distance Pd of d from ag is equal to the 
| corresponding intercept between the chord and arc of the curve. Now, for the points 


Pd=PN—dN 
_ 164°8 — 108-6 | ; 
223°8 — 108-6 °° OF =(7-07-- 1712) 


= 1°59 sec./day. 

For circular deviation, the corresponding calculation gives 1-51 sec./day. This 
| intercept is 5 per cent less than for the points. There are two simple ways of 
modifying circular deviation to embrace a and g: (A) We may use a multiple 
| —about 1-15—of it, and (B) we may adda linear term xz to it. (A) will increase the 
intercept to about 1-73, which is too large for d; (B) will leave it at 1-51, which is too 
» small for d. This suggests a combination of (A) and (B). These considerations 
concern only three out of seven points and have taken no account of errors due to 
} observation and to erratic behaviour of the clock. 


§4. TWO FORMULAE 


Solution (A) is expressed by the formula 


x x circular deviation=free pendulum rate+y, 


) whilst for (B) we have 
circular deviation +. x amplitude =free pendulum rate+y. 


For finding x and y in each case, there are seven equations of condition which have 
been reduced to the necessary two equations for finding x and y by the method of 
) least squares. I find 


(A) free pendulum rate + 7-23 =1-147 X circular deviation ...... (1), 
(B) free pendulum rate+ 8-99=circular deviation+77% —...... (2); 


| Rates are given in table 2, columns 11 and 12. Circular deviation = 86400 x «*/16, 
| « here and in the linear term of equation (2) being measured in radians. Thus in 
} equation (2) «2/16 becomes «2/16 + .0-00089%. When « is expressed as m’ (minutes of 
arc), 77% becomes 0:0224m. 
| Figure 1 shows solution (B), the sloping straight line showing the linear con- 
| tribution starting from an-arbitrary zero at 100’. able 3 compares the observed 
| with the computed rates for the two formulae. In (A) the central part of the curve 
is too low (column 4) whilst the extreme parts are too high: the curvature is too 
great, which agrees with § 3. In (B) examination of the residuals does not suggest 
) whether the curvature is too large or too small—the erratic variations are too large. 
| The graph gives the impression that no appreciable improvement on solution (B) is 
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Table 3. Two curves representing rates 
A B - i 
i 2 3 4 5 6 7 
| Free pen- 5 Observed | Free pen- oe Observed 
_Amplitude — dulum 1'147 Ae. minus dulum 16 minus 
(mins.) +7°23 16 calculated +8:99 +0:00089% | calculated 
(sec./day) 
108°6 6-11 6:18 —0'07 7°87 7°82 +0°05 
124'8 7:97 8°15 OHS 9°73 9°90 = O17] 
147°0 II°45 11°35 “0710 UBsezit 13717, +0°04 
164°8 14°30 14°24 + 0:06 16:06 16°10 —0'04 
188-6 18:93 18°64 +0:29 20°69 20°47 + 0:22 
203°7 21°59 21°74 —o'ls 23°35 23°51 —o-16 
223'8 26°16 26:25 —0'09 27°92 27°89 + 0:03 
Root mean square 0O'154 O'lI7 


In columns 3 and 6 the formulae have been multiplied by 86,400 to give values in seconds 


per day. 


possible: the main offenders e and f will be respectively above and below any smooth 
curve. The root mean squares of the residuals show that (B) is a distinctly better | 
solution than (A). I offer (B) as a suitable formula for pendulum G. It can be put 
in the form free pendulum rate + 9:26 = 86400 («+ 0-007)?/16, but this does not 
suggest to me any theoretical meaning for the linear term. 


§5. THE IMPULSE DEVIATION 


If a uniform impulse is delivered to the pendulum commencing when it is 0,’ past 


the vertical and lasting to 0,’, this will cause the pendulum to lose 


where 6 is the decrement, n=27 x frequency=7 for a seconds pendulum, and 
I measured 6, and 6, by fixing a millimetre scale just 
above the fork of the lever so that it moved with the pallets. The index consisted of 
several lines not uniformly spaced. In this way I eliminated, I hope, personal errors 
in estimating fractions of the millimetre. The beat is adjusted so that 6, is the same 
when escape is from the right pallet as from the left. Then the two 6, values are not { 
so nearly equal as I had hoped. For calculating deviation I used the average value. 
Pivot friction adds largely to the decrement of the pendulum. To secure uniform | 
action it is important for the fork to touch the pendulum on one side only. Hitherto 
I have secured this by means of a counterpoise, which serves the purpose, but 


sin 74, =0,/a, Sin 7,=G,/ a. 


86400— : ta 


n use “seconds per day 


(12) 
> 


produces a reaction in the bearings and adds to the friction. When amplitude was ; 
to be doubled for this experiment, the counterpoise was increased, and with it the } 
decrement. I have now replaced the counterpoise by a light spring at the fork } 


pressing on the other side of the pendulum rod. 


Table 2 shows that the change in impulse deviation is less than 5 per cent of the 


change in rate, so that errors in determining the former do not have an appreciable 
effect on the result. 
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§6. IMPULSE DEVIATION BALANCING AMPLITUDE DEVIATION 


The slowing effect of a dead-beat impulse falls off (see table 2, column 10) 
/ with increasing amplitude, whilst the amplitude deviation increases. Equation (3) 
| shows that the deviation, and also its rate of decrease with increase of “, is 


T+ T2 


increased by increasing , 1.e. by retarding the impulse and especially by 


_ delaying the release of the scape wheel. 
Theory indicates that with a much retarded impulse and for amplitudes of, say, 
| 120’, impulse deviation falls more rapidly than amplitude deviation grows, i.e. rate 
} increases with amplitude. Eventually, of course, the latter deviation takes the 


|which Mr A. E. Ball of Messrs Gent sent to him in 1925, relating to a Graham 
} regulator, showing a maximum rate of this kind. 

f Sir Henry Cunynghame™? describes the experiment of changing the driving 
) weights with a Graham escapement. He states that a minimum rate will be found 
/ and that this is somehow due to friction on the dead faces. I conclude that he had 
{not tried the experiment himself. With reference to this escapement he quotes 
| Airy’s formula, but says that the impulse increases the rate. 


§7. TEMPERATURE ERROR DUE TO SUSPENSION SPRING 


When I first installed this pendulum, I was at a loss to explain the very large 
jincrease of rate with temperature. As the clock was operating in the open air, the 
decrease of air-density with rise of temperature would cause an increase in rate 
which might easily balance, and more than balance, the slowing due to growth of the 
/invar rod and bobs, but this did not suffice to explain why the main bob must be 
|supported a considerable distance above its top. Later the explanation became 
‘clear. I had used invar for the spring as well as for the rod and I had omitted to take 
jaccount of the growth of its elasticity with temperature. I erred in good company, 
ifor Dr Guillaume, the inventor of invar and of elinvar, deals with the compensa- 
| tion of a pendulum, supplied with an invar spring, in great detail yet omits all 
treference to the spring except to remark that had it been made of steel allowance 
would have to be made for the variation in its length. 

When X is as large as with this pendulum (table 1), tanh A= 1 and the formula for 


jrate becomes me aD I (4) 
el os 


‘where d is the distance (cm.) between the bottom of the spring and the centre of 
\mass of the pendulum; hence for a rise of 1° c. 


7 


dnl. de 

a ~ gad edt telsieiete (i): 
‘where T is the temperature (° C.), 
eg =+5-0x 10~! for invar, —2:4x10-* for steel, -bo-5 x 10% for Elinvar. 


edT 


| 
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Here are figures about the compensation of G, with its main bob of lead 9-6 cm. high 
and with a brass tube above this screwed to the rod 7:5 cm. up, for a rise of 1° ci 
The increases are in sec./day. 


Expansions, invar and bobs —o:o015 Top half of lead bob = —0-052 
Air +0:037 7-5 cm. of brass tube —0-054 
Spring +0:075 

+0:097 —o'106 


I do not know any of the coefficients accurately. Since this final compensation) 
in 1928, I do not know whether the pendulum is under-compensated or not, 
Consequently, in the deviation experiment, I have made no corrections for 
temperature. 


§8. DATA FROM A SHORTT PENDULUM 


* 


Prof. R. A. Sampson™ sought to find amplitude deviation from a series of 
observations of pressure amplitude and rate of SH, at Edinburgh in 1930 when the: 
case was leaking. Assuming that the rate could be expressed by the formula 


x+y X pressure + 2 x circular deviation, 


x being a constant, y the increase of rate per inch pressure and 2 a fraction, sixteen 
equations of condition were reduced to three by the usual method of least squares. 
On eliminating x Sampson found that the two equations for y and z were nearly 
identical and so concluded that the formal solution would have no value. He remarkee 
that from an inspection of the chart he concluded that z was about 3, i.e. that the 
clock would not show full circular deviation. Since no allowance was made for) 
impulse deviation, the deviation that Sampson refers to is that of the impulsed 
master pendulum, which is less than that of the same pendulum when free. 

As this Shortt master pendulum is often referred to as a ‘“‘free pendulum”, 1 
will discuss the difference. 


$9. THE SHORTT IMPULSE 


Part (a) of figure 2 shows the method of applying the impulse, which consists in 
allowing the jewelled end of a lever to roll down a small wheel attached to th 
pendulum. The first part of the thrust is very small when the contact is near the 
top of the wheel, but it increases rapidly with ¢, and, but for the inertia of the lever, 
would increase indefinitely until the contact point was in line with the centre of the) 
wheel and the lever axis. In that case, the diagram of the impulse would be the 
curve Tin figure 2, viz. k tan ¢ (ordinate) plotted against sin ¢ (abscissa). The 
actual diagram is indistinguishable from T in the early stages. I, indicates (purely 
diagrammatically) the later stages of the impulse, which is seen to depart more 
and more from Tas angular acceleration of the lever increases, until a maximum is 
reached, followed by a rapid fall to zero, before the three points come into line. 


| 
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- With amplitude reduced owing to rising density of air, during Sampson’s 
i observations, the accelerations become less for all positions, so that the new 
diagram /, keeps nearer to T, rises to a higher and later peak, and ceases later than 
before. This change is appreciable only in the later stages of the impulse shown 
in figure 2 which usually take place after the pendulum is past the vertical. The 
speck part of the diagram indicates the increased impulse, which with normal 
| timing slows the rate of the pendulum and so wipes out part of the free pendulum 
deviation. Moreover, the phase of all the post-vertical part of the impulse is retarded 
| by reduction of « and this adds further to the slowing of the rate. 
| If, then, the free pendulum deviation is just equal to the circular deviation, the 
resultant deviation of the impulsed master pendulum will be a proper fraction of the 
circular deviation. 


—— 


0-6 0-7 0°8 0°9 1:0 
Figure 2. Shortt impulse. Change with amplitude. 
The impulse could, of course, be so timed that for one value of the amplitude 
jthe change of impulse deviation is zero. 


§10. THE PARASITIC VIBRATION 


A spring-suspended pendulum has two modes of vibration and its motion is 
generally compounded of these two modes. It can turn about a point, usually a 
ilittle above the centre of the spring: this mode is used for time-keeping. The other 
mode which J. Haag™ calls the ‘‘ parasitic vibration” is made apparent when the 
top of the rod of a stationary pendulum receives a blow. In this case the turning 
/point is below the centre of mass of the pendulum. Ifthe impulse could be delivered 
‘at this point, it would expend all its energy on the wanted vibration. When the 
impulse is delivered near the top of the rod, some of the energy takes the form of the 
‘parasitic vibration, the more so as the impulse approximates to a blow. The Shortt 
impulse, with sharp peak, is of a type for producing the second mode, especially 
‘as the whole of the energy lost in half a minute is replaced by a single impulse, after 
the previous parasitic vibration has died out. 


750 E. C. Atkinson 


I do not think that the presence of the second mode of vibration is harmful for) 
time-keeping, but it adds to the difficulties of computing the effect of the Shortt: 


impulse“). 


§11. PROF. SAMPSON’S ANALYSIS OF &, RESULTS 


In the same paper, Prof. Sampson analysed the results of my £y, experiment™ ’ 
by assuming that the observed clock rate 


a=x+ by +cz, 


where x is a constant, y is the fraction of impulse deviation 5 which is ‘sensible’, | 
z is the similar fraction of the circular deviation (see § 13), on the basis of the 
figures given in tables 1 and 2 of the 1936 paper. 

There are eight equations of condition which lead by the method of least 
squares to three normal equations. These normal equations give values of x, y and 
z which yield a minimum value of Xv?, the sum of the squares of the residuals in | 
the equations of condition, a residual v being the difference between an observed 
value a and a computed value x+by+cz. I quote from Sampson’s paper: “‘ Elimi- 
nating x [from the normal equations] we have 


from (1) and (2) y—0'4942= +0°511, 
from (1) and (3) y—0°5082 = +0°504 


which are almost the same. 

“Treated in this way, the observations are quite unequal to separating the twe 
desiderata. Indeed, what choice we may take makes little difference to the con- 
stant arrived at. Thus, take y=1-00 then z=1-:00, x= —1-10, which is Atkinson’s 
solution; but if we take y=o-go then z=0-80, x= —1:07, which is the value 
indicated on p. 60; but if we take y=o-76 then z=0:50, x= — 1:06, which is the 
value Bloxam reached. I conclude, therefore, that Atkinson’s data are insufficient 
to settle the question but that his agreement is evidence that he has chosen one out 
of a number of possible solutions.” 

This would, of course, be true if the equations to which Sampson refers were _ 
equations of condition with coefficients affected by experimental error, for small 
changes in such coefficients make large changes in the values of the unknowns and! 
values of these, which only nearly satisfy the equations, such as those given above, | 
might be regarded as solutions. But the equations are normal equations, derived — 
from equations of condition, for finding values for x, y and z that yield a minimum | 
value of Xv. The equations are exact, so that there is, of course, but one solution. 
If Xv? for this solution is not a minimum the equations are wrong. The fact that _ 
the two equations for y and z are nearly equal makes solution more laborious, but it 
introduces no uncertainty as to the result.* The three equations as printed yield a | 


AS Disikerdebe Atkinson points out that this fact reduces the weight of the value found for z. In 
this sense, uncertainly is introduced, as is shown by the large value of the probable error. 
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negative value for z. It appears that 11-51 in equation (2) should be 11-61. With 
this correction, the two equations for y and z follow approximately correctly and 
yield %=0°5—Bloxam’s value. A more exact solution of Sampson’s equations is 
) ¥= 1039, y=0'772, 2=0'528. Calculating the residuals and expressing them in 
| msec./day I find Xv?= 12,545, as compared with g16 for the correct solution and 
1232 for z=1. The solution, then, is not a least-squares solution and the normal 
} equations are wrong. 

I have recomputed these equations and, profiting by Sampson’s experience that 
) two significant figures vanish in the last stage of solution, I have sought to secure 
) accuracy in the fourth decimal place in each coefficient by computing each product 
| to five places. It should be remembered that the equations are exact and that a 
} value determined to three places only, such as 19:592, means 19-5920 for the pur- 
‘ poses of solution. 


§12. THE CORRECT NORMAL EQUATIONS 


The normal equations are: 


BUT IO5 02) S— Gebe—2°372 tees (1), 

FO592% 5073505) —20-2897S=11:0250 eke. (2), 

$-43604-26°2817y —11-72092 =5°3228 sees (3), 
from (1) and (2) y —0°4941972 =0°511253, 
) from (1) and (3) y —0°503599z=0'501881, 
| whence 00094022 = 0:009372, 


= O99 7 = 0030); 
y=1:004+0°019, 


A =i 1c: 0-007 sec:/day, 


P With these values the residuals are — 2, + 20, + 4, — 17, — 13, + 6, — 1, — 1msec./day, 
| while Xv?=916 as compared with 12,545 for the wrong solution. This result is a 
{neat confirmation of the conclusions arrived at in the 1936 paper, where the solution 
jis y=z=1. With regard to the value 0-997 for z, I pointed out that “‘amplitude 
| deviation appears to grow slightly less rapidly than circular deviation. No importance 
jcan, however, be attached to the differences. . .changes in 6 of less than 0-5 per cent 
‘would wipe out all the differences.” I chose a value for x which gave smaller 
percentage values for the residuals than the least-squares solution. 

Where the two penultimate equations are nearly equal the computation of a 
least-squares solution is unusually arduous. This method is not the only one for 
reducing the number of equations of condition to the number of equations needed 
for a unique solution® 7. Other methods applied to the present case agree in 
showing that values of y and of z are in the neighbourhood of unity. 
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§13. THE IMPULSE DEVIATION 


In the preceding two sections, I have dealt with an analytical problem without: 
reference to the physical meaning of the quantities concerned.* Prof. Sampson’s’ 
research depended on the possibility of systematic error in the determination of impulse; 
deviation amounting to as much as 25 per cent. I referred to two possible sources of} 
error and I did not, perhaps, indicate clearly enough the possible effects. I pointed 
out that whereas steady amplitudes were ascertained to o-o1’, the angle at which the 
pendulum picked up the impulse lever was known less accurately. If an error of) 


Table 4. Three curves for Ey, 


Losing rates (sec./day) 
Residuals (observed — calculated) 
pean Observed w= TO ee o's , 
este y=10 0005 - 0-76) am 
x = I'102 1'08 1'035 
Gi 0°723 3 =P 2 ais 
lah Ti MGy, 7h. te3 —0'054 = ¢ +17 — 36 
mee —o'600 ° ls —47 
“i ® = oy =-12 = © 2a 
Cae. = Tei = 509) nial a SiS 
Root mean square oo1ot O'0I7 0:046 
Intercept (§ 3) 0'226 + 0:007 — 0'034 —o'I00 
Percentage 3 15 44 7 


* Weighted mean for 4 periods each with «= 39°7. 

Prof. Sampson treats these as separate results, but this makes little difference. 

+ With «= 1-102 the residuals have smaller proportional values than with x=1-095, for 
which the root-mean-square value is 0:007. 


o-1’ was committed in finding this, the range of 3-9 sec./day in the deviation would 
be 0-008 sec./day in error: less than } of one per cent. Then I referred to the - 
determination of decrement as being “‘the weakest link in the experimental chain”. 
Figure 3, p. 614 shows a series of points, each representing an experimental deter-_ 
mination and a line drawn among the points which was used for reading off values” 
of 5/n needed for computing the deviation. There is no systematic error in the 
points” ; such an error can only come from wrong judgment in drawing the line. A 
line drawn 1 per cent lower down is clearly wrong (the zero line is not at the” 
bottom of the figure but is near to the bottom line of print of the page), and a line 


2 per cent down clears all the points, save two manifestly erratic ones. I think ¢ 


| 


individual values of the deviation may possibly be 1 per cent in error, but a system- 
atic error of this order is highly improbable. 
For small changes of amplitude it is permissible to express amplitude error } 
(i.e. rate of change with amplitude of amplitude deviation) as zx circular error: 
* Apart from the method of solution, table 4 shows that 0-8 and 0:5 of the circular deviation 


(last two columns) give unsatisfactory fits for the observed rates as compared with full circular 
deviation, the curves being too flat for the points. 
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# may change with «. To assume for a range of amplitude (from 30’ to 70’) that 
amplitude deviation = z x circular deviation is not safe. 
The deviation of pendulum G is not satisfactorily expressed in this way. With 
_knife-edge suspension, the law of deviation may be entirely different from this”. 
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DISCUSSION 


Dr A. L. Rawuincs. There are two or three matters in the paper on dissipation 
jabout which I should like to ask Mr Atkinson for more information. In his oral 
comments this evening he said he had not the means either to attain or to measure 
ery low air pressures in his clock case. From the kinetic theory of gases it is some- 
times argued that no substantial reduction of air resistance is to be anticipated unless 
ithe pressure is reduced to vanishing point. Some of Mr Atkinson’s results—for 
‘instance those mentioned after equation (4)—seem contrary to this theory. Does 
Mr Atkinson think that the elimination of the last ? in. or so of air pressure would 
ead to an important diminution of air resistance? 

It may be of interest to mention some results obtained with the spinning wheels 
‘pf gyro compasses as having some bearing on this question. The Sperry compass 
ised in our navy has a steel wheel a foot in diameter and 2 in. thick spun at about 
600 r.p.m. by a built-in electric motor. The wheel is closely surrounded by a 
asing which is exhausted to about 1 in. of mercury by a very simple hand pump 
+0 reduce the power taken by the motor. My own experiments show that when the 
sasing is so exhausted the total power fed into the electrical system is 240 watts. If 
‘ir at atmospheric pressure is admitted to the casing, the speed of the wheel drops 
‘}0 6800 and the watts put in rise to 420. Since there is a large fixed loss in the motor, 
shis seems to show that the residuum of windage loss at the lower pressure is very 
| mall. Again, if the current is cut off when the wheel is spinning at gooo r.p.m., 
ts speed falls to half value at the low pressure in 70 minutes, or at atmospheric 


-yressure in 12 minutes. 
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In considering the impulse-lever loss it has to be remembered that whereas the : 
end of the lever describes an arc of a circle, the pendulum rod which it touches ; 
describes some other curve, so that at the point of contact there is rubbing friction | 
which may assume a large value. Every one knows how the absence of a little oil | 
at the crutch of a common clock may make it refuse to go at all. The losses de- - 
scribed in § 22 as due to the impulse lever are therefore astonishingly small, and | 
lead one to wonder whether the form of the ground suspension spring has the » 
further advantage of constraining the pendulum to move more nearly in a circular * 
are: 


Dr O. Kanrorowrcz. In recent years the investigation of what is called the » 
damping capacity of engineering materials has become of some importance. As a } 
rule these experiments are made by clamping a rod-shaped test piece into a machine » 
in which it undergoes free torsional oscillations, whose decay is observed and taken 
as a measure of the damping capacity. In order to avoid additional damping by 
slip between the rod and the clamps holding it, the clamps are pressed against the 
rod with great force. It has been considered sufficient to exert on the clamps such 
a force that the stress per unit of the macrogeometrically described contact area 
approaches the yield point. Do the author’s experiments give any indication 
whether this assumption is justified? 

In order to obtain a uniform bending of suspension springs the author proposes 
to grind these springs so that they shall be thicker at the suspended end than at the 
free end. A similar result can of course be obtained by using a spring of uniform 
thickness and gradually increasing the width of the strip towards the fixed end. I 
suppose a spring of this form would have smaller internal losses than the spring 
proposed, on account of the maximum stresses being smaller, since the damping » 
capacity grows with a rather high power of the surface stress. 


Mr Hope Jones. If Mr Atkinson could tell us how much energy was dissipated 
in the flexure of the suspension spring, and how much was expended in moving the 
pendulum’s apparently rigid support, he would do us good service. I have never 
experienced difficulty in measuring the total energy dissipated by a pendulum 
swinging in air or vacuum. One knows the foot-pounds required to maintain it at 
a certain arc by means of a Synchronome remontoire: remove the maintenance and 
note the time taken in the fall of the arc, as a check upon the weight of the lever, 
multiplied by the distance of its fall. That simple procedure was impossible i 
the bad old days of escapements, when such elemental truths could not be dis-' 
entangled from the escapement errors which masked them. 

May I express the hope that the author will describe his escapement and his » 
method of resetting the gravity lever? Does he use the Synchronome remontoire? 
On page 739 he describes the well-known modification of the Grimthorpe gravity 
escapement, in which the pendulum is relieved of the duty of unlocking, but he 
does not say how the gravity lever is replaced. The pendulum collides with a gravity 
arm, carries it up to the end of its swing, and returns with it to a lower point, the 
difference between its lift and fall being the impulse. Variation of arc involved 
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variation in the value of that impulse. The distance which the pendulum has to 
' Carry a gravity arm uphill cannot be varied with impunity, particularly since it 
' happens in that part of the path where it should be a point of honour to leave the 
pendulum alone. Mr Cottingham speaks of it as Gill’s, but it was really due to 
Froment. The names of Liais and Verité in France were associated with it, and 
| later on, 'Tiede and Knoblich in Germany, whilst LeRoy of Paris calls it Reid- 
} Winnerl, but they are all fundamentally the same. Gill’s greatest trouble was 
contact and his greatest mistake was to provide an impulse every second instead of 
) at long periods. R. J. Rudd made a real free pendulum two years before Gill 
1 produced his semidetached escapement based on Froment’s. Had they met then, 
| the world would probably not have had to wait another twenty years for a free 
pendulum. 


Mr E. T. CorrincHam. With a given suspension it would seem that it needed 
) minute change in form for each particular bob, since the bending point rises with 
increase in weight of the bob. With thin suspension springs, which some prefer, I 
) feel that critical molecular changes may occasionally occur, from causes little sus- 
}spected, such as rapid oscillatory changes in their potential caused by a flash of 
| lightning in the vicinity of the clock, or even the slower change in potential due to 
ja passing cloud. 
The Foucault effect, due to the earth’s rotation, although constant, may be 
)more unfavourable to the clock in certain latitudes. At the poles it exerts a torsional 
» effect on the pendulum; at other places it would act obliquely across the suspension, 
)at the angle of the latitude where the clock is fixed; but at the equator it would act 
Jacross the bending point of the spring, its most favourable point, and here it may 
‘be involved in the true beat of the clock and the zero position of the pendulum. As 
our present practice makes lighter pendulums possible, I think the knife-edge sus- 
pension offers some advantage over the spring. I, too, was concerned in 1912 with 
‘probable movement of the support of a pendulum in a heavy iron case resting on 
three points, until the thought of Newton’s rings prompted me to hold two 
+0:5 D. spectacle lenses in contact with the support by a rod fixed to the wall, 
ith the happy result that the blue ring showed only a slight change in tint with 
jalternate swings of the pendulum, an amount that mirrors or micrometers would not 
show. I agree with Mr Hope Jones that two other people had used the escapement 
Sefore the late Sir David Gill, who lent me his drawings, but he was not aware of 
Jt, and their illustrations of it were rather crude. Sir David was the first to use it 
ander precision conditions, and that is why I prefer to associate his name with it. 
‘Mr Hope Jones’s comparison of the Gill clock with the Grimthorpe gravity 
scapement is not a good one, as the former, like the renowned Shortt, is freed from 
the frictions of unlocking and has an almost frictionless gravity arm resting on 
1eedle points in agate cups, in perfect alignment with the bending point of the 
|pring. The lifting of this by the pendulum, some time before it reaches the end of 
*s swing, disturbs it no more than the rapidly increasing impulse of some escape- 
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Dr R. p’E. Arxryson. The energy-losses due to a clamped suspension spring ; 
are similar to those we found when investigating the damping of torsional oscilla- - 
tions in quartz fibres. No form of clamp that we tried was adequate; not even that ' 
obtained by fuzing the fibre, after drawing it, into a lump of pyrex. When we drew | 
the fibre from a rod and retained both ends of the rod on the fibre we got decrements : 
about 100 times smaller than had previously been obtained by any means. The : 
resulting shape was of course analogous to that produced in a suspension spring by 
grinding. 

The question what degree of vacuum is adequate to make the damping due to : 
residual gases negligible naturally depends on the magnitude of the other damping : 
agents, but I think the figure of o-oo1 mm. given by the author is not too low. 

I should like to ask the author if he has looked into the question whether a spring » 
could be so ground that the path of the bob would be cycloidal, so as to eliminate : 
the circular error? 


—— 


For the AUTHOR’S REPLY see page 856. 
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| ABSTRACT. Measurements are made of the intensities of X-ray reflections from 
‘Magnesium powder at 86° and 293° K. Absolute values of the ratio I,g/Jo9, are obtained by 
» making comparative measurements on a composite specimen of magnesium and aluminium 
) powders. The results are discussed in relation to theoretical work by Zener and others on 
) the effect of lattice vibrations in hexagonal metals on the intensities of X-ray reflections. 


It is shown that in magnesium the lattice vibrations are almost isotropic but that the mean 
atomic displacements in the basal plane are about 3 per cent greater than those parallel to 


the c axis. Values are calculated for the mean atomic displacements in these directions at 
) 86° and 293° kK., and the results are also expressed in terms of characteristic temperatures 


@, (parallel to the c axis), equal to 339°, and @g), equal to 327°. A consideration of these 


+ results, in conjunction with similar results for other hexagonal metals, points to a correla- 


tion between the departure of the axial ratio from the ideal value 1-633 and the asymmetry 


» of the lattice vibrations. 


§1. INTRODUCTION 


in this 
laboratory and by Jauncey, Wollan and others®**® in St Louis, U.S.A., 
when considered collectively, point to a correlation between the asymmetry of the 


HE results of X-ray investigations of the asymmetry of the lattice vibrations 
| in hexagonal metals carried out during the last few years by one of us” i 


| vibrations and the departure of the axial ratio from the ideal value, 1-633, calculated 
) for a hexagonal close-packed system of spherical atoms having isotropic vibrations. 


For zinc? and cadmium™, which have axial ratios 1-856 and 1-886, the ampli- 


| tude of the atomic vibrations is markedly greater in the direction of the c axis than in 


the basal plane, whereas for Ag-Cd“ and Cu-Zn alloys‘? in the « phase, each 


having an axial ratio of 1-56, the amplitude of vibration is greater in the basal plane 
than in the direction of the c axis. In order to test more thoroughly the idea that the 
axial ratio gives an indication of the nature of the lattice vibrations, we thought it 


| desirable to examine a metal with an axial ratio approximating to the ideal value, 
| 1-633, and have therefore investigated the case of magnesium, which has an axial 
ratio of 1-624. The experiments have shown that the lattice vibrations are very 
| nearly isotropic but have a slightly (about 3 per cent) greater amplitude in the basal 
| plane than normal to it, and hence provide additional support for the view that 


there is a correlation between the departures of the axial ratios from the ideal value, 
1-633, and the asymmetry of the lattice vibrations. 
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§2, EXPERIMENTAL 


The experimental procedure has been to measure the intensities of X-ray) 
reflections from finely powdered magnesium at room-temperature and at the 
temperature of liquid air. The change in the magnitude of the atomic vibrations | 
between these temperatures is sufficient to cause a measurable change in the re- 
flected intensities, and from the ratio of the intensities at the two temperatures from ‘ 
different lattice planes the amplitudes of the atomic displacements can be calculated : 
as a function of the temperature and of direction in the crystal lattice. 

The method adopted for measuring the intensities resembles that previously ; 
described in that the incident radiation is reflected by a flat layer of powder at the 
centre of a cylindrical camera, and the reflections are recorded on a concentric 
cylindrical film surrounding the camera. For measurements at liquid-air temper- 
atures we have modified the powder-holder so that it has the form of a shallow cavity | 
o-5 mm. deep, 2 cm. long and 0-5 cm. wide, in a flat copper sheet at the end of a 
thin-walled brass tube containing the liquid air; the lower end of this container was : 
of semicylindrical form constructed so that the front surface of the copper sheet was 
on the axis of the camera, and, since the copper was only 1 mm. thick, the powder 
was separated from the liquid air by only about 0-5 mm. of metal. To minimize the 
heat radiation falling on the powder, when the latter has been cooled to liquid-air 
temperature, from other parts of the camera at room-temperature, the powder- 
holder was surrounded as completely as possible with copper shields cooled to | 
liquid-air temperature; the X rays pass to and from the powder through a narrow. 
gap in these shields. Throughout these experiments the camera was kept evacuated | 
and became, in effect, a Dewar vessel; this was essential at the lower temperature ! 
and was useful also at room-temperature, since it facilitated the maintenance of the : 
temperature at a constant value, namely, 20° c. We have taken the temperature of ° 
the powder when it is cooled with liquid air to be 86° k., with an uncertainty of not | 
more than 2°, which is less than 1 per cent of the full temperature range. This | 
value was checked by thermocouple measurements and also by measuring the ° 
change in the position of high-order reflections from silver powder when cooled _ 
from the temperature of the room to that of liquid air. The entire technique has | 
been checked by measurements on aluminium powder, which showed close agree- 
ment with previous measurements by James, Brindley and Wood™ on single 
crystals of aluminium cooled from the temperature of the room to that of liquid aise 
and also with results calculated from the Debye-Waller theory. While this work was | 
in progress a paper by Wollan and Harvey“ has appeared which describes briefly ” 
a camera of somewhat similar construction. 

With this type of camera, no difficulties are encountered in measuring the | 
relative intensities of reflections at low temperatures other than those encountered 
at room-temperature. Absolute values of the reflected intensities were obtained by 
comparing reflections from magnesium and aluminium powders intimately mixed 
in a suitable mass-ratio. Wollan and Harvey® have recently advocated the use of — 
magnesium oxide as a useful comparison substance since the change of intensity 


\ 
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with temperature is very small and can be calculated from the characteristic temper- 
ature by means of the Debye-Waller theory. Magnesium oxide is not very suitable 
as a comparison substance for magnesium, owing to the positions at which the 
reflections occur; we have preferred aluminium since the reflections are con- 
| veniently situated and also because the experiments of James, Brindley and Wood®? 
on single crystals of aluminium, and our own (unpublished) measurements on 
aluminium powder, show that between the temperature of the room and that of 
liquid air, the intensities of reflection obey closely the Debye-Waller theory. 

Measurements were made with copper «a radiation on two separate specimens of 
magnesium powder prepared by light filing with a Grobet no. 5 file. Previous 
(unpublished) work by one of us (G. W. B.) on magnesium has shown that it is 
} extremely difficult to prepare specimens of magnesium powder of the flat-layer 
type which do not show a preferential orientation of the basal plane towards the 
surface of the layer, and this effect is very marked in the specimens used in the 
present experiments owing to the strong pressure that must be exerted on the 
specimens in order to obtain compact powders having good thermal conductivity. 
We have not, therefore, utilized our intensity-measurements to obtain the scattering 
factor f for magnesium. Since we are here interested only in the change of the 
intensities with temperature, preferential orientation of the crystallites is of no 
importance provided the measurements at both temperatures are made with the 
powder surface at the same angle to the incident X-ray beam, and special care was 
| taken to satisfy this condition. 


§3. RESULTS 


The experimental results are set out in table 1; part (a) of the table gives the 
/ intensities of the reflections relative to 100-0 for the 1122* reflection for the two 
1 specimens of powder at the two temperatures, together with the probable per- 
) centage errors calculated from the expression 


probable error =0-6745 [(282)/n (n—1)]?, 


‘where is the number of observations and &6? is the sum of the squares of the 
+ residuals. To obtain sufficiently accurate results a large number of films has been 
» measured, and for each film always two and sometimes three independent measure- 
/ ments have been made across different parts of each reflection. In calculating the 
probable error we have taken for 7 the number of films measured rather than the 
} total number of measurements; hence the accuracy may be somewhat better than is 
» indicated by the probable percentage errors given in the table. 

Part (b) of the table summarizes the results for the ratio of the intensities at 86° 
and 293° relative to unity for the 1122 reflection; the second and third columns give 
| this ratio for the two specimens separately, and the fourth column gives the mean 


* The reflecting planes in a hexagonal lattice are usually indexed with respect to four axes. The 
, first three, the a axes, are taken in the basal plane of the structure at intervals of 120°, while the 
| fourth, the c axis, is the hexagonal axis of the lattice and is thus perpendicular to the a axes. It can 
be shown for any plane that if the indices corresponding to two of the a axes are h, k, then the index 


' corresponding to the third is h +. Thus the indices of a plane are expressed in the form (h,k,h+h, l). 
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ratio. In calculating the probable errors, we have taken for the separate ratios the 
sum of the errors in the quantities involved, and for the mean ratio, which depends 
on approximately twice as many observations as the separate ratios, we have taken 
the mean of the errors in the separate ratios divided by 1/2. 


Table 1. Intensities of X-ray reflections at 86° and 293° K. 


(a) Relative intensities 


Specimen I Specimen II 
Reflec- Probable Probable Probable Probable 
tions ean error Ther error I hes error The error 
(per cent) (per cent) (per cent) (per cent) 
I1122| 100°0 = 100°0 = 100'0 = 100°0 — 
2021| 63:2 o'7 61-9 O'5 62°8 06 62°5 0:6 
0004| 38:0 08 38-6 o'8 36-7 08 37°4 08 
2022] 24°3 I'l PISO 103) 21°6 I'O 23°6 Loar 
IOI4] 39°4 er 42°9 13 39°4 I'o 41-6 12) 
2023| 63:1 o'9 TOs pO" 60°4 To 68-7 08 
2131| 84:3 L2 98-7 Tey 80-2 Ter 96°5 o'8 
1124| 98-0 Teg: TSO o'9 96-0 I'o 111‘6 o'9 
TORS 2rQ2| el i3e3 te) 136-7 Tor III‘O "9 134°8 I'o | | 
ZLSSI7 745 I°9 104°8 I'o 74°5 tes 100°5 Tor Ti 
(6) Relative and absolute values of I¢/TZo93 
Ig¢/Ing3, telative to 1-000 for Mg 1122 
Reflec- : Probable } Probable Probable | 1ss/Loos | 
tions |Specimen nie Specimen rear Mean error absolute 
(per cent) i (per cent) (per cent) 
1122] 1°00o — 1000 = 1000 a 1°23 
2021| 0985 2 0°99; 102) 0°98, 08 1225 
©0004] I'Olg 16 I'Oly 1°6 I'Ols Teal 1°26, 
2022] 1°04, 2°4 I'093 271 1:06, 1°6 1-325 
I0OI4| 1:08, 2°4 I'05¢ 22 O75 1-6; 1°32, 
2026) matu ie 2°0 Tete 1°8 1-125 I°4 1°395 
PRN TOT, ZR I'204 I'9 1°18, es 1°47 
TD 4k 07 DD 1°16; I°9 Ten O; I°4 1445 | 
1015, 2132 1°20, 2°3 I'215 I°9 I*2Io I°5 1°49, | 
2133] 1°34, 2°9 1°34 2°4 1°34 1°8 1°66; 
(c) Data for standardizing the relative values of Ig6/Io93 
I 56/Lo93 Ah 1 1 
: solute values 
Reflections Relative values, Absolute values, relative wales 
table 1b _ table 2 
iAP 1000 1°255 I°255 
2021 0°98. 1°20; 1225 
2023 Ona. 1°30, 1-235 
Mean 1:23, 


From the data given in parts (a) and () of the table it is seen that although the 
relative intensities of reflection from the two specimens at the two temperatures — 


\@ 
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| show differences of the order of several per cent, the ratios of the intensities are in 
;much closer agreement. The differences in the relative intensities may have arisen 
)partly from differences in the degree of orientation of the crystallites, and partly 
‘from a small difference in the angular settings of the powders with respect to the 
. incident beam, since the angles were measured only to the nearest o- 5 degree. It is 
}satisfactory to find that the agreement between the ratios of the intensities comes 
‘well within the limits of probable error for all the reflections except the 2022 which 
rg by far the weakest reflection measured. The probable errors in the measured 
jintensities are of the order of 1 per cent, and this is the highest accuracy to be 
jexpected from the photographic method of measuring intensities. It is obtainable 
only by careful measurement of a large number of films, and the labour involved is 
jconsiderable ; altogether in this part of the investigation 46 films have been measured, 
jand two or three independent determinations have been made for each reflection on 
peach film. Comparing the measurements at 86° and 293° we see that the probable 
ferrors are slightly less at 86°, and this fact is most marked for the higher order 
reflections. 


Table 2. Comparison of intensities reflected by magnesium and 
aluminium at 86° and 293° K. 


; Probable error 
Relative intensities (Lse/Lo9s) 
Reflections (pericca®) ata 

ZOQimaKs 86° kK. 2OBe Ks 86° kK. relative absolute 
Al 220 | 100°0 100'0 — — 1-000 1-118, 
Meg 1073 121°8 129°2 0°56 06, 1:06, Ted 
Mg 1122 104°9 117°6 O74 0°58 Toray 1°25, 
Mg 2021 66-9 72:0 125 I°Og 1-077, I°205 
Mg 2023 54°5 67°9 I*39 1°25 I*24¢ 1*394 


In order to obtain absolute values of the ratio I’,,/J9,, the intensities of the 1013, 
11122, 2021 and 2023 reflections from magnesium were compared with the 220 
reflection from aluminium at the two temperatures; 13 films in all were measured at 
1293° K. and 15 films at 86° K. The results are set out in table 2, where the columns, 
/n order, give the indices of the reflections, the reflected intensities at 293° and 86° 
\relative to 100-0 for aluminium 220, and the probable percentage errors calculated 
is before. The sixth column of the table gives the ratio of the intensities at the two 
temperatures relative to unity for aluminium 220, and the seventh column gives the 
hbsolute value of this ratio calculated in the following manner. From their work on 
shingle crystals of aluminium, James, Brindley and Wood showed that the ex- 


ponent M in the equation Ip= le-™ 


M =(h? + Rk? +0?) (3°87 x 107 T+0:177/T—277/T?} ws (2), 
where h, k and / are the indices of the reflections. This expression gives for I's/Lo93 
‘or aluminium 220 the value 1-118, and it is in terms of this result that we have 


| 
| 
| 
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standardized our values of the ratio 5/3 for the magnesium reflections. Comparing, 
now the relative values of I¢/Io93 in column 6 of table 15 for the magnesium re+ 
flections 1122, 2021 and 2023 with the corresponding absolute values in column 7 of 
table 2, we see from table 1 (c) that the mean conversion factor from relative td 
absolute values of Igq/Zo93 is 1°23; and hence we obtain the absolute values of [5¢/iene 
given in the final column of table 1 (0). 


§4. DISCUSSION 


The main question at issue is to determine whether the lattice vibrations in 
magnesium between 86° and 293° K. are isotropic, and, if not, to discover the magni-+ 
tude of the anisotropy. It has been shown that the exponent M in the equation for 
the effect of temperature on the reflected intensity, equation (1), is given by 


My=8n%uje(sin O/A)® cee (3), 


where wy? is the mean square displacement in a direction ¥ normal to the reflecting 
planes. In the case of hexagonal crystals, it may easily be shown, as Zener“ firsts 
pointed out, that the mean square displacement in a direction # with respect to the 
c axis can be expressed in terms of the mean square displacements parallel and 
perpendicular to the c axis, by the equation 


Uy? = Ug? cos? tug? sinzb hae (4). 
Alternatively, we may write 
My=My cos? p+Mo sin? (5). 
For cubic crystals it has been shown by Debye and Waller that 
6h? T 
M= mkO? [O'(x)asx/4).(sin O.A)2- 7 a ee (6), 


where © is the characteristic temperature which occurs in the Debye theory of) 
specific heat, x=©/7, and ® (x) is the well-known Debye function. The expression 
in square brackets, the so-called quantization factor, may conveniently be repre-' 
sented by Q and is of the order of unity provided T>© or T~©. It follows from 
the work of Zener, Jauncey and their collaborators"°'”, that a formula similar to 
equation (6) may be applied to crystals of lower symmetry provided © is regarded’ 
as a function of the direction in the crystal and, at high temperatures, also of the: 
temperature. For hexagonal crystals we may write 
2 
My = ook Ging: (7), 


or, from equation (5), 


one [/Q pets 
My= mA (&). cos? b+ (%). sin? ‘| (sin:O/A)2 =) eee (8). . 
This equation can be compared with the experimental results as follows: 


We have log. (Lse/Loss) = 2 (Megs — Mw) =2AM, 


| 
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| whence 


as Oates) as [a(72) ee Ses En b 
ay a (Ge),-A ~ or), | cos" Wea (Ge) | ae (9), 


| where the symbol A (TQ/@?) denotes the ae in (TQ/@*) between 86° and 
293 K. This last equation indicates that if the atomic vibrations in magnesium are 
| anisotropic, there should be a linear relation between the experimentally determined 
| quantity log, (Ig/Lo93) . (sin 6/A)-?_ and cos? % from which @, and @,) may be cal- 
culated. If, however, the vibrations are isotropic, the coefficient of cos? # in equa- 
tion (9) will be zero and log, (Is¢/ Logs) . (sin 6/A)-? will have a constant value from 
| which a mean © for the crystal can be obtained. 
___ In table 3 the observed reflections are recorded in order of the angle %, which is 
calculated from the relation 


cos #=(J/R) {4 (W2+RhA+R)/3+(U/RPF aaa (10), 
| where h, k and /are the indices of the reflection. The columns of the table, in order, 
give the indices of the reflections, (sin 6/A), % and cos? %; the final column gives 
log. (Is6/L293) . (sin 6/A)-* together with the probable errors calculated from those in 
) the seventh column of table 1(4). ‘The percentage errors in the quantity 
log. (Lg¢/Z29s) - (sin 8/A)~? 
are of the order of 4 per cent for the majority of the reflections, and this is to be 
compared with corresponding errors of the order of 1:5 per cent in the ratios 
(Loe| Iy93). This increase in the probable error arises in taking the natural logarithm 
of the measured ratio. 


Table 3. Values of log, (Ig¢/Lo93) . (sin. 6/A)-? 


t 
in 6 p é 

Reflections i= ) ub cos? & log, (Le¢/Lo93) . (sin 0/A)-* 
\ 0004 0°384 On 1°000 1°56+0°08 
| 1014 0°425 25a 0820 sa CHOW) 
: 1013 0°340 220 o-719 1°48 0:07 
/ II24 0°495 39°1 pee 1°50 0:06 

IOI5 0°513 20°5 Ooo H oy. : : 

| DUD o514 68-0 o140f ° 582 Wee C8 
2023 0462 ies 0°391 1°56 0:06 
I122 0°367 58°4 0275 1°58 — 
2133 0°557 58°8 0:268 1°64 0:06 
2022 0°408 61°9 0°222 1°66 o-10 
2021 C278 apsOrt 0:066 1°44 0:06 
2131 0°487 78:6 0°039 1°62 0-06 

The results show that if there is a variation of log, (Ig¢/Jo93) . (sin 6/A)-? with 


30s" % it can only be small; hence any departure from isotropic vibrations must be 
very small. It is difficult to decide whether there is any real variation in this 
petty or whether the departures from a constant value are to be interpreted 
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simply as experimental errors. The arithmetical mean value is 1:56, and most of the 
values agree with this mean value within the limits of the probable errors. We haver 
however, examined the results by the method of least squares in order to find th 
best linear equation to fit them. Writing equation (9) in the form 


log. (Ts6/Lo03) — 2 
Gaby =m cos? e+e, 


we find the following values for m and c: 


mal {a (Ze), a (3) t= —O'llg 


mk 2 ©? 
Dee IRON 
C= aaa 1°63, 


log, (Ig¢/I292) 
(sin 0/d)* 


0 0-2 0:4 0-6 0-8 1*0 


Figure 1. Observed values of log, (Ig¢/Zo93) . (sin 8/A)—? plotted against cos*}. The straight 
line is calculated by the method of least squares. 


The straight line given by these values of m and c is shown in figure 1 together with 
the experimental values of log, (6/93) . (sin 8/A)~®; the vertical line attached to eack 
point indicates the probable error. We see that the straight line passes through the 
points within the limits of experimental error, with the single exception of the 2021 
which lies so far from the most probable straight line that it was neglected in calcu- 
lating the best values of m and c. For the two reflections 1015 and 2132, which ar 
not resolved, we have calculated a weighted mean value of cos? & by weighting th 
separate values of cos” % with the relative intensity of the reflection assuming thei 
scattering factor f for each reflection to be the same; this procedure admittedly 
gives results which are only approximate, but it serves to show that the measure 

ment in question is not in disagreement with the general run of the others. In views 
of the uncertainty as to the best way of obtaining a mean cos? % for this reflection, 
we have not included it in the calculation of the constants for the mean line. 

With the values given above for m and c, we obtain 


A (3). = 1-74, x 10° 


fp 
and A (%),- 1°62, X 107-3, 


ea 
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whence, by a graphical solution,* we obtain 


Oo= saa 
Og) = 327°) 

Assuming that the probable errors in m and c are of the same order as in the 
‘quantity log, (Ls¢/Lo93) .(sin 6/A)-2, namely 4 per cent, we find that the corresponding 
errors in ©, and gy) are +7°. The difference between ©, and gy is therefore of the 
same order as the sum of the probable errors, a result which agrees with the previous 
Beement that the individual values of log, (Ig¢/ L293) .(sin 6/A)-? agree with the mean 
value within the limits of error. We consider, however, that the tendency of the 
jvalues shown in figure 1 to decrease with increasing cos? is a real effect and that, 
jalthough the measurements cannot be made with sufficient accuracy to give a 
‘reliable value of the difference of @, and Oo, they are sufficiently accurate to estab- 
jlish the result that ©/sy is slightly greater than unity and hence, as we shall proceed 


slightly less than the mean displacement in the direction %=g0°, the basal plane, 
japproximately in the ratio 327/339. Combining equations (3) and (7), we have 


| Taking for ©, and ©,) the values 339° and 327°, we obtain the following: 
at =293° K., (u2)2=0°125 A. and (ug?) =0°130 A., 
lat T= 86°x., (u2)8=0°078 A. and  (ity)2)2 = 0-080 A. 
BP AIs0 Oo/,=0'96, 
(ug2)2/(ug92)2 =0°96; at 293°K. and 0-97, at 86°K. 


average value of wu? for all directions has been calculated from the relation 


UN are ae 


3 

jwhence an average characteristic temperature, Qav, has been derived. We find 
\(uav?)? has the values 0-128 a. at 293° K. and 0-080 at 86°K.; the corresponding 
Ivalues of @ay are 331° at both temperatures. This value of @ay is of the same order 
as the value 290° obtained from specific-heat data“, but the difference is appreciable 
and may perhaps be explained along the lines suggested in a recent paper by 
\Blackman“, 

§5. CONCLUSIONS 

The lattice vibrations in magnesium between 86° and 293° are shown to be 
almost isotropic, the root-mean-square displacements being about 3 per cent 
greater in the basal plane than parallel to the c axis; this small difference can only be 


* We have plotted A (TQ/®*) against © for a range of values of @, from ©=300° to 9=380°; 
over this range the relation is almost linear. 
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established very approximately, but the measurements are sufficiently accurate td 
justify the conclusion that there is a small asymmetry in the lattice vibrations, the 
amplitude being slightly greater in the basal plane, and of the order of magnitude 
stated. When this result is considered in relation to the results of previous measure 
ments on hexagonal metals, § 1, the total evidence points strongly to the conclusion 
that there is a correlation between the departures of the axial ratio from the idea 
value 1-633 and the asymmetry of the lattice vibrations; metals with c/a greater than 
1-633 appear to have mean atomic displacements which are larger parallel to than 
normal to the c axis, and vice versa. Magnesium, with c/a equal to 1:624, approxi- 
mates to the ideal but shows a small asymmetry in the lattice vibrations consisten 
with the axial ratio being slightly less than 1-633. 
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ABSTRACT. Experiments are described which compare the F-region skip frequency, 
for transmission between two distant stations, with that calculated from the normal- 
incidence characteristics on a simple ray theory. The greatest possible accuracy was aimed 
t so that the results might resolve an uncertainty left in previous measurements, in which 
the forms of the oblique and normal incidence P’f curves were compared. This involved 
using a pulse-transmitter at each end of the oblique trajectory to correct for horizontal 
ariations of ionization, and developing a special rapid technique. Measurements were 
confined to days when the ionosphere was in a completely undisturbed state, as shown by 
e clean splitting of echoes at normal incidence. 

The results showed that the theory, which neglects the earth’s magnetic field, is very 
nearly correct for the ordinary wave over a transmission distance of about 500 km. The 
recise disagreement is determined, and it is believed that if an accurate theory be developed 
the results will indicate whether or not the Lorentz term should be included in the 
inalysis. 


Sia LN PROD UE LON 


EASUREMENTS of the ionization-density in the ionosphere are now 
available in many parts of the globe. Apart from their physical interest 


these measurements are made with the object of predicting the transmission 
characteristics for a trajectory joining any two points. Their use in this way, however, 
‘depends entirely on a knowledge of the relationship between vertical and oblique 
bropagation conditions for a given ionized region, and little information is as yet 
lvailable about this relationship. It is with the object of deriving experimental 
evidence on this point that the present work has been carried out. 

' A simple theory relating the group times of travel of two waves, incident ver- 
tically and at a known angle on the ionosphere, has been given by Martyn. This 
theory neglects the earth’s magnetic field and also the possible effect of the Lorentz 
term), but it serves as a useful guide as to the behaviour to be expected at oblique 
neidence. In a previous paper®) it was shown how, from a normal-incidence P'f 
hurve, the corresponding curve (relating equivalent path and frequency) for trans- 
inission between two distant points could be deduced by means of this theory, and 
some experimental results were given which showed good qualitative agreement with 
cal theory. The measurements were made, however, with a transmitter at one end 


mnly of the oblique trajectory, and it was not known to what extent the departures 
] 


| 


{ 
} 
if 
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found from the simple theory were due to variations of ionization along the pati 
of the wave. 

The present paper is an account of a series of experiments in which norm 
incidence measurements were made at each end of the trajectory, so that th 
ionization conditions prevailing at the mid point could be found by interpolatio 
The technique was developed so as to permit the maximum accuracy in the com 
parison of normal-incidence and oblique-incidence phenomena. The present disi 
cussion of the results is limited to a comparison with the simple theory previous! 
given: it is believed that if later a more complete theory taking into account t 
earth’s magnetic field can be developed, the results will also provide evidence a 
to whether or not the Lorentz polarization term should be included in the theo 


§2. SPECIAL CONSIDERATIONS 


Accurate experiments of the type proposed can only be carried out when th 
ionosphere is in an entirely undisturbed state. The previous experiments had show 
that region E was generally far too irregularly stratified for useful measurement# 
to be made, and it was decided therefore to confine attention to region F. 'This regio 
also is often in an unsuitable state, the disturbance having the effect of broadenin 
the echoes just before their penetration, and measurements were therefore mad 
only on those occasions when the echoes at normal incidence showed clean splitting 
even when retarded up to an equivalent height of 800 km. In these cases it w 
found that the results showed good consistency among themselves. 


Vf LS Escape ray 


Skip 
trajectory 


dk R 
Figure 1 


The previous work had shown that the form of the {equivalent-height, frequency} 
curve for the distant transmission agreed well with that derived by use of the simple 
theory. In the present work, therefore, most of the experiments consisted imi 
measuring accurately, and as nearly simultaneously as possible, the final skip 
frequency in the oblique transmission, and the normal incidence P’f curve, so tha 
the exact relationship between them could be found. It is to be noted that the 
limiting frequency for oblique transmission is fundamentally different from tha 
of penetration at normal incidence: it represents a trajectory which does not reac : 
to the height of maximum density in the layer but is formed By the convergence 
of the two trajectories present before the skip is reached; see figure 1. It therefore 
does not involve an increase of absorption as the limiting frequency is approached. 
On the contrary, the signal strength tends to increase with frequency owing to th 
focusing effect of the layer on this limiting wave, and the result is, in practice, t 


Na 
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(make the final frequency extremely well defined. The final frequency is therefore 
particularly suitable as a quantity for accurate measurement in experiments of this 
pyc: 
| The method of calculation used previously is tedious when a large number of 
jeurves are to be handled, and when only the limiting frequency was required it 
jwas calculated from the normal-incidence P’f curve by means of a more rapid 
graphical method due to Smith“. This depends on the same theory as the previous 
ethod. It may be stated briefly as follows. 

A wave of frequency f incident at an angle 7 on the ionosphere has an equivalent 
path given by Martyn’s theorem 


P' (f,1)=sec i.P’ (f cos i, 0), 


} here P’(fcosi,0) is the equivalent path at normal incidence and frequency 

if COs 7. 

Breit and Tuve‘) have shown that, if d is the distance of transmission, then 
PS, 1) =d cosec 7. 

Hence, on elimination of P’ (f, 2), 

P* & cos4,0)=d cot.t. 


Curves are plotted for the fixed distance d and for selected values of f (the 
»>blique-incidence frequency) relating P’ to the normal incidence frequency f cos 7. 
The angle of incidence is a variable parameter along any one of these curves. 
Any curve then shows the equivalent height that must exist at normal incidence and 
jrequency f cosz if the higher frequency f is to be propagated at an angle z to the 


ilistant receiver. The curves are placed over the experimental P’/ curve for normal 
Incidence, and it is evident that the highest frequency which can be reflected to 
\he distant receiver is given by the particular curve which is tangential to the 
ibserved P’f relationship; see figure 2. he family of curves derived by the above 
jnethod depends only on the ground distance between the transmitter and receiver, 
ind once plotted it can therefore be applied to all the experimental results. The 
valculation by this method also shows, by the point of tangency, the equivalent 
height on the normal-incidence P’f curve which corresponds to the top of the 
bblique-incidence trajectory. This is of interest in showing what part of the iono- 
phere is ultimately responsible in reflecting waves to a given distance. 

The distance of transmission used in the experiments was 464 km. For this 
Jondition the curvature of the earth is just appreciable, and its effect has been 
llowed for to a first approximation by adding to the equivalent heights measured 
{t the end stations a distance which represents the departure of the earth’s surface 
\t the mid point from the chord joining the transmitter and receiver (figure 3). 
his distance is 4-5 km. in the present instance. 

| The two magneto-ionic components are propagated independently at oblique 
ficidence, as at normal incidence, and it was shown in the previous work that the 
2quivalent-path, frequency} curves for each were of the form that would be expected 
‘com the normal-incidence curves. Most of the present measurements were made 
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on the ordinary wave alone, since this was likely to be the less affected by the field. 
and also because the measurements on it were more reliable since the extraordinary, 
wave was always present after the penetration, showing that the signal had not been: 
lost through any other cause. Since at normal incidence the ordinary wave is reflected 
from a height independent of the field, it is probable that the effect of the field om 
this wave at oblique incidence will be small, in which case we may expect thei 


calculation based on Martyn’s theorem to agree closely with experiment. 
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Figure 3 


§3. EXPERIMENTAL ARRANGEMENTS 


The experiments were carried out between Cambridge and Edinburgh, dista 
464 km. from one another and situated on a line running approximately north an 
south magnetically. Pulse transmitters of conventional type were installed at thei 
two stations, that at Cambridge being-controlled by a land line from the receiving 
hut about 1 km. away, while that at Edinburgh was in the same room as the receive 
and controlled by hand. Visual observation on a cathode-ray tube was used through 
out. For normal incidence a time base synchronized to the local electric mains} 
was employed at each end, and for oblique-incidence ineasurements a self. 
synchronizing time base of a type previously described was used.* 


* The electric supply mains at the two places were never found to be synchronized. 
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The experiments were divided into two groups. The first were made before the 
transmitter at Edinburgh was in use, and consisted of schedules of gradually 
) ascending frequencies transmitted from Cambridge, with 2 min. pause on each 
) frequency, so that measurements of the echo spacing could be made at Edinburgh. 
Each schedule was followed by a determination of the normal-incidence P’f curve 
at Cambridge, and the measurements were used to compare the form of the 
observed P'f curve at oblique incidence with that calculated from the normal- 
incidence observations. 

It was realized from these experiments that the accuracy of comparison of 
| oblique-incidence and normal-incidence curves was impaired not only by the lack 
F 2F 

Ext. pra. 


Ext. \\ Ord. : 
ie 
Frequency \ f am XN 


increasing 


Ordinary wave f\ h i 
skip frequency E ‘\ 


| Extraordinary wave ao aes See 
| skip frequency 
——> Time base 


Figure 4. Echo patterns obtained at oblique incidence on a series of ascending frequencies. 
The time base was synchronized to the first pulse, no ground wave being received. 


of information concerning the latitude variation of ionization, but also by the time 
delay between the two sets of observations: a complete experiment of this type 
required 30 min., during which time the region-F ionization might change quite 
lappreciably. 

_ The subsequent experiments, in which both transmitters were used, were 
therefore made by a more rapid technique. The echo spacings in the oblique 
transmissions were not measured, but attention was confined to determining the 
exact frequency at which the ordinary wave disappeared. Each experiment lasted 
only 15 min.: during the first seven a determination was made at Cambridge of the 
mormal-incidence P’f curve, and at Edinburgh of the final penetration frequency 
of this curve; and during the remaining 8 min. signals having closely spaced fre- 
quencies, covering the skip frequency of the ordinary wave and each lasting 
50-2 
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30 sec., were transmitted from Edinburgh. These were followed on the receiver) 
at Cambridge, and the echo pattern was sketched so that the point of disappearance 
was accurately recorded. The type of observations obtained was as shown in figure 4.* 7 
Frequency steps of about 0-08 Mc./sec. were used, so that the critical frequency) 
could be estimated with considerable accuracy. 1) 
By comparing the penetration frequencies for normal incidence at Cambri 
and Edinburgh the variation with latitude was found. It was assumed that the form) 
of the P’f curve was the same at the mid point as at Cambridge, so that from thes 
latitude variation the appropriate curve for the mid point could be determined.) 
An interpolation in time (between successive runs) was also applied to eliminate) 
as far as possible the natural variations in the ionization density. The results obtained | 
in this way showed good agreement, and we consider that the process of inter~} 
polation is an essential part of the technique if accurate determinations are to be 
made. . 
Since the whole precision of the experiments depended on having a reliable} 
cross calibration of frequency between the two stations, at the end of each period! 
of experiment a test was made in which calibration frequencies, spaced by about 
o-5 Mc./sec., were transmitted from one station and the receiver-dial readings were, 
noted at the other. The dial readings were used throughout for recording fre~ 
quencies. 


§4. EXPERIMENTAL RESULTS 


The experiments of the first group gave results similar to those shown in tha 
previous paper. A typical case is reproduced in figure 5, in which the upper curve=? 
depict the penetration of the ordinary and extraordinary waves at normal incidence,4 
and the lower the corresponding curves at oblique incidence. From the observations? 
on the ordinary wave in the upper figure the theoretical curve for oblique incidence 
has been calculated; it is shown dotted in the lower figure. It is seen to agree= 
reasonably well in form with the observed curve, and in this particular case als 
there is quantitative agreement between the frequencies observed and calculated. 
This is significant in showing that the discrepancy noted in the previous paper 
(of about 0-25 Mc./sec.) must be at least partly attributable to latitude variations’ 
of ionization, and could not have been relied on as the basis of any theoretical) 
computations. These results, therefore, serve merely to confirm the previous work, 
and their further value depends on eliminating the uncertainty in the absolute: 
relationship between the curves. 

Of the experiments in the second group, designed solely for the comparison of) 
critical frequencies, twenty-one gave accurate measurements of the three quantities: 
involved, viz. the normal-incidence P’f curve at Cambridge, the final penetration\ 
frequency at Edinburgh, and the skip frequency at oblique incidence. Table 1 
shows the results of one of the schedules made during the night 28/29 August 1937, 
and the interpolation mentioned above. The region-F penetration frequencies ath 
Cambridge and Edinburgh are given in columns 3 and 4, and the latitude variation} 


—_ 


* This figure also illustrates the behaviour of the extraordinary wave. 
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are estimated from the spacing between first and second reflections, together with the normal- 
incidence equivalent heights. No ground wave was received. 


Table 1 
: Calculated skip frequency 
F penetration from Cambridge Pf curve | Opeerved 
Number (Mc./sec.) } latitude- (Mc./sec.) re 
f G.m.t. difference fee Pp 
: quency 
2xperiment (Mc./sec.) Corrected ! M 
Cambridge | Edinburgh Uncor- | Corrected for (Me./sec.) 
8 8 rected | for time || Jarnide 
2235 6°65 6°45 —o'10 7-OI 
2242 6°97 6°87 6°88 
2250 6: 6:27 —O'15 6-92 
ae ze 6:81 6:66 6:63 
2305 6:29 6°24 —0'03 6°61 
2310 6:56 6°53 6°47 
2320 6°15 6°13 —o:'ol 6°47 
2326 6°44 6-43 6:30 
6:10 6:0 — 0:03 6°31 
oe : 6:28 6:25 6:23 
: : —o-0 6:20 
a ee staal $ 6:20 6:16 6:16 


skip frequency as calculated from the Cambridge P’f curve, and in columns 7 and 8 
the same quantity after correction for time and latitude variations respectively. 
The resulting value is to be compared with the observed skip frequency given ini 
the last column. 

Table 2 represents the results of all the experiments after they have been subjected. 
to calculation in this way. Ten of those shown were of the quick-schedule type,: 
the remainder being made with a 30-min. schedule. In order to examine how) 
closely the results of the experiments agree with the simple theory based on 
Martyn’s theorem, we show, in column 5, the differences between the observed 
skip frequencies and those calculated after correction for time and latitude. In 
column 6 these differences are expressed as percentages of the observed frequency. 
The mean percentage difference is found to be 0-47, with a probable error of) 
+013. The mean frequency for normal-incidence penetration is 6:86 Mc./sec.,. 
and the mean skip frequency for oblique transmission is 7-17 Mc./sec. ; 


‘Tanle.2 
f 
| | Oblique-incidence skip fa 
Date, 1037 Gime. frequency (Mc./sec.) Rages . 
Observed | Calculated i a 
19 May 2245 7°82 7°81 —o-o! —0'13 
» 2315 77° Pe O-ol O13 
5 2344 7°63 7°65 0°02 0°26 
20 May oor4 7°68 7°62 —0:06 —0o'78 
: , O112 AG 7 ad Gor | omg 
27 May 0940 8-73 ! 8°85 o'l2 1°40 
28 May 1351 7°93 7:97 0°04 0°50 
a 1420 FG 7°64 —o-:06 —0'78 
3 June 1425 755 7°42 0°13 ee 
10 June 2345 7°58 7°62 0°04. 0°53 
11 June 0055 7°30 7°43 O13 1°78 
28 Aug. 2242 6:88 6:87 —o-ol —o'14 
» 2253 6:63 6:66 0°03 0°45 
> 2310 6°47 6°53 0-06 0°93 
is 2326 6°30 6°43 0213 2507) 
5 2341 6:23 6:25 0:02 0°32 
» PRLS) 6-16 6:16 0:00 0°00 
29 Aug. 22277 6:90 6:99 0°09 1°30 
x 2242 6°73 6°81 0:08 1°20 - 
2257) 6°58 6:68 o:10 1°52 
55 2B 02 6°51 6°57 0:06 | 0°92 
tt 


We conclude from these results that there is very close agreement between the 
observed skip frequencies and those calculated by means of the theory for the 
ordinary wave, and we may express the precise relationship by stating that for 
a wave-frequency of about 7 Mc./sec. the oblique limiting frequency falls short of 
that calculated from the normal-incidence P’f curve by 0-47 +0°1 3 per cent. This 


value applies, of course, only to the particular ground distance and direction relative 
to the magnetic field of the experiments. 


= 
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The extraordinary wave has not been studied so carefully. On twenty-two 
occasions, however, the frequency-difference between the skips of the ordinary 
and extraordinary waves at oblique incidence has been measured, and the average 
value obtained was 0-62 +0013 Mc./sec. for a wave-frequency of about 7 Mc./sec. 
This value is very nearly the same as that observed at vertical incidence. 

_ It will be noted that in figure 5 the separation between the ordinary and extra- 
ordinary curves at oblique incidence is less than this amount, whereas in the normal- 


incidence curves it is greater. This must be attributed to the slow technique used 
in those measurements. 


i 
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NOTE ADDED IN PROOF 


Since this paper was communicated, Millington has published an extension 
‘of Martyn’s equivalence theorem to the case of a curved earth. The correction 
\ for curvature we have applied above is easily seen to be in agreement with his 
‘analysis for the short distance of transmission used in these experiments. 
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ABSTRACT. The necessity for using the grazing-incidence method when electron. . 
diffraction is applied to the study of surface structure is emphasized, and precautions to : 
be taken in order to obtain the maximum information from the patterns are discussed. 
A satisfactory method for obtaining comparison reflection patterns by the split-shutter 
method is described, and details of a light-tight split-shutter plate-holder are given. 

In view of the limitations of the grazing-incidence method the possibility of the back- 
reflection of electrons is considered, and experiments are described in which high-speed 
electrons diffracted through angles approaching 180° are recorded photographically, the : 
incident beam being normal to the surface of the specimen. The results obtained do not 
enable definite conclusions to be drawn concerning the two-dimensional or three-dimen- 
sional nature of the mechanism of diffraction involved, but development of the technique : 
should result in a useful method applicable to those specimens which cannot at present 
be directly examined by electron-diffraction. 


§1. INTRODUCTION 
[: the application of electron-diffraction to the study of surface structure, the ° 


reflection or grazing-incidence method must be used, because in most cases 3 

the removal of the surface layers as a thin film suitable for use as a transmission | 
specimen cannot be justified in view of the possibility that structural changes may 
be brought about during the stripping process. Thus, the stripping agent may 
affect the film chemically, or the breaking of the bonds between the surface layers } 
and the matrix may cause atomic rearrangement to take place. In general it will | 
not be possible to determine whether such change has occurred or not. 

Unfortunately the reflection method is subject to certain limitations. With / 
polycrystalline reflection specimens, a characteristic pattern will result only i* 
there are, projecting above the general surface, crystallites sufficiently thin to 4 
transmit electrons. This condition is usually fulfilled by surfaces which have » 
undergone mild chemical action, but severe treatment may cause the surface to | 
become too rough to be examined at grazing incidence. 

In transmission the distance from the diffracting crystal to the photographic 
plate is the same for all crystals, but in the grazing-incidence method there may be 


a variation in this length equal to the diameter of the specimen. Thus, for a given 
diffraction, the radius R is given by 


R=)L/d, 
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Figure 4. Split-shutter reflection pattern: PbS and «— Fe,O3. 


Figure 6. Back-reflection pattern from quartz single crystal. 
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where d is the lattice spacing, \ the electronic wave-length and L the distance from 
| crystal to plate. Whilst d and X are constants, L varies over a range, with a resultant 
line-broadening which under certain conditions may be considerable. With a 
| camera length of 50 cm. and specimen-diameter of 3 cm. the ring-broadening due 
| to this effect is 0-075 cm. on a ring of normal radius 1 ‘25 cm., whilst if the specimen- 
| size is reduced to 1 cm. the broadening is only 0-025 cm. It is for this reason that 
| the diffractions obtained by reflection are always broader than those obtained by 
{transmission from a comparable specimen. The narrower the rings the more 
accurately can their radii be determined, and therefore it is advisable to employ 
‘small specimens and as long a camera as may be convenient. 
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Figure 1. The relative radii-of iron-oxide diffractions. 


Owing to the short electronic wave-lengths employed, a large number of diffrac- 
tions are recorded upon a comparatively small photographic plate, and this results 
in a tendency for the outermost rings to merge together. For a given structure the 
separation of adjacent rings is greatest for small angles of diffraction, owing to the 
‘larger differences in the corresponding lattice spacings; hence these inner rings are 
‘the most useful in deciding the structure of the specimen. This may be illustrated 
‘by reference to the oxides of iron, figure 1. In the case of Fe,O, and «— Fe,O, the 
(diffractions almost coincide, with the exception of the first two or three rings, and 
lunless a satisfactory technique is adopted these inner rings may be cut off by the 
sshadow-edge, or masked by the incoherent scattering around the central spot. Thus, 
{in obtaining the pattern, figure 2, due to Fe,O,, the well defined-monochromatic 
lincident beam made possible by focusing was employed. By maintaining a high 
vacuum in the diffraction chamber, the background, and particularly that in the 
immediate neighbourhood of the central spot, was almost eliminated, whilst ring- 
\broadening was reduced to a minimum by the combination of small specimen-size 
with large camera-length. These conditions, combined with low angle of incidence, 
enable the innermost rings to be clearly seen. 


SS 
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§2. THE SPLIT-SHUTTER METHOD 


It has frequently been observed that determinations of lattice spacings made by) 
electron-diffraction are subject to an error of the order of two per cent owing to the: 
difficulty of determining high potentials with accuracy. Further, the important) 
inner rings are liable to a maximum error in measurement because of the small- 
ness of their radii, and for these reasons we have applied the split-shutter method 
to reflection specimens. This method consists essentially of a comparison of two 
patterns, obtained under identical conditions, and afforded by the specimen and 
a standard reference material respectively. Whilst the split-shutter technique was} 
easily applicable to the transmission method, some difficulty was experienced in| 
the case of reflection because the two specimens must be coplanar. A very slight) 
deviation from this condition is sufficient to obscure the inner rings of one of the 


Evacuation ducts 


Figure 3. Light-tight split-shutter plate-holder. 


patterns. Furthermore, the construction of earlier split-shutter plate-holders was. 
such that the diffraction camera had to be used in a dark room. In our work on the 
oxidation of iron we have found it essential to attain the greater accuracy given by 
the split-shutter method, but it was necessary for the plate-holder to be light-tight. 
Accordingly, the plate-holder shown in figure 3 was designed. Features of the! 
design are (i) robust construction, (ii) accurate fitting due to the fact that, onct)/ 
assembled, all joints can be reground without dismantling of the shutters, and 
(ili) evacuation of the plate-chamber, bearings, and all gas-pockets by ample ducts. 
The half-shutters A and B are independently operated through plane ground joints,: 
semi-universal joints being incorporated in the head C and the bearing D. The) 
aluminium shutter E was backed by the fluorescent screen and was operated by 
means of a third head and bevel gears. The main object of this shutter was to ensure 
the light-tightness of the gap between the two half-shutters A and B, but the 


accuracy of fit made possible by the design was such that this third shutter was hardly 
necessary. : : 
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§3. THE REFERENCE MATERIAL 


In split-shutter work the main requirements of the standard reference material 
| are that it shall (i) have a simple, known structure, (ii) be easily and quickly prepared, 

and (iii) give a reproducible pattern of continuous sharp rings, i.e. consist of a random 
) distribution of fairly large crystals. In addition, for reflection work it is desirable 
| that there shall be a number of rings of small radius to give maximum accuracy for 
the important diffractions, and furthermore that the reference specimen shall be 
j easily made coplanar with the specimen under examination. 

The substance which we have found to fulfil these conditions is lead sulphide, 
freshly precipitated from lead-nitrate solution, thoroughly washed and made up 
into a paste with water. The paste is applied, in the form of a thin film, to one-half 
of the reflection specimen by means of a camel-hair brush. By rotation of the 
‘specimen about an axis normal to its plane, either the surface to be examined or the 
lead sulphide can be brought into the beam without change in the angle of incidence. 
By this method an accuracy of one-tenth of 1 per cent in the determination of lattice 
spacings has been achieved. A characteristic split-shutter reflection pattern is 
shown in figure 4, in which rhombohedral «— Fe,O, is compared with PbS. 


$4. THE BACK-REELECTION OF ELECTRONS 


The grazing-incidence method is limited to the examination of fine wires or 
surfaces which are virtually plane. This precludes the investigation of a large 
number of surfaces which occur in practice, since violent chemical attack frequently 
jresults in the formation of irregular surfaces made up of large crystals through which 
the electron beam cannot penetrate. Further, just as X rays cannot be used for the 
determination of true surface structure because the diffractions caused by the surface 
layers will be swamped by those due to the underlying material, so the grazing- 
incidence method of electron-diffraction cannot be used for the examination of 
isolated areas on the specimen, as for example, corrosion spots, because the electron 
beam traverses a strip of the specimen and all crystals within this strip contribute 
‘to the diffraction pattern. The most obvious way of overcoming these limitations 
jis to use normal instead of grazing incidence of the electron beam. 

| It is now well known that electron-diffraction from polycrystalline specimens, 
i iving rise to well-defined rings comparatively free from background, is two- 
‘dimensional in nature. In effect the Laue condition for diffraction by the line 
grating parallel to the beam is almost completely relaxed, and the Laue conditions 
‘corresponding to two line gratings normal to the beam determine the diffractions 
‘which occur. A single line grating normal to the beam gives rise to cones of dif- 
\fracted rays about the line grating as axis. If we consider two such line gratings 
defining a two-dimensional lattice, then diffractions due to the two gratings occur 
‘in the directions of intersection of the cones. Normally we record those diffractions 
which occur in the forward direction, yet it is clear that any two such intersecting 
sones will in general intersect along two directions making angles of ¢ and (180° — ¢) 
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with the incident beam. Furthermore, the indices defining the diffraction occurring 
at (180°— 4) will be the same as those defining the diffraction at ¢. Provided the 
intensity of this back-reflection is sufficiently great and is not masked by any othe 
effect, it should be possible to record by means of it patterns having essentially 
the same characteristics as those obtained by transmission in the forward direction: 


Anode diaphragm 


To discharge tube 
of standard camera 
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Figure 5. Back-reflection camera. 


With a view to investigating the back-reflection of electrons we have constructed 
the simple camera shown in figure 5. The essential difference between this and the 
standard camera is that the relative positions of the specimen and plate-holder are 
reversed, and therefore provision must be made for the electrons to pass through 
a hole punched in the photographic film. Owing to the complications which would 
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be introduced by the diffracted electrons returning within the influence of the 


} magnetic field, focusing was not employed, but the incident beam was limited by 


two small diaphragms 25 cm. apart. The alignment of discharge tube, diaphragms 
and specimen was carried out by replacing the specimen by a small fluorescent 
screen which could be viewed by means of a periscope. Because of the considerable 
distance of separation of the two diaphragms, maximum intensity of the beam could 


| only be achieved by placing a small bar magnet just below anode-block level to 
_ deflect the beam through the lower diaphragm. This served the additional purpose 


of ensuring that the beam should be appreciably monochromatic. 

With exposures of } hr. to 1 hr. at 50 to 60 kv. and a camera-length of 30 cm., 
specimens of (i) a fairly thick layer of polished Aquadag colloidal graphite, (ii) gold 
foil, and (iii) Armco iron rubbed on no. 00 emery paper, all failed to yield a diffrac- 
tion pattern, although blackening of the photographic film was observed. Experi- 


_ ments in which one-half of the film was covered with thin black paper proved 


conclusively that this blackening was not due to X rays. Moreover, when the film 


_ was reversed, the celluloid base acted as a shield, completely preventing blackening 
_ of the emulsion, which could not, therefore, be attributed to light emitted by the 


specimen under the action of electrons. It having thus been shown that electrons 
scattered through angles approaching 180° could be detected photographically, 
further specimens were examined. On the two-dimensional theory all the specimens 
so far discussed should have yielded ring patterns, and it is possible that the 
spreading of the diffracted electrons over such a comparatively large area would 


' result in the intensity being too small for detection in view of the relatively intense 


background. 

An Armco iron specimen, so deeply etched that it would not give a diffraction 
pattern by the grazing-incidence method, afforded an irregular pattern of from 
20 to 30 spots of weak intensity. Further, with the electron beam at normal incidence 


on a natural (112) face of a rather imperfect quartz crystal, the spot pattern shown 


in figure 6 was obtained, the exposure being 1 hr. at 45 kv. 
These spot patterns cannot be satisfactorily analysed because of the uncertainty 
which exists as to the exact centre of the pattern, falling as it does somewhere 


_ within the hole punched in the film, and therefore it would be imprudent to advance 


any definite theory as to the mechanism of diffraction involved. The fact that 
patterns are not always obtained would suggest that the diffraction is three- 
dimensional, but it would in that case be difficult to explain why five well-defined 
spots were given by a quartz single crystal with a monochromatic electron beam. 
Further, as has been mentioned above, the failure to obtain ring patterns from 
specimens known to consist of random distributions of crystals may well be due to 


the reduction in intensity caused by the spreading of the diffracted electrons over 
a relatively large area, and this view is supported by the fact that, whilst the five 
spots from a quartz single crystal were fairly intense, the more numerous spots 


yielded by a microcrystalline Armco specimen were very much weaker. It is 


| possible that the Laue condition for the row of atoms parallel to the incident beam 
i is neither completely relaxed nor fully operative, in which case the patterns would 
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have some of the characteristics of both two-dimensional and three-dimensiona 


diffraction. 
Whatever the true explanation of these patterns may be, we feel that developmenr 


of the technique will result in a useful method of investigation, applicable to thos« 
specimens which cannot at present be directly examined by electron-diffraction. 
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| AN INVESTIGATION OF COSMIC-RAY SHOWERS 


PRODUCED UNDER THIRTY METRES OF CLAY 
By J. D. CRAWSHAW, M.Sc. 


Communicated by Prof. P. M. S. Blackett, 6 May 1938. Read in title 24 Fune 1938 


ABSTRACT. The vertical intensity of the cosmic radiation and of the cosmic-ray 
_shower-intensity have been measured at ground level and at a station 30 m. below the 

surface, and the ratio of these two quantities has been shown to be nearly the same at the 

two levels. A transition curve in lead has been obtained at the Underground station and its 
_ shape differs widely from the typical curve obtained at sea level. After a sharp initial rise, 
_ the shower-rate remains stationary for thickness of lead up to 8-8 cm., in contrast to the 
- rapid decrease which occurs after the maximum at sea level. The curves obtained under- 
ground are shown to be very similar to those obtained by Drigo at sea level under about 
2m. of masonry. 


§1. INTRODUCTION 
Te work described by Follett and Crawshaw“ on the comparison of both the 


vertical intensity and the shower intensity of cosmic radiation at ground level 
and under 30 m. of clay has been continued. The experiments were carried 
out in the Underground station at Holborn. 

In the earlier work, the ratio of the vertical intensity to the maximum shower- 
rate was shown to be approximately equal at the two levels. The object of the 
present experiment was to confirm this interesting and rather unexpected result and 
to obtain a reliable transition curve for showers from lead at the lower level. 


§2. EXPERIMENTAL ARRANGEMENT 


The vertical intensity and the shower-rates were observed by means of the coin- 
cident discharges of five Geiger-Miiller counters. With five counters the casual- 
coincidence rate is so small that a correction for it may be omitted. 

The counters were 30 cm. long and 1-6 cm. in internal diameter, and were filled 
at a pressure of 20 cm. of mercury with a mixture of three parts of argon to one part 


| of air. The anode of each counter was a tungsten wire, and the cathode consisted of 
_ acylinder of oxidized copper foil, the whole being sealed into a glass container. ‘The 
} potential applied to each counter was 50 V. above its starting potential. The record- 


ing apparatus used is shown in figure 1 and is similar in design to that described by 
Barasch ®). 

For successful quintuple recording, the smallest output pulse resulting from 
discharges in all five counters must be greater than the largest pulse resulting from 


| discharges in all but one of the counters. A quintuple coincidence was recorded 
’ when a 6-v. impulse was applied simultaneously to each of the five grids. No false 
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quintuple was observed when a 120-v. impulse was applied simultaneously to any 
four of the five grids; from this result, it was assumed that a movement of the tele. 
phone counter corresponded to a coincident discharge of the five counters. 'Th¢ 
leads from the anodes of the counters to the grids of the valves were made as shor) 
as possible and were screened so as to prevent any mutual-induction effects. Each: 
pentode was enclosed in a screening box. 

The apparatus was set up in a laboratory with a thin roof at ground level: 
five counters being used one above another, and measurements were made of the 
vertical intensity of the cosmic rays. The axes of these counters were horizontal ana 
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Figure 1. Coincidence recording circuit. 
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Thickness of lead (cm.) Figure 2A. Arrangement of counters. . 


Figure 2. Transition curve for sheet A. I, probable 
error of the determination. 


For the shower-rate determination, the counters were arranged as shown i 
figure 2A; their axes were horizontal and formed the apices of a regular pentagozt. 
Such an arrangement requires at least three ionizing particles to discharge it, and 
thus the showers observed consist of at least three such rays. Observations were! 
made with and without lead over the counters. The lead sheets shown in figure 2 A! 
were bent into a nearly semicircular shape and had a thickness of 1-6 cm., since this) 
value gives the maximum shower-rate at ground level. | 

The apparatus was then taken down to a disused platform in Holborn tube 
station and was housed in a galvanized iron shed. The platform is about 30 m. below 
ground level, and above it are strata of different kinds of clay whose mean specific 
gravity is about 2, giving a total thickness of absorber equivalent to about 60 m. of} 
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| water. Measurements of the vertical intensity and the transition curves for lead 
were obtained. As a check on the apparatus, a redetermination of the vertical 
| intensity at ground level agreed with the former value. 


§3. EXPERIMENTAL RESULTS 


Table 1. Vertical intensity 


Total count ‘Time Rate per hour 
| Ground level 1189 4h. 30m. ZOArs 52 
Underground level 454 32 he 55m: 13°38 +0745 


Ratio of intensities 19:1 + 0°7 


Table 2. Shower-rates with a hemicylinder of lead, 1-6 cm. thick 
above the counters. Figure 2 


Total count Time Rate per hour 
Ground level Bon 7h. 40m. 43'241°6 
Underground level 107 49 h. 40 m. 2 U5 O20! 


Ratio of shower-rates 20-0 + I°5 


For the measurement of vertical intensity the counters were equally spaced, the 
axes of the two outer counters being 12:5 cm. apart. In the pentagonal formation 
the axes of the counters were 2-7 cm. apart. The shower-rate for the thickness of lead 
here used decreases with increasing depth below the surface at about the same rate 
as the primary radiation, in agreement with the former results of Follett and 
‘Crawshaw, 

With the arrangement shown in figure 2A the transition curve up to 3 cm. of 
lead was measured underground, figure 2. The shape differs markedly from that of 
the usual air-lead curve at sea level; see, for instance, curve A of figure 4, which 
shows some results obtained by Drigo“™. The shower-rate underground rises with 
increasing thicknesses of lead up to 1:2 cm. and then remains stationary, while at 
sea level there is a marked maximum at about 1-6 cm. 

To extend the transition curve to greater thicknesses of lead a special frame was 
constructed to carry the lead sheets, which were bent into circular arcs subtending 
‘an angle of 108° at the axis of the bottom counter; this second disposition of lead is 
trepresented by B in figure 3A. A transition curve, figure 3, was then obtained for 
‘thicknesses of lead up to.8-8 cm. The shower-rate is less than with the semicircular 
‘sheets, but the commencement of the stationary value occurs at about the same 
ithickness of lead. There is no rapid decrease of shower-rate with increasing thick- 
ess of lead up to 8-8 cm. 

It is seen that the reduction of the area of lead sheet leads to about a proportional 
reduction of the shower-intensity. For the case of the hemicylindrical lead sheets, 
che maximum rate is about 2:15 per hour, whereas in the case of the sheets subtend- 
‘ng an angle of 108° with the axis of the bottom counter the maximum rate is about 

(40 per hour. The zenith-angle distribution of the cosmic-ray intensity has already 
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been determined by Follett and Crawshaw“) at this depth below ground level, ani 
the intensity at angles from the zenith greater than 54° is much too small to pe 
the observed decrease of intensity unless the harder horizontal rays are more activ) 
in producing showers than the softer vertical radiation. The probable explanation ij, 
that the showers are so diffuse and contain so many scattered particles that th 
chance that one will be recorded is almost independent of whether the lead ab 
sorber, in which it is produced, is at the side or over the top of the counters. I: 
addition, the average size of a shower probably increases with the area of the leaw 
absorber. This must happen if, as is probable, many of the incident rays comin( 
from the roof of the tunnel are already associated in showers. 


if 


| 


Fig. 3A. Arrangement of counters 
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Figure 3. Transition curve for sheet B. I, probable error of the determination. 


Experiments have been made with lead sheets placed under the counters, bui 
within the limits of experimental error the effect of such sheets is negligible; thi) 
shows that no appreciable number of shower particles are projected upwards. 

Auger and Rosenberg) have obtained similar transition curves at depths of 3 
and 75 m. water equivalent, but they found that the stationary value of the shower 
rate was reached with a considerably smaller thickness of lead than in our experi‘ 
ments in the Underground station. Moreover, they noticed that this thicknes:| 
decreased with increasing depths below the surface. Perhaps the difference may bi 
due to the difference in the arrangement of counters. 


§4. DISCUSSION OF RESULTS ' 


Drigo™ has obtained transition curves at ground level with increasing thick! 
nesses of light-absorbing material above the lead and counters, figure 4. Thé 
remarkable features of his results are that the greater the thickness of absorbing 
material, the less pronounced is the maximum of the curve, and that the curve ( 
obtained with a thickness of light-absorbing material equivalent to 2-7 m. of water i 
similar to that found at the Underground station, where there is a thickness of 30 
of clay above the apparatus. 

This type of curve thus appears to be characteristic of a transition to lead from ‘ 
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| compact mass of material composed of elements of low atomic number. Its shape 
} seems independent of the thickness of material above the lead and counters, provided 
| that this thickness is greater than that equivalent to about 2 m. of water. 

On account of the difference between the curves of the transition from air to 
| lead and from masonry to lead, care has to be exercised in comparing the ratio of the 
shower rates at ground level and at a position 30 m. below this level. In the above 


Shower rate per hour 


0 4 8 12 16 20 24 28 32) 


| Thickness of lead (cm.) 

1 Figure 4. Curves plotted from results of A. Drigo (1935). A, filtered by 20 g./cm? of light material ; 

i B, filtered by 20 g./cm? of light material and 88 g./cm? of lead; C, filtered by 270 g./cm? of 

: light material. 

| experiments, the ratio of the shower-rate to the vertical intensity has been shown to 

| be the same at the two levels, but from a consideration of the curves in figure 4 the 
shower-rate at sea level, for a thickness of 1-6 cm. of lead, is several times greater for 


\an air-lead transition than for a masonry-lead transition. Thus the ratio of shower- 
fate to vertical intensity must be actually greater underground than under a few 
‘metres of masonry at sea level. This is a rather surprising result, and suggests that 
either the size or the number of showers produced by the penetrating component 
/must increase as the radiation becomes more penetrating, and so probably more 
energetic, as a result of filtration. 
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THE FREQUENCY OF VIBRATION OF MOLECULES 
IN LIQUIDS AND ITS RELATION TO VISCOSITY 
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ABSTRACT. An expression is found for the variation, with temperature, of the averagy 
frequency of vibration of a molecule in a liquid. The absolute frequency is calculates 
approximately and is used ue Andrade’s expression for the viscosity of a liquid at thy 
melting point, namely, 7=$.vm/c, to obtain an expression for the variation of viscositi 
with temperature. The erate value of the viscosity is calculated approximately. Th 
internal pressures of several monatomic liquids have been calculated. 
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melting point, namely 


A NDRADE™ has developed an expression for the viscosity of a liquid at th 


In this expression m is the molecular weight of the substance, o the mean dis. 
tance between the centres of the molecules and v the average frequency of vibratio 
of the molecules. The value of the frequency calculated in this way has been shown: 
for monatomic substances, to be practically identical with that calculated from 
Lindemann’s well-known expression 


LE; 
y=2°8 x 101? Jai | (2). 
Andrade has applied the expression in the above form to the melting point only 
In order to account for the variation of viscosity with temperature he assumes tha 
for the transference of momentum, the molecules must possess a certain mutu i 
potential energy. The number of molecules possessing this energy will be gov i 
by the Boltzmann distribution formula. From this he arrives at the expression 


1 
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for the variation of viscosity with temperature. In arriving at the latter expressio : 
he assumes that the average frequency of vibration is independent of temperature: 
This assumption was made partly because of the difficulty of finding a satisfacto 
expression for the change of frequency with temperature, and partly because the 
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| assumption of a constant frequency gave a more exact representation of the observed 
values. 

Lindemann’s expression for the frequency of vibration of an atom at the 
| melting point is based on the assumption that at the melting point the amplitude of 
vibration of the atoms is approximately equal to their mean distance apart. There is 
no necessary justification for assuming that the amplitude is actually equal to the 
| distance apart of the atoms. The same expression would be obtained by assuming 
it to bear a constant ratio, for various substances, to the atomic diameter. The 
arbitrary numerical constant would thereby be altered, but as this is obtained by 
| comparison with the experimentally determined values of the frequency the general 
applicability of the formula would not be affected. It is obvious that if the expres- 
| sion is applied to a liquid above the melting point, it would indicate an increase of 
‘frequency with rise of temperature, because \/T increases much more rapidly than 
1%. Such an increase would, of course, preclude the application of equation (1) to 
‘liquids above the melting point without further assumptions. 


I 

On general grounds, there is reason to expect that the average frequency of the 
‘atoms of a liquid would decrease with rise of temperature. In a solid the frequency 
is of the order of 10! per sec., whereas in a gas under ordinary conditions the 
collision frequency is of the order of 10° per sec. Regarding a liquid as an inter- 
/mediate state between a solid and a gas, we should expect a gradual lowering of the 
javerage frequency with rise of temperature. 

It is proposed to assume that the movement of a liquid molecule is essentially 
‘that of a small sphere vibrating in an envelope slightly larger than itself. Taking the 
| simplest possible analogy of a piston moving in a cylinder, in which the radius of the 
/ piston is 7, the unoccupied length of the cylinder / and the velocity of the piston c, 


‘the frequency for a complete oscillation is given by 


§2. THE CHANGE OF FREQUENCY WITH TEMPERATURE 


a4 Tr2C es c (4) 
Ea, pee etna i) | ebsses 4). 


: In like manner, the time for a complete oscillation of a liquid molecule can be con- 
lsidered to be the time required by the molecule to sweep out a volume equal to 
|twice the unoccupied volume of its envelope. If V, is the specific volume of a liquid 
Jat a low temperature, we can consider that the area of a molecule is proportional to 
1(MV,/N)?, where M is the molecular weight, N is Avogadro’s number, and V4 is 
considered to be constant. If at some higher temperature the specific volume is 2, 
‘then we can consider that the unoccupied portion will be (v— V4), or the ratio of the 
Junoccupied portion to the occupied portion will be (v—Vo)/Vo. The volume of a 
jsingle molecule can be taken as proportional to MV,/N, so that the unoccupied 
volume associated with a single molecule will be 


Mineo Ve 


ie eae 


SS 
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Let c be the average velocity of a molecule at the temperature considered. On the) 
above analogy we can expect the frequency to be some simple function of 
(MV,|N)i c 
2 (MV /N) (v—Vo)/Vo" 
: es Ke 
or we can write Vv : (MV,/N)! Ge V.)/Vo | 
K should be a small numerical quantity differing from unity because the assump4) 
tions are only approximate. V, will be considered to be the specific volume at the) 
lowest temperature in the range of temperature over which the measurements ara) 


applicable. 
The velocity c of a molecule is proportional to \/7/M, where T is the absolute 
temperature and M is the molecular Ses We can write, therefore, 


— 2(MV, i (v—V,)/Vo Var an (Oi 

If now we consider a liquid at its melting se and assume that at the melting 
point the free space bears a constant ratio to the volume of the molecule for various) 
substances, which is a more generalized form of Lindemann’s assumption, the above’ 
expression gives for the frequency at the melting point | 


og (7) 
BOR] Guy ( MD, j ny pa000% 7)s 
which is identical with Lindemann’s expression. At higher temperatures tha} 
frequency will decrease so that at a temperature ¢ the frequency is given by 


_, u—Vo ih 
Y=, kil ae — 


— V, increases more rapidly than 4/T. 


$3, THE VISCOsSI ty OF A-EiOUrlDp 


If now we insert thé above expression for the frequency into Andrade’s expres-: 
sion, equation (1), for the viscosity of a at the melting point, we obtain 


4 

n= 3 (MV, mi (o— V/V, ae Gh (9). 
Regarding V, as a constant and writing o as proportional to v*, we could derive the 
expression for the variation of viscosity of a liquid with temperature, in which Mi iSy 
constant, as ve _ B | 
/ TE= v= ae? 
The calculation of the free space from this equation should enable us to obtain) 
approximately the absolute value of the frequency and the absolute value of the 

viscosity. 
In the following tables, the equation 


where B is.a constant.) ee (10). 


nut 8 
V/T v— [Pe teens (11) § 
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which involves two unknowns, B and Vy, is applied to monatomic substances. 
A comparison is shown of the differences between the calculated and observed 
values obtained by its use and those from the use of Andrade’s expression, 
» equation (3). 

: Unfortunately the range of experimental data in this class of substance is still 
very meagre, and the technical difficulties in connexion with the measurement of 
the viscosity at the relevant temperatures makes it almost impossible to reach the 
accuracy obtainable with organic substances at ordinary temperatures. 


Table 1. Gallium. Spells 


Difference between cal- 
: culated and observed 
ES 
— : Nove. i a eal values (per cent) 
. . VU—V eo . : 
Equation Equation 
(11) (3) 
303 0°02027 O'9917 0°01 167 07031242 7 = 
325°9 001894 0°9944 00,1042 07031063 2-1 FASO) 
373°0 001609 I'0000 0°038331 0'03833 0-0 +06 
422°0 001406 1'0060 0°036864 0:03673 —2°0 7 
473°0 001258 I°OI20 07035808 0703563 — 3:0 SQ 
574°0 001029 1°0230 0°034.333 003435 +0°5 —2°2 
675°0 000882 1°0345 0°033433 0°03351 2:3 —o'l 
773°O 0:008127 1°0453 0°032967 0°03297 + Or —1°6 
873°0 0°007637 1'0560 07032632 0703258 —2:0 —3:0 
I1079'0 0:006524 1:0778 0°032035 0°032035 rode) +13 
1283:0 0°005915 1'0998 0°031705 0°031675 S16) are 
1373°0 000578 I'1097 0°03,1615 07031553 — 322) 2-7 


(v—Vp) at 373° K. is 002515. 


The differences with gallium over a range of temperature of 1000° are of the 
same order with the two expressions but are, if anything, more at random with 
equation (11). 

(v—V,) at 303° K. calculated from first two readings is 0:0229. 


Table 2. Potassium. Chiong® 


Difference between cal- 
culated and observed 


Temp. Volume vs B io values (per cent) 
OK obs. cm? er eae cal. 
Equation Equation 
(11) (3) 

2 0°005535 0°9894 07032996 07032897 Ske = 
ec 0°005256 0°9903 07032842 07032841 foe) =o 
340°9 0°005230 0:9906 0°032825 0'032823 foe) - 0:3 
352°4 0'004.930 0'9940 07032630 0032631 0:0 aoe | 
372°5 0'004540 1*0000 0032353 0032353 0'0 oro 
392°6 0004188 1:0060 07032118 0°032127 +0'4 ia 

0'003707 1°0167 0°031807 0'031813 +0°3 =o 

0°003530 I°0227 ; 0031680 07031678 —o'l ie. 
480°7 0'003249 1'0323 0°031497 0°031497 0:0 + o> 
555°5 0'002750 1°0546 07031196 0:031196 ae poe 
625°5 0'002457 1:0756 0°031007 0:031007 foee) ° 


= PP TE LL LEN OLA CALLS LL CLL TFTA OO OT am 
-- 
- N 
Q0 Oo 
nun 
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Bornstein tables as follows: 
V.= V9.5 1 +.0°03299 (¢ — 372°5)- 


The agreement with the author’s expression is strikingly good in the case of thisi 


substance. 


v—V, at 337°2° K. calculated from values at 337:2° K. and 352°4° K. is 0°0330. 
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The volume has been calculated from the expression given in the Landolt-) 


Table 3. Sodium. Chiong® 


v—V, at 372°5° K. is 0:0565. 


Difference between cal- 
A culated and observed 
Temp Volume nus B (eal values (per cent) 
° K. Nobs. cm? EVA i = Ve . - - 
Equation Fquation 
(11) (3) 
371°0 0007264 0°9988 0°033772 0'033697 —2:'1 — 
372°6 07007142 | 0°9994 07033697 07033637 EF, = 
27534. 0006856 I'0000 0°033539 0°033580 +1°I — 
393°4 0:006170 I°0051 0033116 0°033153 + 1°2 +073 
428°4 0°005322 1:01 46 0°032585 07032581 —o'2 —03 
4321 0005225 10158 07032526 0°032523 —o'l —o1 
446°7 0°004.942 I'0198 0°032354 0°032347 —03 —o'2 
456°4 0004760 10225 0°032244 0°032242 Ose —o2 
479°7 0:004431 1'0290 0°032043 0°032024. —1'0 -—o'7 
491°0 0°004239 10321 0031933 0031933 foe) foe) 
562°0 0'003506 I°O519 0°031 504. 07031506 +o°1r —o3 
[_ 628-0 0°003015 1°0703 0°031231 0°031249 ately Oy 


(v—V>) at 375°4° K. is 0:0377. 


The volume has been calculated from the expression given in the Landolt- | 
Bornstein tables, namely 
V = Vos75-4 [1 + 0°03278 (¢—375°4)]. 
(v—Vp) at 371°. calculated from values at 371-0° K. and 393°4° K. is 0:0290. 


Table 4. Tin. Stott 


Temp. ce Volume ut ees (cal.) Difference 7 
K. oF cm? Vf T v—Vo : per cent 
ues O'O1gI I:0000 003843 003843 (ote) 
573 0:0167 1°0054 0°03697 0:03;690 —I°0 
673 0:0138 I°O144 0°03535 0703529 S12 ‘ 
773 o-o118 1'0235 0°03428 0°03428 fore) 
873 “O'O105 1'0326 0703359 0°03359 (oe) 
973 0:00945 1'0416 0703307 0°03310 +10 
1073 00087 I'0507 0703270 0°03272 +0°8 


The volume has been calculated from the expression 


V,=Viyg [1 +0°04905 (t—513)], 


based on the results of Lewis. 


v—V, at 513° K. is 0:0242. 
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Table 5. Bromine. Thorpe and Rodger 


cae 
Temp. Volume nus B Differ 
ace se cm? /T v—V, 28) per cena 
273 0012575 I°0000 0°037610 0°037590 (0h 
283 oop @ tole) I°o108 0'03;6613 abe ao 
293 0°009935 I-0219 07035845 07035843 Our 
303 0:008985 1°0335 0°035218 0'035207 —o'2 
are 000817 1°0454 0°034685 0°034685 0:0 
| 323 0°00747 1:0576 0°034.235 0°034250 *+:0-3 


(v—V,) at 273° K. is 0:0733. 


Table 6. Mercury 


1 
| Temp. ae Volume mike a8 (cal.) Difference 
Ke i cm} VT v—V, ; per cent 
253 00186 0°9963 O°Os1 171 0'031 169 =O 
273 00170 I*0000 0°0,1029 0°031029 (oho) 
293 0°0157 10037 0°03919 003919 0°0 
323 O'OI4I I‘OOgI 0°03787 003795 +10 
373 O°0122 10183 0°03636 0°03646 =e) 
473 O-0102 10368 0°034.75 0°03470 =i) 


(v—V ) at 273° K. is 0°0309. 


These tables show that equation (11) follows the experimental values with an 
| error not much greater than the probable experimental uncertainty. 


§4. THE FREE SPACE AT THE MELTING POINT 


On the basis of Lindemann’s assumption, the free space at the melting point 
| should bear, approximately, a constant ratio to the total volume for various sub- 
stances. Of the substances given above, bromine will be shown to fit in more 
) satisfactorily with the organic substances and will be discussed with them. 

Table 7 tabulates the values of the free space calculated for the remaining 
+ elements and gives the values computed for the melting points. 


Table 7 
Melting (jie (ii) 
Temp. v—V,y point v—V, at v—V, at 
ee Se melting point | melting point 
Mercury ° 0°0309 — 39 0'0237 0:0237 
Tin 240 0°0242 232 0'0232 0'0232 
Gallium 100 0°0252 30 00170 0'0224 
Sodium 103 0°0384 97 00366 0'0291 
Potassium 100 0°0565 62 0:0446 0'0320 


| In the neighbourhood of the melting point, the viscosities of gallium, sodium 
,and potassium show definite anomalies whether calculated by Andrade’s equation 
'(3) or by equation (11). The last column gives the free space for these substances 
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calculated from the experimental values immediately above the melting point } 
While the values in column (i) can hardly be called approximately constant, those ins 
column (ii) are much more so. The very high compressibilities of sodium and) 
potassium in the solid form would suggest that in these elements the atoms thes 
selves are compressible. If that is the case, some portion of their very larger) 
coefficients of expansion may be due to an actual increase in the volume of the atom 
as the substance expands. The expansion of the free space would, therefore, be less 
than that calculated from the ordinary coefficient of expansion. Such an anomaly’) 
would account for the higher value for these substances. In the method of approach’ 
of Lindemann and Andrade this difficulty would not appear. A more extended! 
range of data is necessary to establish the constancy or otherwise of the free space: 
at the melting point, calculated in this way. In the meantime the values can be said 
to be of the same order and, in the case of mercury, tin and gallium, approximately’ 
constant. 


§5. CALCULATION OF THE ABSOLUTE FREQUENCY 


It is now possible to attempt the calculation of the absolute frequency fromul 
equation (5). 
The values for sodium at 103° c., which is not far from the melting point, are} 
(v—V,)/Vy=0-0384, M=23, N=6-06 x 10% and p=0'93; V)=1/p; ¢ is obtained 
from the known kinetic energy of a molecule at 0° c., namely 5-62 x 10-14 ergs, andi 
the mass of the sodium atom, namely 23 x 1:64 x 10-4 gram, by the formula 


c=,/ BEN Ws aaa a7e cm./sec. 
DRE OA On 279 


Taking K as unity, this gives the absolute frequency of the sodium atom asi} 
2°42 x 1013, Andrade’s value for sodium is 4:6 x 1012, The value is, therefore, fivet 
times too great. This might be considered too great a numerical factor, even after} 
allowance for the approximate nature of the initial assumptions. It will be shown# 
that for the organic substances the numerical factor is much lower and that its large 
value in the case of the elementary substances is probably connected with their very} 
small molecular volume. 


§6. ORGANIC SUBSTANCES 


There is little doubt that organic substances, with falling temperature, tend tai 
undergo some sort of loose association of the molecules, varying according to the 
nature of the substance. Such an association would involve an alteration in they 
effective molecular weight. It might be expected, therefore, that the simple ex- 
pression (11) would apply less satisfactorily to organic substances over any extended: 
range of temperatures. It still remains, however, approximately true for those} 
liquids which are ordinarily considered to be unassociated. A more exact agreement| 
can, of course, be obtained by introducing an arbitrary coefficient and writing — 

An 
1S Ce ee (12)g 
gS OY) 


a ane 
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The value of n for unassociated substances is very close to unity. This type of ex- 


_ pression has been discussed by the author in earlier papers”*®, The value of the 


free space, calculated over a small range of temperature from equation (11), is not 


' very different from that obtained from the expression 


Reese) 
oe. Sra (13). 


It was shown by the author® that the specific volume of a liquid can be 
accurately represented by the expression 


oe 
v—V,’ 


Co Bae 
ae 


where 7,e° 7” is considered to be the internal pressure of the liquid. It was also 
shown that if the molecular weight changed owing to any loose association of 
molecules, it would be expected to change so that 


M= Mye!?». 


_ Substituting for 1/(v—V ) the quantity 7)e°/?"/RT, and representing any change 
in the molecular weight as covered by the expression M= M,e!°, we obtain the 
_ following possible expressions for the viscosity of a liquid, in which the molecular 


weight is not necessarily constant. 


aT: D— V, seeeee (14) 
= Koei?" sige 12 
‘ RT 
KeelTe 
ih 
or nvey/T = Kelton (45), 
this latter equation involving only two unknowns. The use of these expressions will 
be shown as applied to diethyl ketone for which Thorpe and Rodger give the 
» expression for the relation between temperature and volume as 
Vi= Vp [1 +.0°0,11534t + 0°05188427 + 0°0,320227] Ss... (16), 
| an expression involving four unknowns. 
: ie 
The equation Tigh t= sca a (17) 


is applied to the volumes calculated from the equation (16). Equation (17) involves 
} only three unknowns. The calculated values are obtained from the values of the 


constants, which unfortunately have to be obtained by the method of trial and 


) error, thus: V,=0-g000, c” =418-1, 7 =587°4. 


It is obvious that an expression of this type represents the specific volume of a 
liquid with considerable accuracy. 
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Table 8. Diethyl ketone 
Lie ” Difference 
a? Sa aA v—Vo koa per cent 

fo) 1*0000 0*1000 2730 2717 —0'5 
IO I‘O117 opreiiry 2535 2531 —o'2 
20 170238 0°1238 2367 2367 0'0 
30 1°0363 0°1363 2223 2225 “OoE 
40 10493 0°1493 2096 2098 +or1 
50 1:0627 01627 1985 1986 o'0 
60 1:0766 0'1766 1885 1885 o'0 
70 1°0909 0"1909 1795 1796 foeze) 
80 I°I059 0°2059 1714 I7I4 ove) 
go T°r213 0'2213 1640 1641 fore) 

b cele) MOS Ta Ya/2) 0°2373 1572 1574 Ont =a 


If now we take the value of V, as o:gooo, which has been determined inde~ 
pendently of viscosity data, and insert it in equation (14), we have an equation which 
involves only two unknowns, namely K, and c’. This expression gives a very accurate: 
representation of the experimental values. The values of the constants are: c’ = 160-0, 
Ky) =0°031995, Vy=0-g000. 


Table 9. Diethyl ketone 


— 


Temp. 
3 et Nobs. Neale. 

° 000595 0°00593 
10 0700525 0°00524. 
20 000466 0:00467 
50 07004195 0°004194 
40 0003795 0003792 
50° 0°003445 0°003445 
60 0'00315 0°00315 
70 000289 000289 
80 0'002655 0002654 
go 0°00245 0'00245 

100 0:00226 000227 


It will be seen that the experimental values are almost exactly reproduced. 
By eliminating (v—V,) we obtain the equation 


qui /T=Kel™, 


where c=c'+c"=578-1 and K=K,x7)=0'1172. In the following tables this! 
equation is applied to several liquids, and a comparison is made of the differences) 
between the observed and calculated values obtained by its use with those by the: 
use of Andrade’s expression, equation (3). The values of (v—V,), calculated from| 
the approximate equation | 
nut Sis 
VE ROKV, 
along with the divergences from the observed values, are also given. From the 
approximate value of (v—V,) thus obtained the absolute frequency has been cal- 
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culated in the manner illustrated for sodium. The absolute viscosity is then ob- 
tained from equation (1). The observed value is shown in brackets. 


Table ro. Diethyl ketone 


A : From 
Nobs. qvs/T Ket» pee Andrade’s of 

P formula v—Vo 
0700595 00983 00974 —o'9 —0o'4 + 1:6 
0700525 00886 0:0883 —073 — 0-2 +03 
000466 00805 00805 roo) —or'l 0:0 
0°004195 0:0739 0'0739 [oyze) lose) —o-8 
07003795 00682 00682 foe) —0o'2 —1°'0 
0°003445 0:0632 0:0632 folze) —0%3 —I'l 
0700315 0°0589 00588 —0-2 —0'4 —.'l 
000289 O-O551 0°0550 O22 —03 —o'7 
0°002655 00516 070516 foe) fore) foe) 
0700245 00485 | 0:0485 o-0 +04 +0°5 
000226 00456 0:0458 +0°4 +0°8 +1°5 


€=578'1; K=0-1172; (v—Vo) at 0° C.=0°0701; = 3°36 x 10!?; 49 =0:01056 (0°00595). 


Table 11. Octane 


: From 
Ber | rm | YORE | mtr | Kerr | Pifernee| andrace's | —2 

formula v—Vo 

° 0:00703 I*0000 o1161 Onl 52a —o'8 —0'4 7°O 
10 0006125 I‘O1IQ 0°1035 0°1030 —0'5 —0%3 2'0 
20 0°00538 1°0238 009282 0:09282 foot) foe) foro) 
30 0:004785 1'0360 0'08427 008428 o'0 —0'2 —1'5 
40 0:00428 1:0485 007690 007697 +orr —0'2 —2°0 
50 0°003855 1°0612 0:07068 0:07070 foot) —o'2 —2'1 
60 0°003495 1°0745 006531 006518 —o'2 —o'6 —2°I 
70 0:00318 1:0882 006058 006042 —03 —o'6 —1'7 
80 0°002905 I°1025 0:05638 005625 —o'2 —0'5 —13 
go 0:00266 I‘Il174 0°05257 0°05257 0:0 —0°3 —o:6 
100 0°002445 i033 0'04922 0°04.922 rode) (ole) 0-0 
IIo 0°002255 1°1496 0°04624 0°04626 | [oere) fore) +04 
120 07002075 | 1°1670 0°04332 0:04358 | +0°6 + 0:7 +14 


€=655-6; K=0-1044; (v—V,) at 0° C.=0°0543; % = 3°52 X 1017; 9 =0°0137 (0°:00703). 


Table 12. Carbon tetrachloride 


: | From 

‘Temp. Volume “/Tv Difference 4 B 
-° a "obs. cm: nus /T we per cent prea || nee 
° 0701346 I*0000 0°2223 o:2192 —1'4 —|Ts4 +°3°5 
10 0°01 133 I‘O122 o1QI4 o1gi4 (ode) (ose) fone) 
20 0:00969 1'0245 o0'1672 o'1681 +0°5 +0°6 -—I'l 
30 000842 1°0371 0°1484 0°14904 Omy =tOai7 ie? 
40 0:00738 1°0502 0°1328 1332 )7/ +07 +0:7 —I'4 
50 000654. 1'0636 0°1200 0°1205 +0'4 +0°5 —0°6 
60 0005835 1:0776 o-1092 071092 foyre) foe) fooze) 
7° 0°00524 1°0932 O*1000 00995 —Or5 | -0'8 Fr epit 


c=793'1; K=0'1199; (v— V4) at 0° C.=0°0494; % = 3°75 X 101”; 4) =0°0217 (0°0135). 
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Table 13 gives the absolute frequency and the absolute viscosity calculated fo. 
a large number of liquids at temperatures approximately 20° below their boiling 
points. The free space was obtained by means of equation (18) from observed valuew 
at two temperatures 20° and 10° below the boiling point. In calculating th¢ 
absolute value, K was taken as unity. The last column gives the numerical ratio o¥ 
the calculated value to the observed value. It is practically constant for this class o¥ 
substances, which includes bromine and nitrogen peroxide, and is much smallew 
than the ratio for the metals. The organic substances are distinguished from the 
metals by their much larger atomic volumes as well as for their greater free space: 
It might be expected that the error due to the approximations made would become 
greater as the scale is reduced; in the gaseous state the time between collisions is 
long compared to the time of the actual collision, whereas in a liquid a molecule is 
practically in a state of continual collision; the actual nature of the collision, whick 
is relatively unimportant in a gas, becomes one of the determining factors in a 
liquid. A considerable numerical correction is therefore to be expected. In the case 
of the organic substances the value actually required is certainly not unreasonable, 


Table 13 

Substance HS ron ViXlOm= Neale, Nobs. Ratio 
Pentane se) 2°00 000550 0:00256 2705 
Heptane 70 1°50 0700516 0°00253 2°04 
Octane 100 O73 000456 000244 1°87 
Propyl chloride 20 2507 000691 0°00352 1°97 | 
Propyl bromide 50 1°55 0°00773 0:00388 2°00 
Propyl iodide 80 1°24 0:00830 0°00420 1'99 
Carbon tetrachloride 50 1°99 001230 000654 1°88 
Chloroform ; 40 1°83 0'009I0 0:00465 1:96 
Propylene bromide 120 1°56 O'Ol 194 0'00535 228 
Benzene 60 2°63 000836 000391 2°14 
Ethyl benzene IIO 1°53 000586 0:00282 2:08 
Ethyl sulphide 70 1°60 0°00543 0:00279 1°95 
Carbon bisulphide 20 2°36 000847 0'00367 2°30 
Methyl propyl ether 10 PIG) 000624 0°00277 2°25 
Dipropyl ether 60 1°64 000589 0°00277 203 
Diethyl ether 10 2°02 000592 000259 | 2:28 
Propyl acetate 80 1°78 0°00673 000304, 2°21 
Methyl formate 10 2°65 0°00745 0°00384 1°94 
Nitrogen peroxide ° 2°66 O-O1I40 0'00528 2°16 
Bromine ° Se7/5 002910 0°0126 2°30 
Potassium 62 16°9 0'0336 0:0056 6:00 3 
Sodium 97 31°9 0:04.66 0°0075 6:20 
Mercury Cy || KoRn O°1557 O°0170 9°00 
Gallium 30 28:5 0°1697 0°0204 8-32 

__ Tin 240 PRR? 0°1900 oorgl 10'O 


§7. THE INTERNAL PRESSURE OF THE LIQUIDS 


It is of interest to calculate the internal pressures II of the elements on the 
assumption that they are given approximately by the expression . 


ial 


Il = —_~— 
v—V,) M/p 
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Table 13 sets out the values obtained in atmospheres. ‘The approximate value 
| of their coefficients of cubical expansion are also given. 


| Table 14 
Temp. 
Substance oe II o 

| Tin. 240 104,600 0°0310 
) Gallium 100 108,000 O°O3I1 
: Mercury ° 50,500 070318 
: Sodium 100 43,000 0°0328 
| Potassium 64 18,600 070330 
i Bromine ° 12,200 O°O,10 


Except in the case of potassium, the coefficients of expansion are approximately 
eee ely proportional to the internal pressures. There is an obvious relation be- 
| tween the internal pressure of a liquid and its viscosity, as both are largely governed 
| by the free space. 
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NOTE ADDED IN PROOF 
My attention has been drawn to the recent papers by Eyring in the Journal of 
Chemical Physics on the physical properties of liquids, to which no reference is 
made in this paper. Unfortunately the journal is not available in Christchurch and 
/I was unaware of the contents of Eyring’s papers when I was preparing mine. 
Any conclusions, therefore, arrived at in this paper are independent of those arrived 


I have now obtained copies of Eyring’s papers but I find that his method of 
approach is different from mine, though he makes use of the terms “free volume” 
and “internal pressure” in his discussion. The expression “free space or volume” as 
understood in the present paper has been defined both in it and my earlier papers ‘”*” 
and evidence has been brought forward to show that it corresponds to the free- 
volume term in Van der Waals’s equation. In calculating the internal pressure of a 
| liquid Van der Waals has been followed in that only attractive static forces have been 
considered. It is of interest, however, to note that the values of the intrinsic co- 
jhesive pressures for potassium, sodium and mercury, given above, are of the same 
order and bear a similar relationship to one another as do those given by Richards for 
| the same substances in a paper published in the discussion by the Faraday Society on 
Cohesion and Related Problems, November 1927. The following table sets out the 
‘values obtained by the author and by Richards: 


Substance Richards Author 
Potassium 15,300 18,600 
Sodium 33,000 43,000 


Mercury 41,300 5O75 00 


eS eee 
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(ABSTRACT. This paper gives a modification for a curved earth of Martyn’s theorems, 
relating oblique-incidence ionospheric phenomena with observed conditions at vertical 
incidence. The theorems in their modified form are shown to hold, as regards both 
fequivalent frequency and absorption, for a relatively thin layer above the earth’s surface. 
‘It is assumed that the ionic density has the same vertical gradient everywhere between the 
‘transmitter and receiver, and that the effect of the earth’s magnetic field can be neglected. 
‘Methods of allowing approximately for these two factors are discussed. A set of trans- 
mission curves is derived, with which the skip frequency at any given distance from the 
‘transmitter can be obtained graphically from an observed P’f curve at vertical incidence. 
Similar curves are given for deducing equivalent heights and angles of elevation at oblique 
neidence, together with graphs of the maximum receivable frequency at extreme distances 
jind the maximum distance of single-hop transmission, as functions of the height of the 
ayer. The application of the theorem is thus reduced, for the benefit_of engineers, to 
i simple technique of using a number of standard curves in conjunction with a given 
/°"f curve. 


fi 


$1. INTRODUCTION 


HE problem of determining the characteristics of long-distance transmission 
through the ionosphere, as regards the maximum usable frequency and the 
absorption en route, is a very important one from the point of view of the 
‘ngineer who has to allocate wave-lengths for any projected service. It would be 
) difficult and tedious business to make ionospheric measurements for a compre- 
iensive set of conditions at oblique incidence, and it would be very useful if the 
equired data could be deduced from observations made at vertical incidence by 
+he standard P’f technique. 
Martyn“ has shown that a simple relation does actually exist between results 
‘aken at vertical incidence and those which would be obtained at oblique incidence, 
jrovided that three assumptions are made: (1) that the gradient of electronic density 
4 everywhere vertical and similar along the oblique path, (2) that the earth’s magnetic 
eld is negligible, and (3) that the earth is flat. The first assumption 1s roughly 
jatisfied if, for instance, the whole of the transmission path lies in a region of 
jright daylight, or if the transmission, regarded as a single hop, 1s referred to the 
pnospheric conditions at the mid point of the path where the reflection takes place. 
‘he second assumption is approximately justified at short distances, but at longer 
52 
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distances it leads to values of maximum usable frequency for the extraordinan 
ray which are too big. The third assumption also leads to values which are cory 
siderably too big for long distances. 

It is difficult to assess the error due to the neglect of the earth’s magnetic fielc 
owing to the complexity of the analysis involved in the magneto-ionic theory. It iy 
however, possible to examine the effect of the earth’s curvature in some detail an 
to express the result as a modification of Martyn’s theorem. In this paper th 
general ray theory of a curved earth and ionosphere is developed in a form suitab 
for the discussion of transmission at very oblique incidence, in which the ray mai 
leave the earth almost tangentially. The results obtained are presented in a set ¢ 
curves for use in practical cases, and some discussion is given of their applicatioy 
to long-distance transmission problems. 


§2. GENERAL RAY THEORY FOR A CURVED EARTH 


Figure 1 represents a ray leaving a transmitter J at an angle of elevation ¢ 
and arriving at a receiver R at a distance y along the surface of the earth. If © 
is the angular distance, and 7% is the radius of the earth, y=7)¢. PQ is an element é 


Figure 1. Geometry of ray-path for a curved earth. 


of the ray path, corresponding to a height h above the surface of the earth and to a 
angular distance dd. In the figure, SQ represents dh and PS=(r,+h) dd, whit 
the angle of elevation OPS at P is 6. We therefore have 


(79 +h) db=ds cos 0 


| 
and y= |ndg= |, dscos 0-5 (2-1). | 


But if the refractive index of the ionosphere at P is j, and is taken as unity on t 
earth at 7, the fundamental ray equation for the curved earth is 


pe (te-bh)icos @=75.c0sa,- | a ee (2:2) 
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so that equation (2-1) may be written 


=|( f J cos a 
Sealers re 


Now if f, is the height to which the ray penetrates at its apex, it follows that 
y lies between the values 


ds a Ne ‘ds 
cos a and Gan cos a |S. 


ds . : ; 
» But a is the equivalent path P’o» given by ct, where tf is the time taken for the ray 


“to pass from T to R, and c is the velocity of the ray in free space. We may therefore 
» write 


hy\ py 
y= (1-7 7°) Pron Cosme 2 t? Fe hee S (2:3), 


‘where y is of the order of unity. 

This relation shows that whatever the law of the gradient in the ionosphere and 
| however long the ray path may be, the flat-earth relation y = P’op cos « is only slightly 
) modified, provided that h)/7) is very small compared with unity. Strictly speaking 
jy can only be determined if we know the relation between the electronic density 
N and the height h. To study further the form of P’on, we must make use of the 


I —— os ( ) 
- if? setehetereN ar 4 ) 


where e and mare the electronic charge and mass, and f is the frequency of the wave. 
|N is a function of the height h, so that it is convenient to write equation (2-4) as 


I pat) see (255), 
where g (h) ous Saat (2°6) 


ds __ fie dh 


Pron= | 4 2 usin 0 


‘But if h/r,<1, we have from equation (2:2) 


; 2h\ cos? « 
2 G= I 
sin r I 2 ) 
Toy f* 
. : : 2h 2 
i.e. fie sin? @=sin® «+7 ~ cos? «—(1— 2”). 


0 
Using equation (2-5) and writing fo for the frequency used at oblique incidence, 
iwe have 


h h 
p? sin? @=sin? «+ = cos? - Baal (28). 
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At the apex of the path where h=h, and @=0, and m from equation (2°2) is 
given by 7% cos «/(7) +4), we have from equation (2°8) 


ev =sin? «+ ee costa: °° °  -axae (2:9). 

“ob 0 

Now if a frequency f at vertical incidence reaches a height 4) where «=o, we hav 
#(h)=f ~ oe eee (2-10). 


Corresponding to a frequency f at vertical incidence we may therefore defin 
an equivalent frequency fo» at oblique incidence, such that at the apex of its path it 
reaches the same height /,, and from equations (2-9) and (2:10) we see that fon 
and f are connected by the relation 


2 
Fron — —- > 
sin? «-+— cos? « 

7 
: f cosec « 
= eee 2°11). 
ure fov 4/(1 + 2M79~1 cot? x) (ae 
Equation (2-8) may now be written 
V/ (1 + 2/971 cot? x) / 
N\ 


f cosec « 


(f? (14+2h7,—1 cot? a) 


< 


| (1+ 2h 7.7! cot? x) 7s i} : 
Putting this value into equation (2-7), we get 


P'w= 2f cosec % | dh 


sin 6= 


a 


i] 


4/(1 + 2h)? cot? x) (FG z ahr cota) ) ...(2°12 


( (1+ 2h 77! cot? «) és (} 
If P’ is the equivalent path at vertical incidence for the frequency f, we have, 
putting «=go° in equation (2°12), 


i 


P=2f pa (2°13) 
lo ViF-E@) =e “4 
and for a flat earth at oblique incidence we have, by putting r) =0o in equation (2°12 


ho dh 
0 ViPP—g (h)} 


P’on=P’ cosec «a. 


P'op=2f cosec « 


i.e., from equation (2-13), 


This is Martyn’s theorem relating the equivalent path P’o» for oblique incidencé 
with initial angle of elevation x for a frequency fon, given from equation (2:1 
by f cosec x, with the equivalent path P’ at vertical incidence for a frequency f. 

We cannot accurately interpret the general expression for the curved earth give 
in equation (2°12) unless we know the form of g () as a function of h, i.e. unle 
we know the nature of the gradient of electronic density, whereas for the flat- 
case the theorem holds independently of any assumed form of the gradient. 
from the form of the integrand in equation (2-12) we can see that the integral i 


ad 


-. 
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| the expression for P’op is greater than the corresponding integral in the expression 
| for P’ in equation (2-13), so that we know that 

P'on > P’ cosec «/1/(1 + 2hor)~! cot? «). 

Now if we exclude very small values of « and only consider values for which 
Ayr cot? «<1, i.e. for which tan «> 4/(hp/7), it can be seen that in general the 
integral in equation (2°12) is only slightly greater than the corresponding integral 
in equation (2°13). Near the apex of the ray, where the denominator in the integral 
approaches zero, we also approach the condition where h becomes h,, and the 
denominator approaches +/{f?—g (h)} as in the integral in equation (2-13). By 
} assuming a layer of the form g (h) = ah—bh? having a maximum density at a height 
| a?/2b, and by choosing a and b so that g (hp) is equal to f and a?/2b is only slightly 
greater than /,, we can show that in a typical case in which the ray is near to the 
escape condition, P’op is only slightly greater than P’ cosec «. Thus in general it 
_ appears that when /y7,.~! cot? «<1, the relation P’on =P’ cosec « is still very nearly 
true, while equations (2-3) and (2:11) give approximately y=P’on cosa and 
fon =f cosec « respectively, so that tan «= P’/y. 

_ These relations are formally the same as for a flat earth, but it must be remem- 
bered that they have been shown to hold even when the ray travels to a long distance, 
so that y is measured round the surface of the earth, and the angle «, considered 
) as the initial angle of elevation on the curved earth, may be markedly different from 
the corresponding angle in the flat earth case. 

Martyn has also given an analogous theorem relating the absorption at oblique 
incidence for the frequency fon with that at vertical incidence for the frequency /f. 
‘If the absorption occurring over the length ds of the path is represented by the 
factor exp [—«ds], the absorption coefficient is given by 


Ek 

acu fon 
i where g (h) is given by equation (2:6) as before, and v is the collisional frequency of 
) the electrons and is a function of h. 


We have Kkds= 


v g(h) dh 
2cu fon sin 6’ 


is v_ gh) dh 
0 2cu fon sin 0 


so that [ kds =2 


- oblique 
Again substituting from equation (2-8) for sin 6, and from equation (2:1) 
for fon, we get 
| ah _ sin a +/(1+24%_' cot? «) [ vg (h) dh 


6 (fe (a+2hro 1 cot?a) 7.) 
; 0 ete 5 cot? «) & (1); 


oblique 


It is obvious that with the same limitations the absorption theorem still holds, 
/namely 
| | K ds =sin « | K ds 


oblique for fon vertical for f 
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If we write exp [{—«ds] as a reflection coefficient p, then 


[log plobiiaue tor for _ sin: a ener (2°15): 
[log p| vertical for f 
The condition tan «> s/(o/7)) which we have assumed implies a serious limita~/ 

tion to the application of the theorem to long-distance transmission at very oblique: 
incidence. This limitation has arisen because we have considered the ionosphere’ 
to extend down to the surface of the earth, whereas actually we know that it exists: 
as well-defined layers of thickness small compared with their height above the ground. | 
Suppose, therefore, that we consider a layer whose lower edge is at a height H™ 
above the ground, and in which the maximum density occurs at a height , above this | 
edge, then a ray leaving the earth tangentially will enter the layer with an angle of: 
elevation « for which tan «= /(2H/7). As this is large in comparison with +/(ho/7o), | 
our condition is always satisfied for such a layer. 


§3. ANALYSIS FOR A THIN LAYER ABOVE THE EARTH’S SURFACE 


In figure 2 the ray enters the layer at 7” and leaves it again at R’, and the straight- - 
line portions T7” and RR’ of the path between the earth and the layer can be » 
determined in terms of the height of the layer and the angle of elevation « at which | 


Figure 2. Geometry of ray-path for a curved earth when the lower 


edge of the ionosphere is at a height H. j 


the ray enters the layer. Corresponding to the arc 7’R’ of the circle of radius 
1, + H, which we will call y,’, is an arc T”R” on the surface of the earth. Calling this | 
arc y,, and each of the arcs TT” and R’R, V1, we have 

Y= Bye ye I eee (3-1). 


If wie call each of the paths TT’ and R’R, P,’, and the equivalent path in the 
layer P,’, then the total equivalent path P'op is now given by 


Ro=2h/ Pi a Say ie eee (3:2): 
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If ¢, is the angle subtended at the centre of the earth, O, by y,, then from ATOT"’ 
%+H cos («—4,) 


ts cos x 
H 
Therefore I +—-=cos d; [1+tan « tan ¢,] 
0 
5 aie 
ioe (1+ ¢, tan «), 
'whence ¢,?—2 tan abt 2 =0 
0 
and M=%G=7M tana—My V(tan?«—-2H/m) saa, (2-5) 


(This approximation is close enough, and gives the limits tan «= 1/(2H/r,) and 
¥1= V (27%), H) when ¢,=«, and the ray leaves the earth tangentially. Also for large 
values of tan «, y, approximates to H/tan «, as it should. 

Inspection now shows that the analysis simplifies considerably, if we assume that 


on entering the layer the ray suffers a slight diminution of angle given by changing 
« to «’, where 


tan «’ =tan a/(1+AH/7) 


In justification of this procedure, we notice that the change produced in « is 
only of the order of error involved in determining y, as above, and that the ratio 
of «/«’, which has a maximum value of (1+ H/r)) when « is small, decreases to 
unity as « approaches go° at vertical incidence. Applying the curved-earth theory 
as developed in the previous section, we now have 


P is 9), 1SEE Oe (Pre 211) COSEC. +) me ott née (3°5), 


| 
where P’, referring to the frequency f at vertical incidence, is still measured from the 
earth’s surface. The frequency fop can still be written, to the accuracy to which we 


are justified in working, as 
. 
| 


ou =i cOSeC os) VR SP oe (3°6). 
Oa eek / 
Now es = Gln (ee Hi) one” from equation (3°5), 
; 
Le. from equation (3°4) Sp = (P= 2) cot Gh abit 7 ee: (4-7): 


The assumption in equation (3-4) was designed to remove the 1+H/r) term 
‘from y,, and to give it in the form in equation (3-7). Now from equations (3:1) 


vand (3°3 
r a Y—Vo= 27, tan %— 27% 4/(tan? «—2H/7), 
jhe. (y—2)?—4(Y—Je) % tan a= Soh Ae a lie a ae ps | Repo (3°8). 


) 
| 
i By analogy with the flat-earth case it is convenient to write 


tan aa veneee (3°9), 
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where & is a modification factor to be determined. If further we write 
Pi=omH,. 2 2 ee eee (3-10) 

h' 

VER 

where h’ is the equivalent height for the frequency f at vertical incidence, so tha: 

m is a parameter expressing the penetration of the ray into the layer, then equation, 

(3°7) may be written | 


ee m= 


bes 


Nr See eee (3°11) 
km—m+1 
and V—e= 2 = (“a ) i) See (3:12)% 
With this substitution equation (3:8) reduces down to 
km : 
y= Sarg VWH8tpHm(kaayh0 90” oie (3°13)} 


\/(8r,) represents the distance to which a ray leaving the earth tangentially would 
go if it were reflected as from a mirror at a height H above the earth, i.e. as from tha 
layer without any penetration, for which m=1. This suggests that we should write 


elles : 
l= WGrED) as Pe (3°14), 


so that equation (3:13) becomes 


t= —= al {itt (Pe — 1) ty ee ancient (3°15). 


Values of / greater than unity imply that there must be some penetration inte 
the layer if the ray is to travel to the assumed distance y, and for a given value o 
/ which is greater than unity, there exists a minimum possible value of m whicly 
corresponds to the ray that leaves the earth tangentially. Corresponding to this 
value of m there will be a maximum possible value of k. From equations (3:9 


and (3:10) we have 
2kmH km /H 
ya 5 aed ¥ ee 


by substitution from equation (3°14). 
By writing kmax and mmin for the tangential ray, we get 


tan vs Mmin H 


To l 21 


and Renae Mnin = 2h 
Combining this with equation (3:15) we get 


Mmin=2/—1, where 1>1 


and Raa Zt , where />1. 
2l—1 
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When /<1 the maximum value of & occurs when m=1 and k=1+/2. The 


_ Maximum possible value of & is thus 2 when /=1 and m= I, it being remembered 


that by definition m cannot be less than unity. 

Strictly speaking equation (3:15) has to be solved for & for assumed values of 
l and m, but in practice / is calculated for assumed values of k and m, and then k 
is plotted as a function of / for a series of values of m, as shown in figure 3. Since 
equation (3-1 5) only contains k, J, and m, one set of curves suffices to represent all 
combinations of P’, H and y. The curves are drawn to represent the limiting 


0 0-2 0-4 0°6 0°8 1-0 1-2 1-4 1+6 1*8 2-0 


Figure 3. Curves showing k as a function of / for various values of m. 


) conditions that m> 1, and that when />1, m>2/—1, and they are arbitrarily cut off 


at m= 3, as the parts retained cover most practical conditions. 

From the general shape of the curves we can see at a glance when the factor k 
exceeds any arbitrary value chosen as the point at which Martyn’s theorem needs 
modification. For assumed values of H and 4, / is determined from equation (3°14), 
and from a given value of P’ on the P’f curve at vertical incidence, m is given by 
equation (3:10). For the values of / and m so obtained, k is read off the curves, and 
tan « is then derived from equation (3:9). The equivalent frequency fop is then 


obtained from equation (3-6). In this way the value of fon for each point on the 


P’f curve can be obtained, but as it is a somewhat lengthy process we seek a simple 
graphical method for converting the values of f into the required values of fop. 


§4. CONSTRUCTION OF TRANSMISSION CURVES 


_ It is convenient to adopt the technique suggested by Smith in a recent research 
paper published by the National Bureau of Standards. We notice that equation 
(3-6) expresses fop by its equivalent vertical-incidence value multiplied by cosec «, 


so that it should be possible by the use of a logarithmic scale to devise a sliding 


process, as with a slide rule, to convert the vertical-incidence values to the required 
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oblique incidence values. Suppose that we have an experimental Ey curve, and that 
we assume that it corresponds to a layer whose lower edge is at a height H above the : 
surface of the earth. (Since P’=2h', whereas in practice h’ is plotted against i, | 
it will be better from now on to refer to h’f curves.) For a given point (/’, f) we work 
out the value of tana for a given distance y as above. « does not depend on f but 
only on h’, and so a graph of h’ as ordinates and sin « as abscissae can be constructed. | 
Such a graph with sin « on a logarithmic scale is called a transmission curve. 
If now the /’f curve is plotted with f on a logarithmic scale as abscissa, and the ; 
transmission curve is slid over it until the two coincide at the height h’, the ordinate « 
corresponding to sin «=r will lie on the ordinate corresponding to a frequency / 


V, 


h’ (km.) 
3 


L eae es eA) 
Hes weal | 
800 ill | 
y 
700 . 
600 ; ; 
500 49, 
- la / 
q / 


O03 0-4 05 0-6 0°7 0°8 0-9 1-0 


Figure 4. Transmission curves for various distances from the transmitter. 


f cosec «, which from equation (3°6) is equal to fop. We can thus read off directly 
the equivalent frequency fop corresponding to any pvint on the h’f curve. As the 
transmission curve is moved from right to left, it initially touches the h’f curve, and 
the corresponding value of fon represents the skip frequency. For values of fon 
between the skip frequency and the critical frequency at vertical incidence, the* 
transmission curve will cut the h’f curve in two places corresponding to the low- : 
angle and high-angle pair of rays which, as is well known, are obtained at oblique — 
incidence under these conditions. From the abscissa scale of sin « on the transmission — 
curves the value of sin « can be read off directly, for any point at which the trans- | 
mission curve cuts the A’f curve, for insertion into equation (2-15) to relate the | 
absorption at oblique incidence with that measured at vertical incidence. =| 
For short distances the transmission curves depend very little on the choice of 
H within the practical range, because the value of k is always very near to unity. 
For values of y over 1000 km. the curves differ appreciably for different values of H, 
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|but run together for large values of h’. For extreme distances for which y>V/(8% Af), 
ie. />1, we must remember that the transmission curve can only be drawn for 
values of h’ greater than (2/—1) H. This may mean under certain conditions that 
paansmission by a single hop to these distances is only possible by the high-angle ray. 
___In practice it would be inconvenient to have to use a separate transmission curve 
for each assumed value of H, and a composite curve can be made which will be 
jaccurate enough, and within the limits to which we are justified in working. We 
jassume that from h’=100 km. to h’= 150 km. we may take H equal to 100 km., 
and that from h’=200 km. to h’=250 km. we may take H equal to 200 km. while 
for all values of h’ above 300 km. we may take H equal to 300 km. We then draw 
a composite curve joining these three sections, and figure 4 shows a set of such 
‘curves drawn for various values of the distance y. In these curves h’ has also been 
plotted on a logarithmic scale to reduce the steepness of the curves, and this is an 
‘advantage also in the corresponding h’f curves in reducing the steepness in the region 
sof the critical frequency. 

__ Before discussing the practical application of these transmission curves, we will 
turn to the consideration of equivalent heights at oblique incidence. 


| §5. EQUIVALENT HEIGHT ANALYSIS AT OBLIQUE INCIDENCE 
_ At vertical incidence, with the standard pulse technique with a cathode-ray 
‘ndicator and a linear time base, the displacement of the echo beyond the ground-ray 
oulse gives a direct measurement of the time ¢ taken by the pulse to travel up into 
che ionosphere and back, i.e. it gives a measure of P’ (equal to ct) and of h’ (equal 
*o P’/2). But at oblique incidence, if we assume the ground-ray pulse to be still 
oresent, the displacement of the echo corresponds to the difference between the 
equivalent path P’op and the distance y over the ground. If therefore we define 
che equivalent height A’op in terms of the displacement of the echo from the ground 


vay, we have* 


ho» =4 (P’on—9). 


Aven when we are beyond the range of the ground ray it is convenient to keep to 
this definition rather than to use h’on =4P’on, since, although changes of h’op with 
?’ op will be the same on either definition for a given value of y, at extreme distances 
while P’ op gets very large, (P’op —y) tends to smaller values. If a transmitter being 
ased for a P’f run at vertical incidence were observed on a receiver at the distance y, 
he variation in the position of the reflected pulse would give a measure of the 
variation of hon with frequency. Corresponding to the h’f curve obtained at 
rertical incidence there is an {h'on, fon} curve at oblique incidence, which we refer 
0 the position of the ground ray as datum. 

_ Except at extreme distances, we can obtain a relation between h’op and h’ in 


the equivalent triangular path in the flat-earth case. It is the equivalent height to which the echo 
‘isplacement at oblique incidence would correspond if it were obtained at vertical incidence. 


| 
| 
-* It is important to notice that equivalent height as here defined is different from the height of 


| 
| 
} 
i 
| 
| 
| 
| 
| 
} 
| 
} 
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a simple way. We consider first the difference between P,{ and y, in figure 2. Fro# 
the triangle TOT’ we have immediately 


: sin ; 
P,/ =7 sec « sin $,=)1 seco Sh scan (5*t)ame 
1 


so that when ¢, is small 
Pf 4, Sy, (seen 1) ——— eae (5:2 
Also assuming that the ratio of P,’ in the layer to y,' is large compared with thi 
ration of y,' to yp, i.e. neglecting a factor (1+ H/7), we have 
Py va Seci 
and Pf y= 9, (sea = 1) eee (5°3)am 


Combining equations (5:2) and (5-3), and allowing for the two P,’ portions 1 


the path P’on, we get 
s P'op—y=y(seca—I) = enw (54). 


With the formula for tan « in equation (3-9), and the relation P’= 2h’, equation 
(5-4) leads to 


h'op=h'k tan = ae (5-5). 
This is the flat-earth case modified by the factor k. At the extreme distances 


where the angles of elevation concerned may be small, we can no longer igne y 
the terms of the order of H/r, omitted above. Returning to equation (5°1), we wri) 


2P,'=2y, sec « (1— ¢,?/6) : 
=2y, secx—4(¥,/7o") SEC a (5:6). 


Substituting for y from equation (3:12), we have 


Teyis = see Gi (meet ‘ 
Sig ae km at 


We now substitute for y? from equation (3:13), and for y from equation (3°9}) 
and find that 


3 
528 sec a=? P  (k—1) (km—m-+1) cose ease (5:7). 
0 0 


For P,’ we must now use the form in equation (3:5), i.e. 


P,'=(P’ —2H) cosec «, 
and from equation (3:4) 


ls igl 2 
COSECiGs —=|COSEC a nk ae: COSSi0G | 
0 


Thus P,' =(P’—2H) cosec «+(P’ — 2H) a cos* %.cosec «, 
a 0 
and using equations (3-7) and (3-10) this becomes 


P,' = yz sec «+ P’ (1 = | fe Cos*'a cosec & == uae (5-8).. 
m) ro 
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mbining equations (5-6), (5-7) and (5-8), we have 


cl 


ee ey Ri, x H 
h'w=h [A Poa cose a.) sets: (5:9), 
here A= (1 —=\ costa —1 
(1 m) cos & 3(kR—1)(km—m+1) a, (5:10). 
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Figure 5. The equivalent height h’,,, as a function of h’ 
for various distances from the transmitter. . 


We notice that although cosec «=1 at vertical incidence when «=go°, A is 
ero since k=1 and cos «=o, whatever the depth of penetration into the layer 
letermined by m. The value of h’op therefore reduces to h’ as it should. For small 
ingles of elevation at extreme distances the correction term becomes comparable 


with the term & tan = Asa check if we consider the ray leaving the earth tangentially 
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814 
and with mirror reflection, for which R=2, m=1, «= 1/(2H/nr), so that A= — 4 
and h'=H. Then 
ktan-= J 
Noo 
H H 
and — cose e=15/ —, 
T 21 


US oo eZ eae ee 
h'oo=H | y/ fe ay # |-3H To 


But in this simple case 
A’ op =T [tan b1— $1] = 370%, 


since ¢,=« for the tangent ray. Thus 


h' op =41 ()"- 2H Je as above. 
"9 


9 
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Figure 6. h’., f,, curves for y=1000 km. and y=2000 km., 
for a given h’f curve at vertical incidence. 


We have seen that for a given H and y the angle « is a function of h’ only, wl 
that it follows from equation (5-9) that h’op is a function of h’ only. We can, there- 1 
fore, draw a curve of h'o» against h’ for a set of values of H and y. Figure 5 shows" 
such a set for various values of y, where the curves are again made composite to} 
compromise for the variation with H. These curves have also been drawn on 
logarithmic scales. By using these curves in conjunction with the transmission | 
curves in figure 4, the h’op fon curve for any distance y corresponding to a given h'f| 
curve at vertical incidence can be quickly drawn out. Figure 6 shows a typical | 
A'f curve drawn on an ordinary linear scale. This is redrawn with h’ and f on 
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logarithmic scales, and for any point h’f the value of fo» for the chosen distance y 
is obtained by using the appropriate transmission curve. The value of h’ is then 
used to find h’o» from the appropriate curve in figure 5. It is quite a quick process 
to tabulate h'o», fon for a series of points on the h'f curve, and the result of so 
doing for y= 1000 km. and 2000 km. is shown in figure 6. We can see from this 


_ figure the advantage of defining A’o» as }(P’o»—y) rather than as 4P’op, since it 


allows us to draw the {h'on, fon} curves conveniently on the same axes as the h'f 
curve. 


$6. THE CONSTRUCTION OF {RANGE, ANGLE-OF-ELEVATION} CURVES 


We can see at once from the shape of the {h' op, fov} curves the relative positions 
of the low-angle and high-angle rays on any frequency above the critical frequency 
at vertical incidence, up to the skip frequency where the two rays coalesce. It would 
be useful, however, to be able to predict the results which would be obtained at 
any given frequency at oblique incidence, without having to work out the whole of 


the h’op fon curve. This we can do by using the transmission curves, in conjunction 
with the vertical-incidence h’f curve, to work from the assumed value of fo» to the 


equivalent points on the h’f curve. 
The ordinate corresponding to sinaw=1 on the transmission curves is set over 


the ordinate corresponding to the chosen fop, and then the intersection of the 
transmission curve for the assumed distance y with the h'f curve gives the values of 


h’ (in the general case when both the low-angle and high-angle rays are present), 


_ from which the values of h’op can be obtained by using the appropriate curve in 


figure 5. From the values of fon and the equivalent values of f we can calculate 


) sina, and obtain the angles of elevation « at which the rays enter the layer. At short 
distances the angle « will be effectively the same as the angle of elevation % at 
the ground, but at extreme distances the true relation between % and « must be 


used; from equation (2-2) this is 


( ges 
COS %=({ 1 +=) COS &. 

To 
But, as we have seen in deriving the transmission curves, the angle « for a given 
distance y and equivalent height h’ is only a function of h’, so that it is possible to 
plot out a series of curves for % against h’ analogous to the {h’, h’op} curves in figure 5. 


) For the extreme distances the angle of elevation will depend considerably upon the 
| value of H chosen, but up to about y= 2000 km. we can draw a single set of curves, 
+ as in the case of h’op, and such a set is given in figure 7. 


From these curves it is possible to construct a set of curves showing the distance 


_y to which a ray travels, as a function of the initial angle of elevation % for a series 
| of frequencies, assuming, of course, the form of the A’f curve at vertical incidence. 
' The curves in figure 8 were actually worked out from an assumed sine-squared 
_ law of gradient in the layer, in which H is taken as 200 km. and the maximum density 


occurs 300 km. above the ground. They are taken from a paper by T. L. 
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Eckersley, which should be consulted for details of the method of computation. | 
These curves show in another way that for a given range or distance there are two | 
possible rays for each frequency between the penetration frequency at vertical . 
incidence and the skip frequency corresponding to the nose of the h'onfop curve. : 


Angle of elevation (degrees) 


100 200 300 400 500 600 700 800 900 1000 


Figure 7. Angle of elevation as a function of h’ for various 
distances from the transmitter. 

They also show clearly why the skip frequency appropriate to a given distance is ~ 
the maximum frequency receivable at that distance, since although the layer can — 
return higher frequencies to the earth, they will for all angles of elevation be trans-_ 
mitted over the point in question, and come to earth again at some point beyond. — 
For each frequency above the penetration frequency at vertical incidence there is | 
a critical angle at which the ray escapes, and this angle is in general only slightly | 
greater than the skip angle corresponding to the minimum range or skip distance." 


Bape! may be consulted for a more detailed discussion of this point. This effect 
coupled with the hi 
p e high absorption due to long traverse in the denser parts of the 
y | | | | 
5000 +555 -; . : ; 
4500 - =F 4 7 7 \ 
vax 3413 = | [ I 
3500 FES OT t 7 r r T 
= i N 
@ sooo; a, + 
= i 
aaa 
x \ 2:00 
§ 2500;— cl r ai 
& \ | 
i 
\ 
\ 
\ 
| \ 
2000 AN | 1-54 iP 
\ 
\ 
\ 
1500 = 1-25 i 
NS 
= 1-05 
\ 
a | 
1000 ae 
i 
1) ae 
500 f ttop st 
ec es aie 
2 le ue 


Angle of elevation % (degrees) 


Figure 8. Range curves as a function of the angle 
of elevation for various values of f,),/fo. 


1yer, explains why in practice the upper limb of the A’on fon curve is extremely weak, 
ad why it can only be observed in the region of the skip frequency. 

The h’onfon curve at any distance can. be associated with the set of curves in 
re 8 by considering the section of the curves made by the appropriate abscissa. 
Ve can see at once the important point that the nose of the h’onfop curve does not 
drrespond to the penetration frequency at vertical incidence, but that as derived 
rom Martyn’s theorem it corresponds to a point some way down the h’f curve at 
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vertical incidence. The part of the curve above this point becomes on application: 
of the theorem (i.e. by the use of the transmission-curve technique) the upper ox 
high-angle limb of the h’opfop curve. 


$97. THE CONSTRUCTION-OF {SKIP-FREQUENCY, DISTANCE} CURVES 


It is obvious from a practical point of view that the skip frequency at a giver! 
distance is a very important factor in oblique transmission problems, since it repre 
sents the maximum possible receivable frequency at that distance. It is therefore) 
useful, in connexion with any given hf curve, to plot out with the aid of the trans- 
mission curves a curve of skip frequency as a function of distance from the 
transmitter. In interpreting this curve it is useful to bear in mind the comple 
mentary picture of figure 8, since it shows clearly how, as the range increases, the 
skip frequency increases, and approaches at extreme distances to the maximu 
escape frequency corresponding to the penetration of the ray which leaves the ear: 
tangentially. Returning to equations (2-9) and (2:10), in which we may considé 
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Figure 9. Skip frequency and skip wave-length as a function of the distance from 
the transmitter, derived from the hf curve in figure 6. 


the layer to reach to the surface of the earth as far as the analysis is concerned, w@ 
replace hy by (H+hmax), where as before H is the actual height of the lower edge 
of the layer, and Amax is the height above this lower edge at which the maximum 
density occurs. If we then write f, as the critical penetration or escape frequency 
at vertical incidence, the escape frequency foy for a ray leaving the earth with ay 
angle of elevation u% is given by 


ear / NE {sin® + 4? 2 (H +hmax) fA m2) co sta 


For large angles of elevation this reduces to the flat-earth case of f)/sin a», but for 
the tangent ray =o, and the maximum escape frequency is fy +/{7/2 (H + himax)}i 

Figure 9 shows a {skip-frequency, distance} curve deduced from the h’f curve 
given in figure 6; the corresponding {skip-wave-length, distance} curve is alsé 
shown, since it is often useful for the engineer to think in terms of wave-length 
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‘rather than of frequency. It will be seen that as the distance increases, the skip 
‘frequency approaches an upper limit, and in identifying it with the maximum 
jescape frequency as above, we have to assign a value to (H1+hmax), i.e. the actual 
height above the ground at which the maximum density occurs. If we assume that 
imax is small compared with H, we can take as an approximate value the value of ° 
h’ corresponding to the lower limit of the h'f curve under consideration (in the 
P resent case 380 km.). It is therefore useful to have a curve of V/ (17/2) as a function 
of H, given in figure ro, as a factor for obtaining the limiting frequency at extreme 
distances, from the penetration frequency at vertical incidence. 


V (7o/ 2H ) 


0 100 200.  ~ 300 400 500 
H (km.) 


Figure 10. 4/(79/2H) as a function of H, to give the limiting 
value of f,,/f) at extreme distances. 


We have to bear in mind here a point which has already been raised—that when 
ne lower edge of the layer is at a height H, rays can only reach distances greater 
an 4/(87H) by a single hop when the equivalent frequency at vertical incidence 
jenetrates to an equivalent height of at least (2/— 1) H, / being the parameter given 
iy equation (3:14). At these longer distances, say those greater than 2000 km., 
ie shape of the transmission curves becomes increasingly dependent on the value 
 H assumed, and as far as the simple geometrical picture of the ray-path is 
oncerned, the detailed analysis given above gives a clearer idea of what is happening 
pan the simplified picture given by Smith; his picture is equivalent to assuming 
| 53-2 
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that at oblique incidence there is mirror reflection at a height h’, the corresponding, 
equivalent height at vertical incidence.* If we put m=1 in equation (3°13) so tha 


PES: 
A plan 
and if we substitute in equation (3:9), remembering that P’ is here 2h’, and that 
is h’ et y 
syueer anes 
BY 


Smith uses cot ¢, instead of our tan «, and gives 
h' +1 (1—cos 8) 


BS G= , 
cot dy aa , where 0=y/27 
alt . 
Se Se “— ++— when @ is small. 
which gives y 4% 


a/ (879 H) (km.) 


0 100. 200 300 400 500 
Hen) 
Figure 11. »+/(87)H) as a function of H to give the limiting distance 
of a single-hop transmission. 

If we draw a transmission curve for one of these longer distances, we have to 
terminate it at its lower end at h’ = (2/—1) H, and it will be seen that as the distance) 
considered is increased beyond +/(87)H), a point is reached at which the truncated, 
transmission curve will only cut the h’f curve once for values of fon greater than 
fo. This implies that at these distances single-hop transmission is only possible 
with a high-angle ray. In practice, therefore, we should not expect to get a workable} 
signal by a single hop much beyond the distance \/(87)H). It is therefore useful) 
to have a curve of 4/(87)H) as a function of H, and this is given in figure 11. | 

The analysis can be applied to the case of multiple hops by considering, in the 
case of n hops, the distance y/n for the determination of fon. ‘Whe equivalent h'op 


_ * While this paper has been in the press, N. Smith“) has published another paper in which he 
gives a further correction for the curvature of the earth. 


ba 
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will be 7 times the value of h’o» so obtained. In this way we can study the formation 
of multiple-echo patterns, and see how at long distances the first echo received may 
correspond to m=3, 4 or even more, where smaller values of 1 only are possible 
for-the heavily attenuated high-angle ray. In this connexion it is again interesting 


to — to the discussion on multiple echoes given on pp. 410 to 412 of Eckersley’s 
paper’. 


§8. THE EFFECT OF A HORIZONTAL GRADIENT OF ELECTRONIC 
DENSITY AND OF THE EARTH’S MAGNETIC FIELD 


As was pointed out in the introduction, the above analysis has been worked out 
on the assumption that there is no horizontal gradient of electronic density and no 
magnetic field. We have seen that starting from these premises the analysis can be 
developed to take account of the earth’s curvature even at long distances, but we must 
now consider to what extent our results are modified by the inclusion of these two 
factors. 

The presence of a horizontal density-gradient will in general cause a ray to 
emerge at a different angle of elevation from that at which it entered the layer, and 
unless the transmission is along a contour of equal maximum electronic density 
or at right-angles to the contours, the ray will suffer a lateral deviation. By assuming 
some law for the horizontal gradient it is possible to study these effects analytically, 
but it is clear that they both modify the simple picture we have analysed. The error 
will be greatest for a transmission at very oblique incidence across the density con- 
tours, in which the ray remains for long distances in the layer. 

If we consider a single hop in which the incidence is not too oblique, so that the 
ray is actually only in the layer for a comparatively short distance, we can assume 
that there is no horizontal gradient over this region. We can then refer the process 

to the density conditions at the apex of the path, i.e. mid-way between the trans- 
mitter and the receiver. This implies that the vertical h’f measurements should be 
_ made at thismid point. In testing out the theory over a given distance it is not 
/ necessarily feasible to make vertical-incidence measurements at the mid point, but 
_ as a compromise it may be possible, by making measurements at both ends of the 
path and averaging them, to get an idea of the characteristics at the mid point. 

The effect due to the earth’s magnetic field is very difficult to assess owing to 
the complexity of the magneto-ionic theory. In this theory the magnetic field enters 

through the term 7, which is the ratio of the gyromagnetic frequency fj to the 
"transmitted frequency. As is well known, at vertical incidence the extraordinary 
escape frequency exceeds the ordinary escape frequency by fn/2 when 7 is small. 
Now if we assume that at vertical incidence the h’f curve for the extraordinary ray 
when plotted logarithmically is of the same shape as the curve for the ordinary ray, 
but shifted to the right, as in figure 12, so that the extraordinary escape frequency 
is greater by f;,/2 than the ordinary escape frequency, and if we then apply the 
_transmission-curve technique to each, the h’on fon curves obtained will be similar 
in shape and have the same shift, owing to the use of a logarithmic scale. The 


822 G. Millington 


= 


noses P and Q of the curves will correspond to two similar points O and F on the 
h’'f curves, and their actual separation in frequency will be 3/7 cosec «, where on 
is the angle of elevation appropriate to the equivalent height h’ for the particula 
distance we are considering. (We are assuming that the frequencies at O and * 
are sufficiently near to their respective escape frequencies for their difference to} 
be considered as }f;,-) The appropriate value of cosec « is simply given by the ratio\ 
| 
I 


of fon/f, the frequencies at P and O. 
Referring again to the curves in figure 8, we see that the skip frequency for a given 

distance escapes through the layer for an angle which is only slightly greater thani 

the skip angle, so that we may for the purposes of the present argument identify ) 


h’, h’ , (Rm.) 
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Figure 12. h’.,f), curves for ordinary and extraordinary rays derived from the equivalent 
h’f curves, assuming that the equivalence theorem can be applied. 


approximately the skip frequency with the frequency of the ray which just escapes 
when transmitted at the skip angle. Now by assuming an oblique transmission | 
with a vertical magnetic field, it can be seen that if we consider the value of the : 
difference of the escape frequencies ( fext —fora) as a function of the angle of elevation | 
a, then, provided 7 is less than about 0-7, the value decreases below the value at, / 
vertical incidence as « decreases from go°, and reaches a flat minimum before } 
increasing up to infinity as « approaches zero. Moreover, this minimum occuts | 
when «= 36° independently of the actual value of 7, and* | 


2°6 
(fext —fora)oblique = = (fext —ford)vertical- 


Thus instead of a factor of cosec « (which = 1-7 when «= 36°), we have a factor which 
is less than unity. 


4 fe Lae indebted to Mr T. L. Eckersley for some analysis from which these results have beer 
educed. 


en ee 
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From these results it seems safe to deduce that for most practical cases the value 
of (fext—fora) at the noses of the h’onfon curves decreases as the distance from the 
transmitter increases, instead of increasing as the simple application of the theorem 
would suggest. Actually the shape of the h’on fon curve cannot strictly be obtained 
from the vertical-incidence h’f curve by means of the transmission curves, but it is 
reasonable to suppose that the process will be nearly true for the ordinary ray. 
If then for the vertical-incidence h’f curve for the ordinary ray we construct the 
{skip-frequency, distance} curve as for figure 9, and take this to be correct for the 
ordinary ray, we know that the corresponding extraordinary curve will start with 
a separation of }/;,, and will then gradually close in towards the ordinary curve as 
the distance is increased. 

Some idea of the way in which the two curves will converge can be obtained from 
the relation in terms of 7 given above. This would seem to be a better way of allowing 
for the effect of the magnetic field than, say, applying the transmission curve tech- 
nique to a curve sketched in between the vertical incidence h’f curves for the ordinary 


and extraordinary rays. 


§9. PRACTICAL APPLICATION OF THE ANALYSIS 


The analysis we have been considering has its most practical application in the 
prediction of the behaviour of short waves over long distances, for determining the 
choice of frequencies to be used over any given route. Such routes can be divided 
into two classes according as they are of medium distance, where single-hop trans- 
mission is possible, or of extreme distance where the transmission is only possible 
by multiple hops. The latter case may be taken first, and as regards the optimum 
frequency to be used, we can restrict ourselves to the consideration of the case 
where the individual hops themselves represent long distances and low angles of 
elevation, since steeper angles imply lower usable frequencies and more overall 
attenuation. 

In an idealized case the problem may be treated as a succession of similar hops, 
each one of which can be treated as for a single-hop transmission. In practice, 
however, owing to the changing density conditions en route, the path of any given 
order of echo will consist of a series of unequal hops, and the angle at which the 
ray enters and leaves the layer may change along the route. Moreover the signal 
which is received at an extreme distance will in general be the resultant of several 
low-angle rays, and the assessment of the total absorption under these conditions 
will be a complex problem. Actually the overall absorption is found to be equivalent 
to a transmission through a succession of grades of ionic density, so that the 
attenuation can be represented by e* ~"“). Theoretically the coefficients k should 


be deducible by applying the absorption theorem to vertical-incidence measure- 
_ ments for a set of low-angle rays. In practice, however, they are obtained by analysing 


a large mass of practical long-distance transmission data. In determining the 
practicability of a given route, we have to consider the two major factors of electron 


| limitation and absorption, and to remember that to some extent they represent 


opposing conditions. 
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We cannot go further here into this aspect of the problem, but it is obvious that 
in analysing any given route it would be most useful to know the density-distributioni 
at every point along the route, so that it might be possible to deduce the absorptions 
and the limiting frequency for low-angle rays for the different parts of the route.: 
This serves to emphasize the need for regular vertical-incidence measurements: 
at a large number of places in different parts of the world, so that the probable: 
density-distributions at any place at any time and season may be predicted. 

Coming now to the consideration of single-hop transmissions, and applying ¢ 
the transmission-curve technique, we have in practice to take account of the fact: 
that the h’f curve is not usually a curve of the simple type given, for instance, in! 
figure 6, but results from the combined effects of the E and F layers. It is easily 
seen that a lower layer, for which the vertical-incidence escape frequency is less { 
than that for a higher layer, may nevertheless control the skip frequency when both! 
layers are present together. Thus in summer when the F, layer is well defined, it ' 
may control the skip frequency beyond a certain distance from the transmitter, 
and at still greater distances the E layer may take charge, although the vertical | 
escape frequency may be considerably less than for the F, layer. This latter effect 
is especially likely in summer, because the H maximum density is then greater than 
in winter, while the F, density is considerably less and the layer-height markedly 
greater than in winter, and it accounts for the fact that distant stations working : 
on, say, 15 m. are sometimes out of the skip, when a casual measurement of the Fy ; 
escape frequency would suggest that the limiting wave-length should be much : 
longer. 

In deducing, therefore, from the vertical h'f curve the {skip-frequency, distance} | 
curve of the type shown in figure g, this possible shielding of the F layer by the ' 
E layer has to be taken into account, but provided that the set of transmission curves | 
is applied to the complete h’f curve, this is allowed for in the graphical process, 
which shows immediately the distance at which the lower layer takes charge. 

For an assumed value of H we have seen that we should not expect to get a 
workable signal much beyond a distance 4/(87H) given in figure 11, and that 
at this distance the maximum transmissible frequency is approaching the maximum 
escape frequency fy \/(7)/2H), where f, is the vertical escape frequency. In practice ! 
these theoretical limits must be somewhat reduced. It is necessary to allow a small | 
margin of safety in order not to work too near to the edge represented by the skip } 
frequency. Further, the factor should be reduced to allow for the actual depth j 
of penetration into the layer; and since a ray leaving the transmitter tangentially © 
would be heavily absorbed by the ground before getting clear, it is usual to assume | 
that the initial angle of elevation should be somewhat greater than zero, say about 
5°, and the polar diagram of the aerial is usually adjusted accordingly. ‘These 
considerations lead to the choice of an optimum frequency which is less than the 
skip frequency, and some corresponding arbitrary factor could be incorporated as } 
a reduction factor in the curves of figures 10 and 11. But it is felt that it is better | 
to give the ideal curves, and to indicate in general terms, as above, the necessary, 
modifications. ‘he method of allowing for the effect of the earth’s magnetic field 


a 
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: has been given above to take account of the fact that the extraordinary ray, rather 
}than the ordinary ray, determines the maximum usable frequency, whereas the 
| vertical-incidence h’f curve for the ordinary ray is used for deducing the oblique- 
incidence curve. 

Mention has already been made of the importance in accurate work of knowing 
|the density-distribution at the mid point of the path rather than at either end, 

especially for experiments designed to test out the fundamental soundness of the 
janalysis. When a pulse transmission is received at a medium distance from the 
transmitter, the echo pattern obtained can be very complex as a result of possible 
multiple hops, low-angle and high-angle pairs, ordinary and extraordinary pairs 
due to magneto-ionic splitting, and simultaneous reflections from different layers. 
From a knowledge of the vertical-incidence h’f curve, the positions of the various 
possible echoes for the given distance and frequency can be predicted, and this 
provides a check on the theory, and conversely aids in the interpretation of the 
complex echo pattern actually obtained. 

By keeping a watch on the vertical-incidence conditions, the course of a P’t 
run on a fixed frequency at a given distance can be deduced. For instance, if a run 
is taken during the evening, when the general level of electronic density is falling, 
the appearance of the high-angle ray and its movement in towards the corresponding 
low-angle ray, with eventual coalescence as the signal goes into the skip, can be 
interpreted in a simple graphical way, by considering the gradual shift to the left 
of the h’on fon curve, as the h’f curve moves to the left with decreasing density. 


§10. CONCLUSION 


Although the analysis given in this paper admittedly refers to an ideal case, 
and the necessary modifications (in particular that due to the earth’s magnetic field) 
can only be expressed in a rather qualitative way, it is found in practice to be very 
useful in the explanation of oblique-incidence transmission phenomena. Graphs 
such as figures 3, 4, 5, 7, 10 and 11, which can be applied to any given hf curve 
to give curves of the type shown in figures 6, 8 and 9, will, it is hoped, form a helpful 
tool in the hands of those who are engaged on oblique-incidence and long-distance 
‘transmission problems. 
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THE NUCLEAR MAGNETIC MOMENT OF COPPER ! 
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Manchester University 


Communicated by Prof. P. M. S. Blackett, F.R.S., 30 April 1938. 
Read in title 24 Fune 1938 


ABSTRACT. The doublet hyperfine structures of the resonance lines of the copper ar: 
spectrum, 43247 and A3274, have been measured with a quartz Lummer plate. The lin 
are produced free from reversal effects, the doublet separations being respectively 379 andi 
405 x10-%cm-1, The following hyperfine structure interval factors are calculated: 
3494525, = 197°5, 3d! 4p®P, = 14 and 3414 p2P,, = 4:8 (all incm™! x 10%). The mean nucle 
magnetic moment for the two copper isotopes, 63 and 65, is derived from the ground state, 
344s °S,. The value found is .=2-47 nuclear magnetons, this being probably a better; 
estimate than that given by other terms, since the ground state is spherically symmetrica 
and thus not affected by quadrupole moment of the nucleus. By adopting Schiiler andi 
Schmidt’s value for the ratio of the magnetic moments of the two isotopes, it is found tha 
He (Cu) =2-43 and pw (Cu) =2°54 nuclear magnetons. 


§1. INTRODUCTION 


by Ritschl™, who measured hyperfine structures in a number of the lines o 
the Cul spectrum. The spins of both the isotopes are the same, namely 3. 
The spectrum was excited in a liquid-air-cooled hollow cathode, and amongst the 
lines measured were the two very intense resonance lines, 


A3247 (34*°4s *S, — 3d*4p *P ys) 
and A3274 (3d*45 °S; — 3d 4p *Py). 


Tos nuclear spins of the two copper isotopes, 63 and 65, have been determined 


From these the hyperfine structure splitting in the ground term 3d?°4s 2S, can be 
derived, and as this in effect arises from a single s electron it is a term very well! 
suited for the calculation of the nuclear magnetic moment. Fermi and Segré@, 
using Ritschl’s data for this term, have evaluated a mean magnetic moment, assum-/ 
ing that the moments are nearly the same for both isotopes. They give p= 2-42) 
nuclear magnetons. Schiiler%) has recalculated this from the same data, and ated 
stating that Fermi and Segré have made a small numerical error, gives y= 2-94 
This is no doubt a misprint, since in a later paper Schiiler and Schmidt quote 
= 2°44 as the value given by Ritschl’s measurements upon the ground term. 
Schiiler and Schmidt have repeated Ritschl’s observations upon two lines, | 
A5700 (34°4s* *D,, — 3d"4p *P,y) and A5782 (3d%4s? 2D, — 3d"°4p *P;), which, it willl 
be noted, include as upper terms the upper levels of the two resonance lines. These 
investigators showed that the interval rule is not obeyed in the 34945? 2—,, term, and 
from it they derived both nuclear quadrupole moments and nuclear magnetic 
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(moments. The latter were found to be different for the two isotopes, the calculated 


values being p (Cu) = 2°52 and p (Cu) = 2-64, and the weighted mean pw for both 
‘isotopes = 256. ‘The value given for the quadrupole moment g is 


—o'1+01 x 107% cm? 


The calculation of these quantities presupposes that the observed irregularities 
in the intervals are entirely to be attributed to a nuclear deviation from spherical 
symmetry, and it is clear from the high probable error given for g that uncertainties 
jdue to incomplete resolution will introduce small errors into the calculation of p. 
If there is a real quadrupole moment, the value of « derived from the ground 


erm is to be preferred since, being an S term, it is spherically symmetrical and 
. 


therefore unaffected by any nuclear deviations from symmetry. It is thus clear that 
accurate measurements of hyperfine structure for the ground term are desirable. 
lowever, a difficulty exists here because the resonance lines are extremely sensitive 
to self-reversal. Early measurements by Backs) were vitiated by the existence of 
fomplete self-reversal. Frisch and Green and Wulff” examined these lines with 
oncave gratings but, consequently, the order of accuracy was not high. Sibaiya®) 
fas attempted to measure the separations of the components by allowing complete 
belf-reversal to take place, measuring to the centre of the reversal. The separation 
ne reports for one line is in close agreement with that given here, but in the other 
sine there is a deviation by 4 per cent. 

Ritschl™, who, owing to the use of a superior source, has no doubt succeeded 
jn measuring these lines more accurately than the other observers quoted, discusses 
the question of self-reversal. The hollow cathode employed by him had an 8-mm. 


| : : 
yesonance lines were completely reversed. He was obliged to use a current of 30 ma., 


with consequent long exposure, before he could eliminate reversal. He points out 
hat, in spite of this, the lines were broadened, and he considers that his accuracy of 
‘neasurement was not very high. That there still existed a certain amount of reversal 
js shown by the fact that the intensity ratio of the doublets seen by him was 2: 1 
instead of the theoretical ratio 5 : 3. The instruments used by Ritschl for measuring 
he structures were a reflection echelon and a Fabry-Perot interferometer coated 
vith Hochheim alloy. 

In the present paper are given details of measurements made upon the copper 
tesonance lines, which have been obtained entirely free from reversal effects. 


§2. EXPERIMENTAL DETAILS 


The copper resonance lines 43247 and 3274 were obtained by accident in a 
‘vater-cooled hollow-cathode tube which was being used to examine hyperfine 
ltructures in the spectra of iodine. The tube was a modified Schiiler tube, the upper 
Jart of the cathode being a brass tube about 8 cm. in diameter and 18 cm. long, the 
wer hollow cathode portion having a bore of 1 cm. and a length of 15 cm. The 
wer portion was made of oxidized iron and was lined with platinum. Helium 
fontaining iodine vapour was continuously circulated through the tube at a pressure 
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of 2mm. Under these conditions the narrow hollow cathode was filled with lights 
and a rich iodine spectrum was emitted. When the helium pressure was reduced, a 
sudden change in the nature of the discharge took place at a critical pressure. The 
discharge left the narrow hollow cathode and filled the wide upper portion of the 
cathode cylinder. A peculiar change in the iodine emission spectrum was noticed. 
This will be discussed elsewhere. At the same time the copper resonance lines 
appeared in the discharge, and it is clear that they originated in the copper in the: 
brass tube constituting the upper, and normally unused, portion of the discharg: 
tube. 

Even with currents reaching up to 500 ma., no trace of any other copper line 
could be found, from which it is clear that the concentration of copper in the dis-s 
charge must have been exceedingly minute. It is possible that the iodine attacked 
the brass wall and formed copper iodide, which would break up under bombard-| 
ment and thus liberate free copper atoms into the discharge. Under all conditions: 
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Figure 1. I, structure in A 3247 ( x 10); II (a), structure in A 3247 ( x 4); 
II (6), structure in A 3274 (xX 4). 

of excitation, and even with currents up to 400 ma., the lines remained exceedingly 
sharp, the hyperfine-structure components showing no trace of reversal and exhibit-. 
ing intensity-ratios of approximately the theoretical values. This is remarkable when 
it is remembered that currents of 30 ma. produced a certain amount of reversal int 
Ritschl’s experiments. It is not quite clear whether the discharge in the brass tube 
is a hollow-cathode discharge, but if it is, then the current-density must be very low. / 
Ritschl’s current-density was about 60 ma./cm?, whereas when we used 150 ma.,. 
our current density was 3 ma./cm?, if the whole tube was acting as a hollow cathode. 
This may explain why the lines are so sharp. On the other hand, the excitation 
mechanism is probably quite different from that which obtains in the normal hollow 
cathode, since we obtain good exposures, through the interferometer, in fifteen) 
minutes, whereas Ritschl pointed out that with his current-densities long exposures? 
were required. Whether the iodine or the tube diameter is the cause, the fact remains 
that the individual hyperfine-structure components were very sharp and yet the 
lines were strong. The separations could be measured with an accuracy of the order 
of 0:25 per cent. | 

The structures in the lines were measured with a quartz Lummer plate and 
checked with the aid of a variable-gap quartz Fabry-Perot interferometer coated 
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with aluminium. The Lummer plate, recently acquired from Adam Hilger Ltd., 
is a particularly fine one and is free from ghosts. When extreme overexposure is 
j used, single lines show a shading off to one side, but under normal working con- 
| ditions the instrument is entirely ghost-free. It is made of crystalline quartz, the 
length being 20 cm. and the thickness 0-342 cm. The resolving-power is high when 
jthe extraordinary ray is used, particularly when the emergence angle is near 
| grazing. It may be pointed out that even in the visible region, where high reflect- 
Jing coefficients are available, the Lummer plate is superior to the Fabry-Perot 
jinterferometer when the structures are so large that only a small-gap Fabry-Perot 
| interferometer can be used. 

The Lummer plate was set up before the slit of a quartz spectrograph. The 
‘latter was made in the laboratory and has a collimator focal length of 30 cm. and a 
jcamera focal length of 100 cm. The interferometer fringes were projected with a 
quartz fluorite achromat of focal length 21 cm., so that the effective focal length 
used for photographing the fringes was 70 cm. Since the Lummer plate is thin, the 
) dispersion is large. In spite of the magnification, the individual components were 
ivery sharp, figure 2. 

_ Since we are able to measure separations to I part in 1000 with this Lummer 
plate, Dr Simeon, of Messrs Adam Hilger Ltd., has kindly recalculated the dis- 
: persions for us. He has given us dispersions to four figures over the range 6500 to 
2000 A. 


§3. OBSERVATIONS AND ANALYSIS 


Both the lines 43247 and 43274 were found to be simple doublets each con- 
‘sisting of two components with intensity-ratio visually estimated as 1-5: 1. (The 
}theoretical ratio is 1°66 : 1, which is some Io per cent greater. Such a difference can 
hardly be distinguished visually and we may safely assume that the theoretical 
jintensities are those which actually occur.) In both lines the weaker component is 
towards the violet. The separation in A3247 is 379 x 10-8 cm™, and in A3274 it is 
405 x 10-° cm}, the error in each case not being much greater than 1 x 10-3 cm?! 
| Although Ritschl’s lines were broadened, the separations he reports are very 
close to those given here. In table 1 are the separations according to Sibaiya, 
Ritschl and the authors. 


Table 1 
Separation (cm. x 10~*) | 
eng Sibaiya Ritschl | Authors | 
3247 366 371 379 | 
| 3274 | 406 | 405 . 405 


| Attention may be drawn to the fact that Sibaiya’s lines were completely reversed 

and Ritschl’s lines somewhat broadened, while our lines were quite sharp. Only 
13247 seems to be affected by the reversal, the separation of the components 
tdiminishing with increasing amount of reversal. 
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In Ritschl’s measurements the uncertainty due to the widths of the lines way 
such that he predicted a separation of 394 x 10° cm! for A3247. This value hy 
accepted for the purpose of analysis and he was unable to show that it is actually 
incorrect. This has led him to assign an incorrect value to the structure of the 
3d!°4p 2P,, term. Schiiler and Schmidt also prove that this term is wrongly analysed\ 
from a consideration of the structures in 45700 and 5782. Ritschl’s measurements 
lead to a structure of 390 x 10-*cm71 for the ground term. 

In figure 2 are drawn the lines reported here and those studied by Schiiler ana 
Schmidt, the latter being dotted. The broken line 5105 is one of those measured by 
Ritschl and utilized by Schiiler and Schmidt in deriving a value for the nuclear 
magnetic moment. The dotted lines exhibit isotope displacement, and from their 
structures Schiiler and Schmidt conclude that the hyperfine-structure separations 
in the 3d!°4p 2P, level are respectively 28 x 10~* cm-! for the more abundant isotop 


P,, 
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AP 
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Figure 2 


(63) and 29 x 10-* cm=1 for the less abundant isotope (65). The isotope abundance 
ratio is about 2:1: 1. The mean interval factor of this term for the two isotopes, ; 
given independently by Ritschl, is 28 x 10-3 cm! The lines involved are in both 
cases highly complex and incompletely resolved. A careful examination of the 
structure diagram given by Schiiler and Schmidt for 45782, which is more completely § 
resolved than A5700, shows that while the value 28 x 10-3 cm? is certainly correct. 
for the lighter isotope, some uncertainty exists as to whether the separation for the: 
heavier isotope actually differs by the very small amount suggested; if the nuclear 
magnetic moments are different, the small variation will be expected. We shall 
assume here that the structure in the 3d'°4p *P, term is 28 x 10~* cm: for both the 
isotopes, and it is quite certain that no appreciable error is introduced into our 
analysis of the structure of the ground term, since this does not exhibit a measurable / 
isotope displacement, owing no doubt to the fact that the d electron shell is here | 
complete. | 
The analysis of the structure of 3274 is shown in figure 3. The arrow heads, 
drawn at the centres of gravity of each close unresolved pair of components, repre* 
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| sent the positions of the observed lines. On the basis of this analysis the separation 
in the 3d'°4s *S, ground term is 395 x 10-8 cem7! 

__ Figure 4 shows the analysis for the line A 3247. In this case the lower term is 
made to have the separation 395 x 10-3 cm=! already derived, and a value adopted 
for the interval factor in the upper term which will make the centre of gravity of the 
two components 379 x 10-* cm*1 apart. It can be justifiably assumed that the inter- 
val rule holds in the upper term, since deviations will only introduce a second order 
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effect. The interval factor calculated by this method for the upper term, 3d1°4p ?P,, 
is 4:8 x 10-* cm+? This is in remarkably exact agreement with that found by Schiiler 
and Schmidt for the same term by means of the line 45700. These authors give the 
yseparation as 4:8 x 10-3 cm! for the more abundant isotope and estimate 5:0 x 10~? 
cm-! as the separation for the less abundant isotope. The difference between these 
can be neglected. The close agreement for the structure derived from quite inde- 
pendent lines confirms the analysis made by Schiiler and Schmidt and by us, and in 
particular it shows that the value 395 x 107-*cm7! for the ground term is very accurate. 
_ The interval factors for the terms we have observed are shown in table 2. 


Table 2 
Term Interval factor (cm:1 x 107°) | 
3d 4s 7S, 197°5 
34 4p Py 140 | 


3424p *Piy 4°8 


—_—— 
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The differences in 43247 in table 1 can be accounted for, if it is assumed tha: 
there is preferential absorption of the component AF=2 1. Thus it is the linu 
coming from the higher F level of the term with higher / that is more absorbed. | 


§4. THE NUCLEAR MAGNETIC MOMENT 


As has previously been pointed out, the ground state 3d'°4s *S, is well suited for 
the calculation of the nuclear magnetic moment of copper, since the term con+ 
figuration is in effect that of a single penetrating electron. The theory of Goudsmit\” 
and of Fermi and Segré® can therefore be applied with confidence. Furthermore | 
the state, being spherically symmetrical, nuclear quadrupole moment does not ente 
into the calculation. This is not true for 3494s? 2D,, and 3d%4s? *D,,, which Schiile 
and Schmidt use for the calculation of #4, employing the analysis of the lines 
\A5700, 5782 and 5105. Since 2°44 is the nuclear magnetic moment p calculated by 
Schiiler from Ritschl’s value, 390 x 10-? cm“), for the ground term, replacing th 
latter by our measurement, 395 x 10° cm+1 gives w= 2°47 nuclear magnetons. 

The magnetic moments calculated by Schiiler and Schmidt from the 7D terms 
are given in table 3. 


Table 3 
Term Mean pu | pw (Cu) | eco) 
| 
| 34°48” "Dy, 2°56 2°52 2°64 
| 3d"4s° *Day 2°5 ‘ 


The mean value for the 3d°4s? 2D, term has been obtained by taking into account the: 
abundance ratio and weighting according to this. We consider that the above datar 
definitely establish that the nuclear magnetic moments of the two isotopes differ 
and are in the ratio of 1-048: 1. However, the value we give for the mean p, ie.2 
2°47, is probably more correct. This is due partly to the absence of perturbation and 
partly to the fact that a penetrating s electron is involved. This latter point is im-! 
portant, since the formula for the magnetic moment is likely to be more correct? 
here. If we adopt the ratio 1-048: 1 for the two isotopes, we can derive magnetic 
moments for them. Thus we have finally the values shown in table 4 


Table 4 
Mean p w (Cu) pw (Cu) 
| Term observed calculated calculated ‘ 
344s 7S, Lo 247 2°43 | 2°54 
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ABSTRACT. The {specific-heat, temperature} curves for four different types of nicke: 
have been determined, and the effects of method of manufacture, heat treatment, anc 
chemical composition have been ascertained. The results, together with those obtaine 
by previous investigators, are reviewed, and an attempt made to evaluate the most probable 
{C,, T} curve for nickel for the temperature range 100° C. to 600° Cc. 


Si INTRODUCTION 


heat of nickel with a view to obtaining some indication of the dependence of} 

electronic energy on temperature and magnetization for a ferromagneti¢ 
material. The treatment followed by him is, briefly, as follows. After subtraction & 
a calculated dilatation correction (C,—C,) from the measured specific heat C, % 
obtain C,,, C, is considered as the sum of three terms, so that C,=Cg9+Cg+Cy 
Cg is the main contribution to the specific heat, connected with lattice energy 
represented by a Debye expression and calculated when a reasonable estimate of th 
characteristic Debye temperature ©, has been made. C, and C, together comprise 
an electronic specific heat, Cy, being the part of it associated with the spin orienta: 
tion of the electrons and hence with the magnetization, while C, is associated wit 
changes in translational state. 

Theoretical estimates of Cz are made, and from low-temperature measurement: 
of specific heat (Cg + Cy;) is found by difference, as (C,, — C,); the Debye temperature 
Op governing the values of Cg can be most accurately deduced from specific heats a) 
low temperatures, where Cy, is small, by comparison, and an approximate estimat# 
of its value is sufficient. The value of @p then gives values of Cg for all temperature? 
and so leads to values for Cy,. From Cy, estimates of the molecular field cooley 
are made for comparison with those found by other methods. 

The object of the present paper is to present the results of new precise determina! 
tions of the specific heat of nickel which, while in general confirming the value 
previously adopted, serve as additional criteria for the choice of values of t 
specific heat in cases in which previous results are not in sufficiently good agreemen 
to enable reliable theoretical deductions to be made. 

Although almost all previous investigators claim an accuracy of at least 2 per ce 
in the measurement of specific heat, comparison of their results shows discreé 
pancies in excess of that amount. The lack of agreement has been ascribed 


S TONER™ has made an analysis of certain experimental values for the specific 
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differences in the degree of purity, method of manufacture, metallographic structure 
and heat treatment of the specimens. On the other hand, no investigator has 
studied the effect of impurities using identical apparatus and technique. Con- 
sequently, it appeared probable that some part of the discrepancies were, in fact, 
experimental error. 

Above the Curie point the Cj, term vanishes and the specific heat C,, is made up 
of two terms Cy and Cy. As the lattice energy contribution Cg 1s of the order of 
80 per cent of the measured value C,, relatively small errors in C, give rise to large 
rcentage errors in the value of C, obtained by difference. The effect of impurities 
on C;, should be relatively small, yet some of the greatest discrepancies between the 
results of previous workers occur in the region above the Curie point. Using four 
ifferent types of nickel prepared in a variety of ways, we have investigated this part 
pf the {specific-heat, temperature} curve very carefully and find that any differences 
which can be ascribed to the presence of impurities or insufficient annealing are of 
the order of our experimental error, namely 2 per cent. 

Impurities undoubtedly affect the Curie temperature, for instance 1 per cent of 
2obalt raises it by about 12° c. whereas the addition of 1 per cent of silicon lowers it 
dy 70° c. It has been suggested that the shape of the {specific-heat, temperature} 
curve in the neighbourhood of the Curie point is very sensitive to the presence of 
mpurities, and that for perfectly pure nickel, free from strain, the curve should 
rop very steeply to a minimum just above the Curie point, indicating that the 
‘0-ordination of electron spin even for small groups of atoms vanishes completely 
t the Curie point. On the other hand, by analogy with superlattice formation, local 
:0-ordination above the Curie point would be expected, and this would give rise to 
tail on the {specific-heat, temperature} curve. Our experimental technique is 
etter adapted to the investigation of the rapid variation of C, in the Curie-point 
region than any previously used, as it permits continuous measurements of in- 
)tantaneous specific heat to be made as the temperature of the specimen is varied. 
{ll the specimens examined, irrespective of their heat treatment, gave {specific-heat, 
perature} curves in which no sharp minimum occurred just above the Curie 
int and it is concluded that this feature of the curve is not particularly sensitive to 
ces of impurity or variations in heat treatment. 


§2. EXPERIMENTAL ARRANGEMENTS 


Method. The apparatus and technique employed were identical with those used 
2 investigations on superlattice transformations in the alloys Cu;Au Sand CuZn™, 
d has been fully described elsewhere (s). The principle is as follows. The specimen 
/s heated electrically in vacuo at about 1°5° C. per minute inside a copper enclosure 
which is heated independently at the same rate. ‘The temperature-difference between 
‘pecimen and enclosure is kept small, namely +0°5° C. A small differential heating 
‘r cooling-rate of the specimen relative to the enclosure is measured by observing 
ne deflection of a sensitive galvanometer which is energized by a differential 
tnermocouple. Rapid changes in specific heat appear as changes in the differential 
54-2 
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heating-rate, and by taking readings of the galvanometer at half-minute intervale 
data are obtained from which the instantaneous specific heat may be calculated at 
temperature-intervals of 1° c. if desired. 

In the temperature-range from 400° C. to 600° c. the specific-heat measurements’ 
have been supplemented by experimental measurements of the differences of total 
energy content. A copper voltameter is used to integrate the current which is 
supplied to raise the temperature of the specimen from 400° c. to 600° c. The 
current is passed intermittently so that the temperatures of specimen and enclosure’ 
never vary by more than +0-3° c. These measurements serve as a reliable check om 
the direct measurements of the {specific-heat, temperature} curve and will be dis 
cussed in § 3. 

Material. Four types of nickel designated I, II, ITI and IV have been examined. 
The chemical analysis is given in table 1. Samples II and III are very pure. [I has 
a low Curie point, and IV a high Curie point. The selection is thus reasonably) 
representative. 


Table 1 
Impurities (per cent) a 
Material Mane 

Iron Cobalt | Carbon | Copper ganese Silicon | Sulphur | Oxyga 

I Commercial | 0°15 0°45 a = 0°03 O19 — 

II Mond pellets| 0°031 Nil 0°025 0'007 = = 07004 7 
III Powder 0°04 Nil trace = a = = trace 
IV Cathode O-OI OFT Lages 0:04 = = = == 


The specific-heat specimens were prepared in the form of closed hollow 
cylinders 1 in. in diameter and 1} in. long, and weighed approximately 100 g4 
Sample I was machined from a forged bar 1} in. in diameter and is typical oi 
material classed as commercially pure nickel. Samples II, III and IV were preparec 
from raw material very kindly provided by the Mond Nickel Company through thei 
agency of Mr W. T. Griffiths and Dr L. B. Pfeil. The analyses given for thesé 
materials refer to the raw material before melting or sintering and were supplied by 
the Mond Nickel Laboratories. Samples II and IV were melted in a high-frequene 
furnace in high vacuum, the pressure being less than 10-? mm. of mercury, and 
then hammered to a suitable shape before being machined. Sample III was pre= 
pared by sintering a block of pressed powder in vacuo at goo° C., that is to say, the 
material was not melted. The sintered block was slightly porous, having an apparen 
density 85 per cent that of melted nickel. It machined quite satisfactorily. Except 
where the contrary is stated the specific-heat specimens after being machined we ¢ 
heated im vacuo to goo°c. and cooled at 1°. per minute to room-temperature 
before measurements were made. | 

Accuracy. In a previous paper the errors likely to arise in specific-heatt 
measurements made by the method used in this investigation have been discussed att 
length for the temperature range 100° c. to 400° c. Absolute errors arise in the 
determination of power input of + 0-2 per cent, of heating rate + 0-4 per cent arid} 
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from faulty experimental conditions due to uncertainties regarding the e.m.f. of the 
‘differential thermocouple +0-2 per cent. Observational errors are found to be 
jwithin the limits of +0-75 per cent, but these can substantially be eliminated by 
taking a large number of experimental points. Consequently it is reasonable to con- 
clude that the maximum absolute error will not exceed +1 per cent, with a probable 
jerror of +0°5 per cent. This claim is made for results recorded in this paper for the 
iregion 100° C. to 400° Cc. with the exception of a 10° c. interval immediately above 
the Curie point. In this region the specific heat falls very rapidly, and errors in 
|determining the differential heating rate (which can be neglected in general) become 
jappreciable, with a consequent increase in the observational error to about twice the 
normal value, viz.: +1-5 per cent. Again these errors have been minimized 
aphically from a large number of experimental points, and we estimate the ab- 
solute error in this region to be within +1°5 per cent. 

In the region from 400° c. to 600° c. the accuracy falls off rapidly, primarily 
owing to uncertainty regarding the e.m.f. of the differential thermocouple. The 
jexperimental method involves the assumption that the e.m.f. of the differential 
t ermocouple is known when specimen and enclosure are at the same temperature. 
Experience indicates that, even after special precautions have been taken in the 
‘preparation of the thermocouples, no two thermocouples give exactly the same 
je.m.f. at the same temperature, nor is the e.m.f. exactly reproducible. For a true 
‘difference in temperature of 1° c. between specimen and enclosure the correspond- 
ing radiation correction amounts to 1-6 per cent of the specific heat at 400° c. and 
5 per cent at 600° c. Consequently, the e.m.f. for zero temperature-difference must 
be known and reproducible to an amount corresponding to 0:2° C. at 600° C., i.e. 
I part in 3000, in order that errors in specific heat due to this cause alone shall not 
texceed +1 per cent. Our experience is that the limit of accuracy of the differential 
thermocouple is of this order at 600° c. Observational errors also increase in con- 
equence of experimental difficulties encountered in heating the copper enclosure at 
a steady rate at high temperatures. 

In order to minimize errors due to these difficulties as far as possible, we have 
jsupplemented specific-heat measurements by measurements of differences of 
jenergy-content from 400° c. to 600° c. Duplicate measurements have been made 
\with the differential thermocouple reversed and with different thermocouples. In 
| is way errors due to choice of an incorrect e.m.f. for zero temperature-difference 
ibetween specimen and enclosure are eliminated, and only errors due to lack of 
‘reproducibility remain. The measurements are independent of any precise determin- 
jation of the heating rate, and agree for a definite arrangement of the differential 
‘thermocouple to within + 0-4 per cent. The absolute accuracy of the mean values of 
the energy-content difference is estimated to be within +1 per cent. Asa check the 
change in energy-content of copper from 400° c. to 600° c. has been determined. 
{The result, 20-79 cal./g., agrees with that found by Jaeger by the calorimeter method, 
20°60 cal./g. to within 1 per cent. . . 

The experimentally determined values of specific heat have been used to give the 
ishape of the {specific-heat, temperature} curve, and the actual curves have been 
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} drawn to give the correct energy-contents, see table 2. We estimate that the maxi- 
| mum absolute error in specific heat increases from +1 per cent at 400° C. to +2 per 
| cent at 600° c. 

The temperature measurements were made with a thermocouple which was 
} regularly checked against a platinum-platinum-rhodium thermocouple. This 
| standard couple was calibrated very carefully’. The temperature scale is considered 
accurate to +1°5° Cc. 

The effect of eddy currents in the nickel specimen produced by the alternating 
| current used to heat the copper enclosure has been examined. The specific-heat 
i curve of a sample of soft iron was measured first under a.-c. heating and secondly 
“under d.-c. heating. No difference could be detected. It is concluded that the 
| various copper screens incorporated in the apparatus effectively shield the specimen. 


§3. EXPERIMENTAL RESULTS 
Annealed material. Four experiments were carried out on each type of nickel, 
and the specific heat was calculated at about 25 different temperatures for each 
experiment. These 100 or so points were plotted and the best curve was drawn 
through them; the majority of the points lay within 0-5 per cent of this mean curve 
in the region 100° c. to 400° c. The values of specific heat given in tables 2 and 3 
from 100° C. to 400° Cc. were read off from these mean curves. 


Table 3. Curie-point region 
Specific heat (cal./g. per ° c.) x 104 


; ] 
mperature Mean of 
a Cc.) I II iit IV II and III 
325 1437 a aaa =. aa 
330 1452 1428 1426 1419 1427 
335 1474 a a = = 
339°5 1510 a == 75 a 
340° 1460 1454 1454 1441 1454 
342 1400 —_— = = = 
345 1358 1470 1471 1454 1470 
350 1322 1492 1495 1470 1493 
it 352 — 1504 1508 —_— 1506 
i 354 — 1520 1524 1487 1522 
: 356 a 1543 1547 1498 1545 
| B57 aa 1562 1563 = 1562 
3575 = = 1576 — a 
: 358 — 1586 1470 I511 1580 
) 359 = 1460 1395 a a 
360 1292 1420 1373 1534 1396 
361 — = — 1550 a 
362 — 1384 1352 1578 1368 
363 a — — 1600 =e 
. 364 — 1364 1338 1420 1351 
ae Be a 308 ae 1319 
1330 130 
) a ee ie 1290 1310 1301 
—— 


Four determinations of differences in the energy-content were made on each 
material for the temperature range 400° C. to 600° c. The mean results obtained are 
given in table 4 together with the mean deviations. 


| 
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Table 4 
Difference of 
energy-content aye 
Sample from 400° C. to 600° c. Deviation 
(cal./g.) 
I 25°45 0°05 
II 25°58 ol4 
III 25°42 o-19 
IV 25°64 0°02 
Mean 25°52 


These data and direct specific-heat measurements were combined to give the; 
values of specific heat recorded in table 3 for the range 400° c. to 600° c., but 
measurements of specific heat were not made for specimen IV in this range. 

The mean results for each type of nickel in the neighbourhood of the Curie-: 
point (330 to 380° c.) are plotted in figure 1. ) 


C, (cal./g. per °c.) 


Temperature (° Cc.) { 


Figure 1. 


§4. DISCUSSION OF EXPERIMENTAL RESULTS 


Samples II and III are both of high purity, i.e. 99-9 per cent nickel, and their ° 
{specific-heat, temperature} curves are identical within the limits of experimental 
error over the greater part of the temperature range; see table 2. | 

Allowing for the slight difference of about 1° c. between the Curie points of | 
samples IT and III, see figure 1, there is a difference decreasing from 2 per cent 
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to I per cent in the range 360°C. to 390°c.; as this is of the same order as 
the experimental error expected in the Curie- Pan: region, it is concluded that 
_ the difference in behaviour between the two materials even in this region is quite 
small. 
Sample IV ae similar results to samples II and III from 400° c. to 600° ¢., 
| table 4; from 100° c. to 320° c. the values of C, are about o-5 per cent higher. The 
} Curie point is much higher, namely 363° c., owing to the presence of cobalt. Allow- 
| ing for this difference in Curie point it will be found that curve IV can be super- 
) posed almost exactly on curve III in the Curie-point region, figure r. Consequently 
| the addition of 0-4 per cent of cobalt has not materially modified the shape of the 
tail of {specific-heat, temperature} curve. 
Sample I, containing appreciable quantities of impurities, in particular silicon, 
, has a low Curie temperature, namely 340° c., and a low maximum specific heat, 
"namely 0-152 cal./g. per °c. If this curve is transposed 18° c., the difference in 
Curie temperature between samples I and III, it will be found to lie between 
! curves II and III, so that apart from the decreased maximum specific heat the 
_ behaviour in the Curie-point region is not markedly different from that of samples 
UII, III and IV. In the region below the Curie point the values of C, lie consistently 
_ higher than for the other samples; see table 2. This is to be expected since the con- 
‘tribution to C,, by the magnetic transformation is restricted to lower temperatures. 
A Seepason of the total difference of energy-content for the temperature range of 
i 200° C. below the Curie point has been made for samples I and II. The results are 
26-05 cal./g. for I and 26-43 cal./g. for II; so that the total change is not great. 
' . From 400° c. to 550° c. the values of C, for So I are in satisfactory agree- 
“ment with those for the other samples. Above 550° c. the results are lower by about 
I-5 per cent, suggesting that the rate of rise of C, in this region is somewhat slower 
than for the pure materials. 
_ From this survey of the experimental results on annealed material we conclude 
that over the range of compositions tested the presence of impurities does not 
/ materially affect either the shape of the tail of the {specific-heat, temperature} curve 
in the neighbourhood of the Curie point or the values of the specific heat above the 
j Curie point. On the other hand, both the Curie point and the maximum specific 
: heat are sensitive to the presence of impurities. 


| 
| 
' 


. 
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§5. INFLUENCE OF METHOD OF PREPARATION OF SPECIMEN 


Melting procedure. Samples I, II and III were produced in three distinct ways. 
i The commercially pure nickel I would be melted in air, cast into an ingot of cross 
» section about 4 in. square, forged, and then rolled to a diameter of 14 in. The Mond 
)nickel II was melted im vacuo and the reduction in diameter by forging was in this 
)case only about 10 per cent. Sample III was prepared from powder of particle-size 
approximately 10-2 mm. and was sintered at goo* C., a temperature well below the 
»melting point of nickel (1450° c.) so that very little grain growth could take place. 
Mn view of the experimental results obtained, it is clear that neither the tail on the 
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{specific-heat, temperature} curve nor the values of C, above the Curie point are 
markedly sensitive to the mode of manufacture, crystal-size or the like. 

Effect of heat treatment. The results listed in table 3 were obtained on the differens 
samples heat-treated in an identical manner. We have carried out a number ox 
experiments on samples III and IV to determine whether variation in heat treatmen 


produced any changes in the C;, curve. 
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Figure 2. ©, IV quenched 700° c.; +, IV cooled from 600° c. at 1° c./min.; 
&, IV cooled 1° c./min., from goo° c.; x, II annealed 300 h. at 350°. 


: 
oe 


‘Two specimens of cathode nickel, sample IV, were prepared. One was coole 
from goo° c. at 1° Cc. per minute, and the other was quenched from 700° ¢. in water. 
The {specific-heat, temperature} curves were taken, and an additional curve w 
taken on the quenched sample after it had been cooled at 1° c. per minute fro 
600° c. The experimental points obtained are shown in figure 2 (a) for the Curie 
point region. Within the limits of error they all fall on the mean curve. A specime 
of vacuum-melted Mond nickel, sample II, was annealed at 350° c. for 300 hours # 
vacuo. ‘The {specific-heat, temperature} curve obtained is shown in figure 2 (b)) 
together with the mean curve for sample II. The change, if any, produced by is) 
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| 
| annealing treatment is very small. We conclude from the above experiments that the 


| {specific-heat, temperature} curves of pure nickel are not particularly sensitive to 
| heat treatment. 


It is conceivable that our experimental method might smooth out any minimum 
/on the {specific-heat, temperature} curve. This point has been checked experiment- 
‘ally in connexion with another investigation. A specimen of iron was fitted with an 
insert of zinc weighing about 1 g., which was r per cent of the total weight of the 
/ specimen. The {specific-heat, temperature} curve was determined and at the melting 
| point of zinc a sharp maximum was observed. The anomaly in the {specific-heat, 
| temperature} curve was restricted to a temperature-interval of about 4° c. The tail on 
' the specific heat curves, figure 1, which stretches over some 30° ¢., is thus a genuine 


) property of the samples under investigation. 
| 


{| §6. COMPARISON OF EXPERIMENTAL RESULTS WITH 
, PREVIOUS RESULTS 


| General. 'Table 5 gives the values of C, (specific heat per gram-atom) found by 
"various investigators for the temperatures given in degrees absolute in column 1. 
| The estimated accuracy given by each investigator is also tabulated. 

| Table 5 


Atomic heat C, (cal./gram-atom per ° Cc.) 


| 

; Transposed Most 

“emperature Klink- | Sykes and 1 
| Cx) Lapp | Grew | Ahrens | Moser iarte Noah naan Ses pr ores 
J 
) 
| ° 6°51 6:60 6°52 6°46 — — 6°51 
oe 675 | 686 | 684 | 669 | — 6-78 = 6-76 
) 450 7°05 Fig | 74 | 7704 — 7:07 — 7°07 
500 Rae r4ae | sae P) 7e48 = 7°48 = 747 
550 7°88 7°90 8-o1 7°78 — 7°82 = 7°83 
) 600 8-45 8°55 8:72 8-28 — 8°34 8-36 8°37 
i «G10 8-67 8-79 8-95 8°43 = 8-49 8°55 8-49 (8°57) 
} 620 8-95 9°05 9°18 8-62 —- 8-69 8-78 8:69 (8-80) 
ee 022 9:04 g'12 9°22 8-66 — 8-74. 8-89 8-74 (8-88) 
Hl «624 9°13 918 9:28 8-80 — 8-80 9:02 8:80 (8:99) 
) 626 9°23 9°25 9°36 8-87 — 8-89 9°28 8°89 (9°13) 
| 628 a Interpolated — — = — g:02 (8-61) 
H 6630 7°80 8°70 8-25 8-22 == 9°28 8-12 9:28 (8:20) 
H 635 7°42 8:25 8-18 7°93 = 8-04 787 8-04 (7°88) 
640 7°43 7:98 8:06 7°72 — 7°87 7°74 7°87 (7°72) 

650 7°44. 7°70 8-00 7°48 Fiat 7°62 — 750 

| 700 = = — 7°32 WBS DSe are 7°35 
"450 = = — 7-3i 7°42 7°37 oy 7°37 
| 800 — — — 733 | 7°51 7°48 — 744 
#850 7°36 7°68 7°66 = 7°50 (7°57) 
4 

stimated 352 ER) aE +0'5 +3 ate, £0) eta, 

2rror 
(per cent) 

_ The purity of the samples used was as shown in table 6. We shall compare the 


& obtained on these materials with the mean result for samples II and III. 
All investigators used an aneroid method; the energy necessary to raise the specimen 
over a small temperature interval of about 2° Cc. was determined. The mean specific 
heat over the temperature-interval was assumed equal to the instantaneous specific 


| 
| 
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heat at the mean temperature. Lapp, Grew and Ahrens used wires which were 
heated electrically by the passage of current. Klinkhardt heated a massive specimer 
by means of electron bombardment. In both these methods the temperature of th 

enclosure surrounding the specimen was held constant throughout the course ot 
the experiment, and a radiation correction had to be made for loss of heat by the 
specimen. Moser heated his specimen electrically in a tightly fitting silver calori-i 
meter, and arranged that the temperature of the surroundings should increase at: 
substantially the same speed as the specimen. In this way he reduced the radiation, 
correction. Grew, Ahrens and Klinkhardt carried out their experiments i vacuo ta 
reduce heat losses, Moser used a reduced pressure of argon, and Lapp appears to: 
have worked with air at atmospheric pressure. 


Table 6 


Impurities (per cent) 
Investigator Material Mag- Man- D 
Iron | Copper | Carbon | Silicon | Space eanes Sulph! 

Lapp Nickel wire o'1g 0:06 0°04 0°02 o'18 = =F 
Grew Nickel wire Impurity 0:03 per cent 

(Hilger) 
Ahrens Wire, Stated to be of high purity 

carbonyl] nickel 
Ahrens Wire, o2 0:07 — 0°04 — o18 = 

Rein nickel | 
Moser Mond nickel orl — = 0°003 0°07 rag oreo 
Klinkhardt | Vacuummelted) — a = aaa a O% al 

| nickel 


The temperature range, 350° K. to 610° K. Ahrens’s results, given in table 5, refer: 
to his carbonyl nickel. Klinkhardt’s results at low temperatures are not included as: 
his material had a very low Curie point owing to the presence of manganese. The 
agreement from 350° K. to 610° K. is satisfactory; it is +1°5 per cent, which is. 
within the range of estimated errors provided the results of Ahrens are not con- 
sidered. For reasons which will be given later in connexion with the range 650° K.‘ 
to 850° K., it is highly probable that his results are high throughout the major portion 
of the temperature range 350° K. to 650° K. by an amount greater than 2 per cent. 

In the ninth column of table 5 we list probable values which are obtained by’ 
giving each experimental method an equal weight independent of the number of théy 
determinations made by that method; thus we give Lapp and Grew a weight of 1, 
Moser and our own results, column 7, a weight of 2. Ahrens’s results are neglected. | 

The Curte-point region, 610° Cc. to 650° K. The results obtained are shown graph- » 
ically in figure 3. Apart from the one result obtained by Lapp, all the curves agree in} 
showing a well-defined tail. The sharp minimum found by Lapp cannot be attributed t 
to high purity (in view of the analyses), or to an especially prolonged heat treatment, | 
since none is specified. It is conceivable that the wire sample had a pronouncedly 
fibrous structure which differentiated it from material used by other investigators, 
yet Grew and Ahrens, who also used wire, did not confirm Lapp’s result. . 
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In our opinion the wire method is not particularly suitable for high-temperature 
/ measurements of specific heat in view of the relatively high surface-to-mass ratio, 
which necessitates large radiation corrections. In Lapp’s measurements at the 
| Curie point this correction amounted to 18 per cent though in our experiments it 
seldom exceeded 0-5 per cent. The correction is sensitive to variation in emissivity 
_and gas pressure; neither Grew, Lapp nor Ahrens give any precise details regarding 
| the methods adopted to keep the gas pressure constant. With wires fluctuations in 
| gas pressure above 5 x 10-? mm. of mercury will affect the radiation correction to an 
appreciable extent. Additional difficulties arise from the necessity for controlling the 


0-16 


0-14 


C, (cal./g. per °c.) 


eee 320 30 40 50 60 70 80 90 400 340 50 60 70 80 90 400 
k.. A. L. 330 40 59 60 70 80 90 400 S. and W. 
M. 330 40 50 60 70 80 90 400 
G. 330 40 50 60 70 80 90 400 


| Temperature (° C.) 
Figure 3. 

Se perature of the surroundings carefully, a change of cree 5° C. per minute being 
‘important. These considerations throw doubt on Lapp s result and on the results 
sobtained by the wire method in general. It is significant that in the range from 
400° C. to 500° c., figure 4, the deviations in the results obtained by the three 
\different methods used by Klinkhardt, Moser, and Sykes and Wilkinson are much 
‘smaller than the deviations in the results obtained by different investigators using 
the wire method. asf 

| As we have previously pointed out, our results in figure 1 indicate that the tail on 
the {specific-heat, temperature} curve is not sensitive to the presence of impurity or 
‘normal variations in heat treatment. Ahrens’s results on carbonyl nickel (Ac.), 
figure 3, and Rein nickel (A.r.) of widely differing composition, confirm this con- 


‘clusion. 
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The variation in Curie point found by different observers is much greater than 
the probable experimental errors and is no doubt caused by the presence of im~i 
purities. Whilst Lapp’s impure nickel and Ahrens’s Rein nickel give relatively high 
Curie points, indicating that some of the impurities must be self-compensating, theiri 
effect on the magnetic properties is not certain and the results obtained with theses 
materials together with those obtained with Klinkhardt’s are considered to be un-) 
reliable. The samples which are known to be reasonably pure, namely carbonyl irony 
(Ahrens), Mond nickel (Moser), Hilger nickel (Grew), and our samples II and IIf,] 
have Curie points at 353° C., 354° C., 358° c. and 357°5° C. respectively. The varia- 
tion is outside the limits of our experimental error and it appears that the residual: 
impurities present in the samples still exert an appreciable effect. For comparison) 
purposes the ratio of the maximum specific heat to the specific heat at 400° C. is a. 
reasonable criterion, since it eliminates to a great extent variations due to differing: 
Curie temperature and also errors peculiar to each set of measurements. ‘This: 
ratio is 1:19 (Ahrens), 1:20 (Moser), 1-23 (Grew) and 1-25 from our own measure-' 
ments. The differences are relatively small in view of the experimental difficulties: 
encountered in this region in consequence of the rapid change in specific heat. Our: 
value is the highest which is to be expected since the experimental method is: 
likely to give the nearest approximation to the maximum specific heat. 

The differences in Curie point render discussion of the results in the range: 
610° K. to 640° k. difficult. If our curve, column 7 of table 5, Curie point 630° K.. . 
is transposed* to a position 4° kK. lower, the values given in column 8 are obtained, | 
and these are in reasonable agreement with those obtained by other investigators ' 
(Ahrens being neglected). Above the Curie point, i.e. from 626° K. to 640° K... 
there are wide deviations, and no satisfactory way of dealing with them is apparent. 

In column g are given two sets of values for the Curie-point region; the first 
comprises our own experimental values, column 7, with maximum specific heat at. 
630° K.: the second set in brackets, with maximum specific heat at 626° K., is ob- 
tained by weighting Lapp and Grew 1 each, Moser 2, and Sykes and Wilkinson 
(table 5, column 8) 2. Both sets of figures give the same difference in energy-content 
from 610° K. to 640° K. to within +0-1 per cent. 

The range from 400° Cc. to 600° c. (650° K, to 850° K). The experimental results 
available are plotted in figure 4. Although our measurements indicate that impuri- 
ties have a very small effect on the {specific-heat, temperature} curve in this region, | 
the deviations are very high, amounting to 7 per cent from 400°C. to 450° €%) 
Recently, in an investigation of the {specific-heat, temperature} curve of f brass 
from 240° C. to 500° c., Moser’s results and our own were in satisfactory agreement, 3 
and an independent check was available from a direct energy-content measurement | 
made by Ruer and Kremers: all three experimental methods gave the same result | 
to within +0°5 per cent. An error of 7 per cent in either Moser’s result or our own 
at 400° C. to 450°C. is therefore extremely unlikely, and for this reason we have 
neglected Ahrens’s results throughout, as they appear to he consistently high. The 


* This transposition does not modify appreciably the values of Cp below 610° xk. or above 640° K. 
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jremaining results differ within the reasonable limits of 5 per cent over the region 
400° C. to 600° c. 

| The value of C, given in column g of table 5 at 6 50° K. is obtained by weighting 
Lapp and Grew 1 each, Klinkhardt 2, Moser 2, and Sykes and Wilkinson 2. From 
700° K. to 800° k. Klinkhardt, Moser, and Sykes and Wilkinson are weighted 
jequally; i.e. each experimental method is considered to be as accurate as any other 
‘in agreement with the arrangement adopted for the most probable {specific-heat, 
jtemperature} curve below the Curie point. The value of C, at 850° k. with this 
‘method of weighting is 7-57 cal./gram-atom, which would indicate that Moser’s 
‘result is in error by 3 per cent. 

In the preceding paragraphs we have endeavoured to evaluate the most probable 
\specific-heat, temperature} curve for nickel on the basis of the existing experimental 
i” In selecting the data we have been guided by the experimental results given 


Ahrens’ carbony] nickel 
Ahrens’ Rein nickel 


Temperature (° C.) 


Figure 4. Specific heat from 400°C. to 600° c. 


fin §§ 4 and 5, which deal with the effects of impurity and the method of preparation 
of the samples. In weighting the data, each experimental method has been given 
jequal weight because it appeared highly probable that the differences between results 
btained by different methods were much more likely to be associated with inherent 
difficulties in the individual technique employed than with errors in measurement. 
The values recorded in column g should be correct within 0-5 per cent up to the 
(Curie point and 1 per cent above it. 
The agreement between our results, column 7, and the most probable values 
given in column 9g is very satisfactory over the range of temperature 350° K. to 
0° K. and 650° kK. to 850° K., where direct comparison can be made. In the Curie- 
point region, 610° K. to 640° K., some uncertainty exists as to the precise form of the 
{specific-heat, temperature} curve depending on the value chosen for the Curie 
temperature. The two sets of values given in column 9g are equally satisfactory. 
_ Energy-content measurements. In the region above the Curie point, where the 
‘specific heat changes slowly with temperature, measurements by the calorimeter 
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method should afford a check on those made by the various aneroid methods undex 
discussion. Wust “) gives the difference in energy-content of nickel between 400° c: 
and 600° c. as 25°89 cal./g., the actual value observed by him being 2556 cal./g 
Our value for samples II and III is 25-50 cal./g. | 

Bronsen“), using the calorimeter method and very pure nickel (99-98 per cent), 
has determined C, up to 500° c. and finds values of 7-43 cal./gram-atom at 670° K., 
7-40 at 720° K. and 7-38 at 770° K., which are in good agreement with those given in 
columns 7 and 9g of table 5. His value for the Curie point was 358° c. + 2° Cc. 

Ewart“ has recently published measurements which purport to show that 4 
hexagonal modification of nickel exists between 345° c. and 351° C., forming very 
slowly from the cubic modification on either side. Whilst this work forms the main 
evidence from specific-heat data for such a modification, it is conceivable that other 
investigators, including ourselves, did not observe the effect owing to the sluggish 
character of the transformation from one modification to the other. We doubt 
whether the accuracy of the calorimeter method is sufficient to justify Ewart’s’ 
conclusion. From 351° c. to 950° c. the material is cubic, and assuming a linean 
relation between specific heat and temperature Ewart has evaluated, from energy-’ 
content measurements, the values of C, shown in table 7. 


=- = 


Table 7 
Specific heat C, 0'1267 | o-1281 0°1295 O'1310 v7 
Temperature (° Cc.) 400 | 500 600 700 (| 


The difference in energy-content from 400° C. to 600° C. is 25-62 cal./g., a valuc / 
which should be compared with our mean value of 25-52 cal./g. This agreement isi 
fortuitous, as an examination of the experimental data reveals that the true specific 
heats, deduced from differences in the energy-content measurements over temper-* 
ature-intervals of about 100 to 200° C. in this temperature region, actually vary by as: 
much as 10 per cent from those recorded in table 7, whilst the energy-content; 
measurements are liable to an error of +4 per cent. | 

The evidence from calorimetric data, whilst in good agreement with the results 
in column 9, table 5, is not sufficiently extensive or precise to give a really satisfactory ! 
check. 

$7. DISCUSSION OF RESULTS 


In his theoretical treatment Stoner“) used the results due to Lapp and om 
over the temperature range 100° K. to 750° K. and Klinkhardt’s results from 650° K.- 
upwards. He derives two curves for the variation of Cy, the electronic specific heat, ’ 
with temperature. One, figure 5(a), is based on the assumption that the electron! 
spins are parallel, and the other, figure 5(b), is the corresponding curve for equal 
numbers of oppositely directed spins. If the assumption that the observed electronic | 
specific heat at low temperatures, represented by the initial part of figure 5(a), is} 
entirely due to change in the translational state of the electrons is correct, then we 
should expect that above the Curie point, where there are equal numbers of| 
oppositely directed spins, the electronic specific heat would be represented by the 
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upper part of figure 5(b). Using Stoner’s values for Cg and (C,—C,), we find the 
values shown in table 8 for Cy above the Curie point: 


| 


. Table 8 
‘Temperature (° K.) 650 700 750 800 850 
Electronic specific heat Cy I'30 Torr 1°09 1°13 | 1°22 


These fall on the curve for parallel spins, and an error of 3 per cent in C, would 
be necessary to lift them on to the other curve. As an error of this magnitude is 
unlikely, the relation, figure 5(a), between C,, and temperature for parallel spins 
seems the more probable. ‘The electronic specific heat above the Curie point cannot 
‘correspond to parallel spins, and the fact that the observed points fall closely on 
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Figure 5 


‘igure 5(q) in this region appears to indicate either that there was an over-simplifi- 
tation in the assumptions underlying the derivation of the curves or that there are 
ther additional factors which have to be taken into account. Whatever the explana- 
ion for this anomaly, it seems appropriate to use figure 5(a) for extrapolation to 
mperatures below the Curie point since it gives the best fit above this point. 
The values of C,, are determined by subtracting from C;, the dilatation term 
C,—C,), the lattice-vibration term Cg, and the electronic-specific-heat term Cy. 
‘1s Stoner overestimated Cy his resulting values for Cy, are too small. We have 
Yedetermined C,, for the temperature interval 450° K. to 630° K., using the data 
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given by Stoner for Cg and (C,—C,), while the values of Cy, were read off from the 
curve figure 5(a). The resulting values of C,, are as shown in table 9. 


Table 9 


heey 450 | 500 | 550 | 600 | 610 | 620 | 622 | 624 | 626 | 628 | 630 


C 7-07 | 7°47 | 7°83 | 837 | 8-49 | 8-69 | 8-74 | 8-80 | 8-89 | 9:02 | 9:28 © 
Co 5°72 | 5°77 | 5°80 | 5°83 | 5°83 | 5°84 | 5°84 | 5°84 | 5°84 | 5°84 | 5°84 
Ce Gr. 0:22 | 0:26 | 0-30 | 0°36 | 0°37 | 0°38 | 0°38 | 0°39 | 0°39 | 0°40 | 0-40 


Cr 0°74 | 081 | 0°88 | 0:94 | 0°95 | 0°96 | 0°96 | 0°97 | 0°97 | 0°97 | 0°97 | 
Cu 0:39 | 0°63 | 0°85 | 1:24 | 1°34 | 1°51 | 1°56 | 1°60 | 1°69 | 1°8x | 2°07 | 
4(d0,?/0T) 253 4:2 5°8 8-7 9°5 |to'4 |to-7 |rEr |1m:3 |12-050\naad 
Np (c.g.s.u. | 0°84 | 1°07 | 1°05 | 1°00 | 1°00 | 1°03 | 1°04 | 1°03 | I'o2 | 1°02 | IIT 

x 10°) 2 


The molecular field coefficient may be calculated from the following equation 1 


LiOga. 


Np=Cy-J/ ap 4: . | 


where N is the molecular field, p the density, o the intrinsic magnetization, A the 
atomic weight of nickel, and J the mechanical equivalent of heat. Values of 
1 (0042/07) have been compiled by Stoner“'® from the Weiss-Forrer data for a small 
nickel specimen with a Curie point at 352°. In the above derivation of Cy tha 
values of (C,—C,) are taken from those given by Stoner“? and slightly transpose: 
to bring the maximum to our measured Curie point of 630° K., and to arrive at Np) 
we have similarly transposed the Weiss-Forrer data. The resulting values of No’ 
trom 500°K. up to the Curie point are practically constant at 1-04 x 10°. Thisi 
value is about 10 per cent higher than that obtained by Stoner for the Curie-point 
region.* : 

At and below the temperature of 600° kK. the values of Np listed above are much: 
larger than those determined from measurements on magnetization and the mag~ 
netocaloric effect, which give Np= 5-5 to 5-0 x 104 at 600° K. That these low values 
are incompatible with earlier specific-heat results and with general theoretical 
considerations has already been pointed. out by Stoner, and a possible explanation 
has been put forward. The present results confirm the view that the discrepancy isi 
not due to errors in specific-heat measurements. Assuming that the value of C, a 
600° K. is in error by 1 per cent, i.e. that the true value is 8-29 cal./g., we find | 
Cot(C,—C,) 1s 6-19 cal./g., leaving 2-10 cal./g. for Cp +Cy. If Cy is 0-62 cal./gt 
the value necessary to make Np equal to 5 x 104, then C,=1-48 cal./g., which isi 
0°38 cal./g. higher than the value of Cy, at 700° K. and corresponds to an error of 
4 per cent in the measured value of C, at this temperature. 


| 
} 


: BAS / 
* Dr Stoner has informed us “that further consideration of the problem has shown that the 

character of the variation of Cy below the Curie point is much more complex than was previously|) 

supposed. Detailed calculations are not completed, but the indications are that the values of N, 


calculated by the present method can be regarded only as lower limits to the molecular field coeffi 
cient.” 
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THE CONSTRUCTION OF MOLECULAR MODELS 
OF DIELECTRICS 


Demonstration given on 8 April 1938 


By LD. HARTSHORN, D.Sc: 


was felt for models which would give a general idea of the molecular structure 

of materials of this type; that is to say, of organic compounds with large mole-_ 
cules, which are formed by the linking together of simple molecules by polymeriza- 
tion or condensation. A typical example is the phenol-formaldehyde resin familiar 
to most physicists as Bakelite. This is commonly used in two forms, one which is | 
fusible and readily soluble in such common solvents as acetone and alcohol and 
is used for making varnishes, and another which is insoluble and almost vitreous 
in character and is used in the form of insulating sheets, rods, tubes and mouldings. : 


ae CH, CH, CHy she 
On Oe aa 


|: an investigation of the dielectric properties of some synthetic resins the need : 


Or 
CHy on 
- CH, CHS 
(b) cL vn cH, 


Figure 1. Structure of phenol-formaldehyde resins (a) fusible; (b) heat-hardened. 


It is believed from chemical evidence that the structure is more or less such as: 
may be represented by the formulae shown in figure 1. In each case we have benzene | 
rings with hydroxyl groups attached, arising from the phenol molecules, linked 
together by methylene groups, —CH,— from the formaldehyde molecules. The: 
structure of the fusible resin is fairly easily visualized: it is that of a simple chain. ; 
The structure of the hardened resin is, however, difficult to visualize. It may be} 
regarded as a kind of irregular lattice-structure obtained by cross-linking a number 
of neighbouring chains. The structure lacks the regularity of a crystal, and it 1s 
evident that the ordinary graphical formula can give very little idea of the spatial 
relations between its constituent atoms and groups. I have found a model con- 


structed with wooden balls to represent the various atoms very informative in this 
respect. 
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When the need for these models first arose, I naturally turned to the well- 
known work of Sir William Bragg and the workers at the Royal Institution, and also 
the models of proteins recently shown to the Physical Society by Dr Winch. 
IT soon found that the construction of models may absorb a good deal of time and 
money, and having now arrived at a relatively cheap and simple method of construc- 
! tion, I propose to describe it in the hope that it may be useful to those who have 
similar problems. It will be found that with a stock of a few kinds of wooden balls 
of the type to be described, a model of the molecule of almost any organic material 
may be constructed in a few minutes, and although it will have no pretensions to 
accuracy of dimensions, it will bring out features of the structure which are not 

easily grasped without the use of models. 


Figure 3. Model tor hardened phenol-formaldehyde resin (Bakelite). (Heat-hardened Bakelite.) 


The method of construction will be understood by reference to the models for 
the two phenol-formaldehyde resins already mentioned. ‘That for the fusible resin 
is shown in figure 2, and that for the hardened resin in figure 3. Both models are 
built of units of three kinds only, white balls in hexagon formation representing 
aromatic carbon atoms assembled into benzene rings, black balls linking together 
the hexagons and representing —CH,— groups, and spotted bails representing OH 
groups. The hydrogen atoms must be regarded as buried within the carbon and 
oxygen atoms to which they are attached, since X-ray analysis fails to detect the 
_Hatoms as separate units in such compoundsas have been analysed. ‘Thus three types 
of ball are required to represent (1) aromatic carbon atoms for building benzene 
hexagons, (2) aliphatic carbon atoms each with four bonds symmetrically arranged so 


854 L. Hartshorn | 
as to occupy the four corners of an imaginary tetrahedrom whose centre coincides : 
with that of the ball, and (3) oxygen atoms with two bonds or points of attachment. 
These atomic units are all made from “ball feet’’,* which consist of wooden balls « 
attached to short cylindrical stems, figure 2 (a). They are obtainable very cheaply ; 
in three sizes, of diameters 4, 3 and 1} in. In order to make the hexagons, the balls « 
are placed in a simple jig, figure 4, which consists merely of a board drilled with » 
holes into which the pegs of the ball feet will fit, and mounted at an angle of 60° 
to the horizontal. The ball is drilled centrally with a vertical drill of the same diameter | 
as the peg of the ball foot. It is then rotated about its peg through 180° and again } 
drilled. Six balls, drilled in this way and arranged so that the stem of one fits : 
into a hole in the next, form a benzene molecule, the hydrogen atoms being repre- - 
sented by the holes which are left empty. The aliphatic carbon atoms are made in } 


Figure 4. Jig for drilling ball-feet. 9=60° for aromatic carbon atoms. 
@=71° for aliphatic carbon atoms. 


the same way, but in this case the angle of the jig is 71° instead of 60°, and the ball 
is rotated about its peg through 120° instead of 180° after each drilling operation, 
so that each of these balls has three holes and one peg, with their axes inclined to 
one another at the tetrahedral angle of 109° and therefore representing the four 
bonds. Additional pegs to fit the holes are cut from dowel rods when required. — 
The balls are very easily coloured by dipping them into black, red, green or yellow 7 
ink. The ?-in. ball is the most convenient one for most purposes. It serves for both — 
carbon and oxygen atoms since X-ray data obtained for organic compounds show 
that these atoms are of about the same size. The chlorine atom is considerably — 
bigger, and may be represented by the 14-in. ball. A slightly smaller size would be | 
more nearly to scale, but no other sizes appear to be produced so cheaply. 

. It is a simple matter to prepare a stock of a few dozen balls of each of these | 
kinds, and with them molecular models of the kind shown are very quickly assembled. 
The models shown represent (1) fusible phenol-formaldehyde resin (Novolak). 


* Supplied by Messrs Hobbies, Ltd., 16, New Oxford St., London, W.C. 1. 
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| Bs : 
| This is a chain structure, assembled as shown in figure 2; (2) hardened phenol- 
| formaldehyde resin (Bakelite), figure 3, a structure of an irregular lattice type. 
_ It cannot be claimed that this model represents in detail the actual structure of any 
one molecule, but it is reasonable to suppose that the benzene rings preserve their 
usual configuration, and that the possible positions and orientations of the links of 
the structure are fixed by the geometry of these hexagons and the tetrahedral 
carbon atoms. Obviously many cross-linked structures differing in their details 
t could be assembled from the same numbers of atoms of the various kinds, and there 


| Is at present no means of discriminating between the various possibilities. ‘The 
E 


poeSe theke 


Figure 5. Model for polystyrene. Figure 6. Model for chlorinated rubber. 


_ model does, however, give some idea of the general features of the structure, such 
| as its rigidity, the open spaces, and the distribution of the OH groups, which, being 
| polar, greatly affect the dielectric properties; (3) polystyrene, figure 5. This may 
) be regarded as an aliphatic hydrocarbon chain with benzene rings attached to it. 
The material is a clear transparent resin with excellent insulating properties. On 
the scale of the model a complete molecule would be represented by a chain some 
» 30 m. long; (4) chlorinated rubber, figure 6, another chain compound. The large 
chlorine atoms are easily distinguished. 

Models of methyl methacrylate, cellulose acetate, and chlorinated diphenyl 
/ also were shown. 


| I am much indebted to Mr E. J. Pratt for preparing the illustrations. For the 
: sake of clearness a portion of the peg of each ball is shown; in practice the peg is 
) not usually visible after it has been inserted into the appropriate socket in order to 
| link together two balls. The problem of giving an impression of the models by 
| means of photographs or diagrams is one of considerable difficulty, a fact which 
* serves to emphasize the usefulness of the model. 
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THE DISSIPATION OF ENERGY BY A PENDULUM 
SWINGING IN AIR 


THE AMPLITUDE DEVIATION OF RATE OF A 
PENDULUM: A SECOND EXPERIMENT 


By E. C. ATKINSON, M.A. 


See page 756 of this volume 


AU LHORS REPEL YSROsDIS GUSis LON 


Do not Dr Rawlings’s observations with the gyro wheel show that the viscosity: 
of air increases with the density? I am not sure that the changes in pendulumyr 
resistance prove this to be the case, because, in addition to skin-friction loss,s 
energy is dissipated by the movement of the air. Would not this component) 
increase with density even if viscosity remained constant? I cannot answer the: 
question about low pressure loss from my own experience, but I refer Dr Rawlings: 
to Loomis’s observations (§ 13) and to Dr R. d’E. Atkinson’s remark in this: 
discussion. 

My observations show that the loss of energy due to the rubbing friction of the 
impulse lever on the pendulum rod may be very small. For small amplitudes the 
relative motion is of the second order only, if a point on the rod does not describe 
a circle or if the axis of the lever is too high or too low, and in such cases the losses : 
are probably negligible. On the other hand, when the lever axis is in the wrong 
vertical plane, either displaced to one side of the right one or inclined to it, slip is « 
of the first order and energy loss may be serious. 

I cannot answer Dr Kantorowicz’s question about yield point. I used brass ¢ 
chaps and I doubt whether the rivets clamped the faces tight enough together to ° 
reach the yield point even of the brass. When a spring is made non-uniform by | 
varying the width instead of the thickness the internal loss will be far less, as : 
Dr Kantorowicz suggests. This form has the disadvantage for pendulum suspension 
of making a less compact spring. 

Mr Hope Jones makes the calculation of input of energy appear simpler than 
it really is, for part of the energy released by the fall of the lever remains with it as 
kinetic energy. Using data about the Synchronome lever which Mr Hope Jones 
gave me Io years ago, I conclude that of 94 ergs released about 71 are transferred | 
to the pendulum when the amplitude is 50’ and 68 when it is 60’. 

I do not use the Synchronome remontoire, but I replace the gravity lever with | 
an electromagnet just as Mr Cottingham did, except that I use a thermionic valve » 
in such a way that contact between pendulum and impulse lever lowers the grid | 
voltage and so cuts off the anode current which energizes the electromagnet. With | 
suitable screens attached to pendulum and armature lever this voltage change can - 
be made by means of a photoelectric cell but I doubt whether this method is as 
reliable as the simpler one. . 
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As variation of the arc of the impulse, to which Mr Hope Jones refers, is the 
worst fault of the gravity impulse, it is important to guard against it. When the 
armature lever comes fully into contact with the clean ends of the stop screws the 
arc is very nearly constant. In order to test whether all is well, I switch on a tele- 
phone circuit which is completed by contact between lever and screw. The sound 


at make shows whether the contact is clean and whether there is recoil. 

The Foucault effect produces twist in the suspension spring and so affects its 
rigidity for the normal motion. Has Mr Cottingham managed to calculate the 
moment necessary to counter the effect? Lack of symmetry in the pendulum 
produces an alternating twist in the spring and I suspect that this is likely to be 
more harmful than the Foucault effect. 

It is interesting that Mr Cottingham used Newton’s rings so long ago to observe 
he motion of a pendulum support. If one could measure the motion in this way 
jand also measure the loss of energy due to motion through a cycle of known 
mplitude, it would be possible to separate the spring loss from the bracketing loss, 
s Mr Hope Jones desires. 

Dr Atkinson’s observations on decrement with clamped and with all-one-piece 
uartz fibres are very interesting. I do not know whether a spring can be ground 
so as to secure cycloidal motion of the bob, for I have not dealt with the second- 
pproximation terms of the equations of motion. I think Haag alone has attempted 
0 obtain these terms. If Dr Atkinson will read Haag’s paper, he will perhaps be 
ble to clear up some of my difficulties and doubts. 


| 
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Isaac Newton 1642-1727, by J. W. N. SuLivan, with a memoir of the author by 
CHarRLEs SINGER. Pp. xx+275. (Macmillan & Co., Ltd.) 8s. 6d. nett. 


This book, over which Sullivan spent considerable time during his last ten years; 
presents a very interesting but unusual account of Newton’s life and work. Most readers) 
of Newton’s biography will have noticed how in several respects his behaviour differed 
very much from what one would normally expect of a discoverer. Thus he put on one 
side his work on gravitation, when it had reached a most interesting stage in 1666,( 
although he then ‘minded mathematics and philosophy more than at any time) 
since”. A portion of his book on optics published in 1704 was ‘‘written at the desire o 
some Gentlemen of the Royal Society, in the Year 1675...and the rest was added abou 
twelve Years after to complete the Theory.”’ He goes on to say “‘to avoid being engage 
in Disputes about these Matters, I have hitherto delayed the printing, and should still have 
delayed it, had not the importunity of Friends prevailed upon me.” Most of his scientifiei 
work was accomplished by the time he was forty-five, when, in one tremendous effor 
lasting eighteen months, he composed the Principia; but it might never have been written! 
had it not been for an almost accidental discussion with Halley and ‘“‘the importunity o 
friends”. He was apparently indifferent to the claims of others, such as Hooke, and ini 
connexion with Leibnitz his case was at first argued by his friends. 

Sullivan aims at explaining these unusual characteristics and suggests as the solution, 
of the problem that Newton was not interested in philosophy and did not regard even his 
greatest discoveries as being of importance. It is surprising to find it suggested that ou 
greatest mathematical physicist was not really interested in science and that he only worked) 
when, for accidental reasons, the spirit moved him. Nevertheless the explanation seem: 
to fit the facts in many instances. 

Thus when he “compared the force required to keep the moon in her orb with thes 
force of gravity at the surface of the earth and found them answer pretty well”’, that ended: 
the matter. Various hypotheses have been advanced to explain this. Pemberton suggested) 
that he used an incorrect value for the length of a degree of latitude, but it is known that 
he had access to a reasonably correct one. Adams and Glaisher suggested that it was not 
until 1685, when Newton proved that a sphere attracted as if its mass were concentrated. 
at its centre, that he felt that the law of gravitation was established. This proof made exact 
what he formerly regarded as approximate, much to his own surprise. Be that as it may, 
Newton in 1666 was personally satisfied ‘‘ pretty well”. 

To Sullivan this dropping of the subject indicates his lack of interest. He was more: 
interested in alchemy and in religion, and apparently regarded it as more important ‘‘to) 
justify the ways of God to man” than to explain the motions of the heavens. . 

Similarly in connexion with the claims of Hooke and of Leibnitz, he ignores them unti 
they seem to affect his personal honour. He is then aroused and writes severely to Hooke! 
and superintends the preparation of the second edition of the Commercium Epistolicum. 
He is aroused from his duties at the Mint and his religious studies by the problems of 
Bernoulli, which he solves in a night, since he feels they are a challenge and attack on his 
method of fluxions. He is aroused for a moment only. 

Thus we have a picture of Newton indifferent to science and perhaps, like Pascal, half’ 
ashamed of spending his time in mathematics, and like Cavendish not interested in 
publication of his work. Sullivan presents his arguments most convincingly and they are 
supported by lengthy and pertinent extracts from Newton’s letters and those of his 
contemporaries. ‘These apart from Sullivan’s thesis are interesting side-lights on a very 


ie 
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interesting period of English science. It is, of course, impossible to say whether Sullivan’s 
“xplanation is correct. It seems to explain much, but it does not explain Newton’s most 
Fegular attendances at the meetings of the Royal Society over which he presided from 1703 


antil 1727, when, though in a poor state of health, he presided for the last time three weeks 
vefore his death. 
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*robleme der Technischen Magnetisierungskurve. Herausgegeben von R. BECKER, 
Gottingen. Pp. v+172, with 102 illustrations. (Berlin. Springer, 1938.) RM: 
16.50. 


The contents of this book consist of the contributions made at a colloquium held in 
Ottingen in October 1937, to discuss ferromagnetic problems of technical importance, 
nd they are of interest to all who are concerned with such problems. It may be said at 
outset that many of the speakers appeared to attach great significance to the properties 
f boundaries between magnetic domains. Thus, the first contribution by K. J. Sixtus on 
jhe researches carried out on the propagation of large Barkhausen discontinuities and their 
eoretical interpretation is followed by another in which W. Déring examines the energy 
jelations in the transition region of separation between two oppositely magnetized portions 
# a wire which represents a discontinuity spreading along the latter. On account of its 
echnical interest, coercivity loomed large in the discussions. M. Kersten in his contribu- 
on reviews the modern conceptions of coercive force, and he also placed emphasis on the 
ormation which the investigation of large Barkhausen discontinuities has provided and 
)pon the conception of a wall or transition region between adjacent domains magnetized 
i ti-parallel to one another. 

The reviewer found the sections on magnetic viscosity to be the most interesting. This 
bject has been more or less completely ignored in modern works, mainly because the 
‘bserved effects are generally quite small. G. Richter, however, gives an abreviated account 
‘f his magnetometer and ballistic studies of the pronounced effects exhibited by carbonyl 
‘on, which shows marked induction changes up to 100 seconds after the magnetizing field 
jas become steady. Richter shows that magnetic viscosity and ordinary hysteresis effects 
‘e not intimately related. His main results are confirmed by H. Schulze, who gives a 
immary of the results of an alternating-current study of the phenomena which was 
vcently published by the Siemens-Werken. He measures the power losses in a carbonyl 
on core by means of a Maxwell inductance-capacity bridge and separates them into 
agnetic viscosity, hysteresis and eddy-current losses. He shows that the viscosity losses 
un be divided into two parts, one independent of and the other dependent upon the 
jequency of the alternating field. The latter part provides a kind of resonance curve when 
jotted as a function of the temperature of the specimen for a constant frequency f, the 
“lation between f and the absolute temperature 7', at which the viscosity is a maximum 


ung given by 


I 10,600 


log anf =6 (7. 7 )=347- Tr. 


‘r the material in the virgin state. Schulze explains his results on the assumption that a 
are and recrystallized specimen of carbonyl iron in the virgin state consists of parallel, 
readlike domains magnetized in parallel and antiparallel directions. 

) The final contributions describe new ways and apparatus for applying magnetic analysis 
+ problems of metallic structure. Here the reviewer is not happy about some of the basic 
sumptions and interpretations. In particular, he deprecates the use of the term “ spezi- 
che technische Sattigung J.,,’ to denote what he would himself describe as the 
spontaneous magnetization in zero applied field I,” at a temperature T. However, 
le book is full of interest and is to be heartily commended. IgE Be 
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Negative Ions, by H. S. W. Massey. Cambridge Physical ‘Tracts. Pp. xiv+ 10g 


(Cambridge University Press.) 6s. net. 


This work is the first of a series of Cambridge Physical Tracts issued under the joiri 
editorship of Professor Oliphant and Mr Ratcliffe. It is the aim of the editors that thes: 
tracts may present such surveys of subjects as the authors might give in a short course © 
specialized lectures. They are therefore intended not to be exhaustive but to deal mor 
particularly with work on which the authors can speak with direct experience gaine: 
through their own investigations. Such a tract avoids one objection to a full monograph 
complete with all references to published papers and to allied subjects which, in a rapid]: 
advancing subject, becomes so soon out of date. In these tracts, bound in a stiff pap 
cover and issued at a moderate price, revision or additions in subsequent years will be muc: 
more practicable, and it is to be hoped that other authors will come forward to supply 
real need in the busy life of the average physicist. 

The material collected by Dr Massey in a hundred pages is full of interest and is we’ 
selected. The first two chapters summarize the experimental evidence for the existence ¢ 
certain atomic and molecular negative ions in gases, and discuss from the wave-mechanica 
standpoint why one would expect stable ions in certain cases and not in others. ‘The thira 
chapter, on modes of formation, is of particular interest and deals with the processes a 
electron-capture and the experiments of Tate and Lozier, Bailey, and Bradbury. In th 
last chapter, on negative ions in glow discharges and the upper atmosphere, the autha 
draws attention to a number of problems which still await solution, and makes tentatiyi 
suggestions as to the role played by negative ions in the conducting layers of the ionospher: 

The tract may be confidently recommended as a critical and original treatment of | 
subject which has not previously been adequately summarized. A.M.4 


Direct and Alternating Current Potentiometer Measurements, by D. C. GALi 
F.Inst.P. Pp. xiv+231. (Chapman & Hall.) 165s. 


This book constitutes volume Iv of the series of Monographs on Electrical Engineerin: 
edited by Mr H. P. Young. The author is well known as a designer of electrical instruments 
and has himself originated instruments of the classes which form the subject of the volum 

The direct-current potentiometer has long been a familiar instrument both to physicis’ 
and engineer. Its accuracy and the multiplicity of its uses, direct and indirect, are wel 
recognized. ‘The alternating-current potentiometer is its younger brother, a decidedl: 
subtler and more complicated personality. In 1897 Clark Fisher produced his book ot 
The Potentiometer and its Adjuncts; in this the alternating-current instrument is not ever 
mentioned, although the idea of it had already begun to take practical form. The fir 
complete alternating-current potentiometer, that of Drysdale, appeared in 1908. It 
reception was not at first general, and even as late as 1922, in the Dictionary of Applie 
Physics, we find the alternating-current potentiometer disposed of in three quarters of # 
page, whilst the direct-current instrument claims fourteen pages. 7 

The book before us is, we believe, the first since Fisher’s to be devoted entirely to thi 
subject of potentiometers; about one quarter of it (five chapters) is allotted to the direct! 
current class, and three quarters (eight chapters) to the alternating-current class 0) 
instrument. Doubtless this proportion is not intended to indicate the relative order & 
importance, but rather to implement the view that the time is ripe for a full-dress introduce 
tion of the manifold applications and merits of the new-comer. We feel sure the book wi 
be sincerely welcomed by the physicist as well as the engineer. The description of th 
various forms of instruments of the direct-current and alternating-current types is give 
with the wealth of practical detail and suggestion that would be expected from the author 
and the notes and bibliography appended to most of the chapters facilitate access to th 
whole field of potentiometer measurements. . 
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Of the chapters on the direct-current instruments no more need be said than that fresh 
ynaterial will be found even for the expert. The reader’s attention is however directed 
jnainly to the alternating-current types of potentiometers. Two chapters are devoted to 
descriptions of the instruments, and four chapters to their applications, which range from 
che calibration of ammeters, voltmeters and watt-meters to measurements of impedance 
pf all kinds, the determination of iron losses, the testing of current and potential trans- 
formers, and the measurement of magnetic fields. The author has developed the rectangular- 
Soordinate type of alternating-current potentiometer, and the interest of the reader will 
faturally turn to his account of his own instrument. It will be found that the balance is 
aeld fairly between the polar and the coordinate types, applications to which one or the 
other type is peculiarly adapted being pointed out. One valuable chapter is devoted to 
che precautions to be attended to when the most precise measurements are required. In a 
fenultimate chapter the representation of alternating-currents or voltages by complex 
quantities is explained in its application to the calculation of results from measurements 
made with the coordinate type and with the polar type of potentiometer respectively. 
4 brief historical chapter brings the book to its close. 

If a criticism may be made it is that more care might occasionally have been allowed in 
she exposition of theory and the unambiguous choice of symbols. The manipulation of 
alternating-current quantities undoubtedly presents difficulties to the learner, and in view 
f the necessity of distinguishing clearly between instantaneous value, amplitude, effective 
walue, and vector value, special regard to a systematic notation and nomenclature is 
lemanded. This impression should not impede for a moment the recourse of any reader 
‘nterested in electrical measurements to the benefits to be derived from this valuable and 
“imely book. D0; 


‘Elementary Practical Physics, by N. H. Buack and H. N. Davis. Pp. viii+710. 
(New York: The Macmillan Co., 1938.) 8s. 6d. net. 


This is not, as many English readers might expect it to be, an elementary laboratory 
manual. It is mainly devoted to what we might call, for want of a better brief title, 
‘Everyday Physics”, or since the cyclotron, which gets over two pages of description, is 
jnot yet an everyday object even of the laboratory, perhaps “‘ Elementary Applied Physics” 
would be a less misleading title. 

' The book does deal very largely with the physics of everyday life—the motor-car 
provides the first object-lesson—and the authors (a Harvard physicist and a former 
Harvard engineer) form an obviously suitable team for the writing of such a treatise. One 
of their avowed aims is the teaching of physics “‘in the light of its social and industrial 
ses”, and this aim is followed throughout the book. Considerable space is, however, 
Ziven to quite recent developments, of which the “‘practical” applications lie largely in 
the future. 
* The text is brightly written, and is supplemented by a large number of diagrams and 
an excellent selection of most searching questions, so worded as to catch the attention and 
linger in the memory—e.g., “Does the cardboard jacket on a dry cell serve any useful 
purpose except advertising?”’ The questions range far outside the subject-matter of the 
text, and the reader is enjoined to consult reference books in attempting to answer them, 
‘to keep his eyes open outside the classroom and to ask questions of artisans and business- 
en”. This seems on the face of it excellent advice, and it is difficult to believe that it can 
be the same authors who on another page (299) advocate the starting of a first-class squabble 
thus: “Will potatoes cook faster if more gas is turned on to make the water boil faster? 
Discuss it with your mother.” The authors again show, we feel, less than their usual acumen 
when they encourage the young reader to float silver coins on mercury—the success of this 


experiment may very well be accepted as an act of faith. 
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The book is further embellished by portraits of outstanding physicists, intelligen 
arranged. Thus, Joule is paired with Kelvin on one page, and Henry with Faraday 
another. The authors have succeeded in securing a rather rare photograph of Mosele 
which they have fittingly placed with Rutherford’s, and Marconi’s portrait is associat 
with that of Hertz—we may hope that a place will be found for Maxwell in the na 
edition. The portraits—of which there are many others—add considerably to the inter 
of the book. 

Any intelligent youngster could learn a good deal of interesting physics from th 
volume, and a senior who had studied it carefully might be less apt to leap like a startls 
faun at the well-known gambit: ‘‘ Look here, you’re a physicist, you can tell me why... 

The book is an experiment, interesting and on the whole very successful. In view of 1 
size and the lavish way in which it is illustrated, the price is remarkably low. H.R. 


On Understanding Physics, by W. H. Watson, M.A., Ph.D., F.R.S.C. Pp. xii+14 
(Cambridge University Press.) 7s. 6d. | 


Prof. Watson, who is Assistant Professor of Physics in McGill University, has evident: 
been troubled, like many other experimental physicists, by the repercussions of so-call 
modern physics on philosophy. He is particularly concerned with the philosopher 
writings around the discoveries made by experiment. This book contains his reflection: 
which are based largely on the views of Dr Ludwig Wittgenstein. The problems are treate 
from the standpoint of the logician rather than from that of the mathematical physicisi 
though “‘language is, of course, a more complicated symbolism than mathematics”. Th 
chapter on ‘‘ Methods of Representation” is particularly good and should be read wit 
equal interest by both experimental and theoretical physicists. On the controversial questia 
of determinism the author says “‘. . .the new theories of physics will not do for us what re 
a few men have wanted them to do, namely, to get rid of determinism” (p. 80). And « 
discontinuity he says “‘if it happens that discontinuity is accepted, and with it limits o 
the precision with which an electromagnetic field can be specified, perhaps we shall & 
fortunate enough to avoid the mistake of attempting to use the new physical theory as : 
peg on which to hang ‘philosophy’” (p. 141). 

Although the book makes difficult reading, which is inherent in its nature, it is one ¢ 
those which serves to give scientists in general and physicists in particular a view of th 
recent outstanding advances in physics, in relation to the background of philosophic« 
thought; it also serves to restrain the making of broad generalizations from theorie 
propounded for the purpose of linking together, in logical order, discoveries made bi 
experimentalists. H.R. 0 
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AN OPINION OF VOLUME III 


_. “Thisvolume..., like good wine, needs no push. Physicists everywhere await the publication of 
© these annual reports; metallurgists and chemists will find much to interest them in these 
~ volumes. Volume III is devoted to progress effected mainly during 1935 and 1936, lives up to, 
and, | think, enhances the reputation of the series, already firmly established by the preceding 


: eas 
' volumes...should command a very ready sale at its very reasonable price.’ 
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